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SUMMARY 


A strain energy method for the determination of bending and 
torsional moments in a circular engine mount ring is presented. 
The analysis given is for the three-dimensional case in which 
bending normal to the plane of the ring, bending in the plane of 
the ring, and torsion of the ring occur simultaneously. The 
known external loads on the system consist of vertical, side and 
drag forces together with yawing, pitching, and rolling moments 

The method is based on the fact that the total elastic energy 
stored in the system of engine, ring, and mounting tubes must 
be a minimum. The equations of static equilibrium are first 
written down. The energy in the mounting tubes and in the rub- 
ber of the engine supports is then calculated. To determine the 
energy in the ring, the bending and torsional moments are de- 
veloped in general terms. Through the use of these expressions, 
the minimization of the total energy is shown to lead to a set of 
equations, linear in the unknown forces and moments, which con- 
tain just 14 characteristic integrals associated with the ring it- 
self. The component parts of these equations can be listed by 
tule as soon as the geometry of the structure to be analyzed is 
known. 

The paper attempts to develop equations sufficiently general 
to be readily adaptable to any closed circular ring, under non- 
distributed loads, which is capable of taking bending. The possi- 
bilities for further extension, as well as for specialization of the 
analysis, are briefly considered. 


SYMBOLS AND SIGN CONVENTIONS 


= as subscripts—station numbers on ring 
= as superscripts—type of force, moment, or 
energy 
external force on ring of type ¢ at station 7 
defined in Table 1. Positive directions 
shown in Figs. 3 and 5 
internal force and moment, respectively, of 
type ¢ at cut in ring defined in Table 2. 
Positive directions shown in Fig. 4 
= as multiplier—mean radius of ring 
= as superscript—quantity associated with 
right side of ring 
Condensed version of paper presented at the Structures Ses- 
sion, Twelfth Annual Meeting, I.A.S., New York, January 25- 
27, 1944. 
* Research Engineer 


J 


* 
1 1 
1}, m1, n,* 


as superscript—quantity associated with 
left side of ring 

length of mount tube at station j 

area of mount tube at station 7 

spring constant of rubber mounts associated . 
with radial engine force 

spring constant of rubber mounts associated 
with tangential engine force 

external forces at c.g. of engine in direction 
of OD, OS, OV axes, respectively. Posi- 
tive directions shown in Fig. 6 

external moments on system about OD, 
OS, OV axes, respectively. Positive as 
shown in Fig. 6 

fixed angle measured from cut in ring to 
station i (a; S 180°) 

variable angle measured from cut to any 
arbitrary position on ring (@ S 180°) 

direction cosines of mount tubes with re- 
spect to OD, OS, OV axes 

internal energy of type s in system defined 
in Table 2 ° 


= total internal energy of the system 


portion of bending moment of type s at 
station @ due to forces and moments at 
station i. Positive directions shown in 
Fig. 8 

trigonometric integrals used in evaluation 
of elastic equations for the ring, defined 
by Eqs. (18) 

direction constants associated with bending 
normal to plane of ring, defined by Eqs. 
(11) 

direction constants associated with bending 
in plane of ring, defined by Eqs. (13) 

direction constants associated with torsional 
moment of ring, defined by Eqs. (15) 

column numbers associated with elastic 
Eq. (22) for bending normal to plane, de- 
fined by Eqs. (20) 

column numbers associated with elastic 
Eq. (24) for bending in plane of ring, 
defined by Eqs. (23) 

column numbers associated with elastic 
Eq. (26) for torsion on the ring, defined by 
Eqs. (25) 
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distances occurring in equilibrium equations, 
defined by Fig. 7 


R',y%%1&, = 


p = distance from centerline of ring to line of 
action of radial engine force 

Cs = constant factor for elastic equations of the 
ring, q = @ = 1,¢c; = EI/GJ 

¢ = angle between radial forces and OD axis 

EI = bending rigidity of ring 

GJ = torsional rigidity of ring 


INTRODUCTION 


TT” OBJECT OF THIS PAPER is to develop a general 
method for the determination of bending and tor- 
sional moments in a circular engine mount ring of cir- 
cular cross section loaded as specified below. The 
aim is to so formalize the procedure that a great part 
of the solution may be carried through by rule. 

A typical ring with its mounting tubes is shown in 
Fig. 1. The points of attachment of the mounting 
tubes to the airplane are considered fixed. The ex- 
ternal loads on the system can be resolved into three 
orthogonal forces and three orthogonal moments acting 
at the center of mass of the engine group. The loads 
in the mounting tubes, as well as the loads applied to 
the ring by the engine, are unknowns to be determined. 





Photograph of typical engine mount. 


Fie. 1. 


The engine is attached to the ring through rubber 
mountings in such a way that the forces applied by the 
engine are of known directions but of unknown magni- 
tudes. The mounting tubes themselves are taken as 
pinned at each end. This is a matter of practical 
rather than theoretic necessity. The ring itself is con- 
sidered to have no distributed loads acting on it. The 
lines of action of the forces supplied by the mount 
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tubes are considered to pass through the centerline of 
the ring, but the engine forces in general apply moments 
to the ring. 

A ring assembly will hereafter be referred to as sym- 
metrical if it is symmetrical with respect to any plane 
perpendicular to the plane of the ring passing through 
the center of the ring. An external load is called sym- 
metrical if it causes the loads in the structure to be 
equal at corresponding points on each side of the plane 
of symmetry; otherwise the load is said to be unsym- 
metrical. 


OUTLINE OF METHOD TO BE USED 


Problems involving closed rings capable of taking 
bending are, in general, statically indeterminate inter- 
nally. In order to find the moments, some reference 
point must be chosen and a “cut” made in the ring. 








In addition to being indeterminate internally, the ring | 


may also be indeterminate externally and therefore the 
number of unknowns in a problem of this sort may be 
large. 

The method selected for the solution of this problem 
is based upon Castigliano’s Second Theorem, which 
states that a loaded structure must deform in such a 
way that, at equilibrium, the total elastic energy stored 
within it must be a minimum. The mathematical con- 
dition that the internal energy be a minimum (the 
possibility of a maximum may be excluded) is that the 
partial derivative of this energy with respect to each 
redundant force or moment be equal to zero. 

The forces and moments existing at the cut in the 
ring are always redundant. Which of the remaining 
forces are redundant is somewhat arbitrary, the criter- 
ion being that the structure must be statically deter- 
minate when the forces selected as redundants have 
been removed. 

The total energy of the system is the sum of several 
parts. The only energy in the ring that will be con- 
sidered is that due to bending and twisting. The en- 
ergy in the ring itself is divided into three parts: en- 
ergy due to bending of the ring normal to its plane, 
energy due to bending in the plane of the ring, and 
energy due to torsion of the ring. The remainder of the 
elastic energy is stored in the supporting tubes and 
rubber mounts. The energy in each part of the system 
is expressed in terms of all the forces and moments as 
they occur, and after differentiation with respect to 
one of the redundants the results are added and equated 
to zero. This process is repeated for each of the re- 
dundants, and the statically determinate forces are 
eliminated from the resulting equations. Instead of in- 
tegrating completely around the ring, much labor is 
saved by dividing the structure in half as explained in 
the following section. 

For the present purpose the problem may be consid- 
ered solved when the equations that determine the re- 
dundants have been written down. In actual practice, 
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ANALYSIS OF ENGINE 


it is necessary to solve a set of simultaneous equations 
to obtain the redundants. The remaining unknowns 
are determined by means of the equations of static 
equilibrium. The moments on the ring are then found 
by substitution of the loads into general expressions 
for the bending and torsional moments developed later. 


Loaps ACTING ON RING AND NOTATION TO BE USED 


In order to write equations applicable to any ring, a 
generalized notation involving a system of superscripts 
and subscripts has been developed and found conveni- 
ent in practice. 

It is first necessary to decide where the ‘‘cut’’ is to 
be made in the ring. This cut should be so located that 
a plane through the center of the ring and the cut, per- 
pendicular to the plane of the ring, will divide the en- 
tire structure so that most of the component parts are 
symmetrically placed. For convenience, this plane is 
henceforth referred to as the “plane of maximum 
symmetry.” It is shown at the bottom of the ring in all 
figures and may always be brought into that position 
by simply rotating the entire assembly. 

After the cut is located, ‘‘station numbers’’ should be 
attached to the ring as shown in Fig. 2. Each point 
on the ring where a load enters is assigned a number, 
the cut itself being zero. Superscripts R and L are 
used to distinguish between the halves. If there are 
more load points on one side than the other, ‘“dummy”’ 
stations should be introduced so that the two sides cor- 
respond. This is done for reasons of symmetry. 


NV 








Fic. 2. Method of labeling a ring of m stations (front view 
looking aft). 


The forces applied to the ring from the engine are 


shown in Fig. 3. The ‘‘Dynamic Suspension Mounts,’’! | 


through which the engine is attached to the ring, can 
be considered to supply two forces perpendicular to 
each other. The lines of action of one type of force 
converge to a point in front of the ring. These forces 
are called ‘‘radial.’”’ The other type of force exerted 
on the ring by the engine is called ‘‘tangential’’; these 
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Forces supplied by typical engine installation to mount- 
ing ring. 


Fie. 3. 


forces lie in a plane parallel to the ring. Both types of 
force in general apply moments to the ring. 

The loads applied to the ring by the mount tubes are 
directed along the mount tubes, the lines of action pass- 
ing through the centerline of the ring. 

These three types of forces will be denoted by P,', 
where ¢ represents the type and 7 the station number, 
according to Table 1. The positive directions of these 


TABLE 1 
NOTATION FOR Mount TUBES AND ENGINE FORCES 








t Force Description 

1 P;} Mount tube force at station 7 

2 P; Radial engine force at station 7 

3 P; Tangential engine force at station 7 





forces are shown in Figs. 3 and 5. If two or more 
mount tubes join the ring at one point, they are dis- 
tinguished one from the other by using double sub- 
scripts—viz., P2:', P22' for two tubes at station 2. 

At the cut in the ring, there are, in general, three 
components of force and three components of moment. 
To differentiate these internal forces from the external 
forces on the ring, they are denoted by Yo‘ with appro- 
priate values for ¢. Similarly, the three moments are 
denoted by Xo‘. Table 2 will make the notation clear. 


TABLE 2 
NOTATION FOR FORCES AND MOMENTS AT CUT 








t Redundant Description 

1 Xj} Moment tending to bend ring normal to 
its plane 

2 Xo? Moment tending to bend ring in its plane 

3 XX Moment tending to twist ring about its 
center line 

4 Yo! Force perpendicular to plane of ring 

5 Y,° Force tangential to circumference at cut 
(in plane of ring) 

6 Y,° Force perpendicular to circumference at 


cut (in plane of ring) 





The forces and moments in Table 2 are shown in Fig. 
4. To distinguish between the two halves, the R and L 
superscripts are used. In Fig. 4 the forces and moments 
are shown in such a sense that all bending and twisting 
moment expressions will be identical in form for both 
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= ag — ture to the left of the plane AA must be held in equilib- 
yl 4 a yt A we eR riuin by the engine forces only. Likewise, considering 
: 2 _ oF : the portion of the structure to the left of plane BB, it is 
Ar evident that only the mount tube forces will enter the 

yt —=<* > Fay BR equations. 

ao SP aad k 2 Fh The external loads (D, S, V, Mp, Mg, My) on the 
~~ system are shown in Fig. 6. The equations for the 
FORCE S MOMENTS mount tubes will be obtained first. If 7;', m;', n;' are 
Fic. 4. Forces and moments at cut in an unsymmetrical loading the direction cosines of the tubes with reference to the 


condition. 


the right and left sides of the ring under the conven- 


tions adopted. For equilibrium, it is necessary that 
X,'" = Xo Yj4*# = —Y)t 
Xg* = X,* Y,°% = VY, (1) 
Xo = —X)*% V6" — Y,6t 


The moments for both sides of the ring cannot be the 
same unless X93, Yo’, and Y,° are zero. It is only when 
the structure or the loading is unsymmetrical that 
X03, Yo!, and Yo° have values other than zero, and, ac- 
these three may be called “unsymmetrical 
redundants.”’ 

When attachment is made to the ring at station 0 or 
conveniently be 


cordingly, 


n, the following conventions may 
adopted: 

(1) If an engine support joins the ring at either of 
these two stations, the forces will be assigned to the 
right side. 

(2) If an even number of mount tubes join the ring 
at o or n, half will be assigned to the right side and half 
to the left. 

(3) If an odd number of tubes join the ring at these 
stations, the extra tube is assigned to the right side 
unless it is symmetrically placed, when it may be treated 
as in (2). This means the tube is considered as split in 
two. 


EQUILIBRIUM EQUATIONS FOR THE SYSTEM 


Two independent sets of equilibrium equations can 
be written, one set containing mount tube forces and 
the other containing only engine forces. This may be 
seen by inspection of Fig. 5. The portion of the struc- 
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Fic. 5. Method of dividing structure for equilibrium equations. 
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P; ouees in these directions will be ];!P;!, m 


the components of the 
jiP,, and 


, OV axes, respectively, 


n,;'P;'!. These must be summed over all stations. Thus, 
the three force equations are: 
(1 #P* 2 1)4P 1") +D= 24) 
Yom) #P* t m)4P 4) 4. S= (2b) 
Dii(n#P 2? + n4P}4) + V =0 (2c) 
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Fic. 6. Forces and moments applied to c.g. of engine. 
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Fic. 7. Definition of quantities appearing in equilibrium and 


moment equations. 


To obtain the moment equations, reference should be 
made to Fig. 7, which shows the distance of the c.g. 
from the reference planes. The drag component of the 
P;' forces produces moments about the OS and OV axes. 
Summing up all moments about OS gives: 
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ANALYSIS OF 


pF Pid cos a,®P 18 + [4 cos a’P;}") pon 


(uV/R) — (M;/R) = 0 (2d) 


Similarly, for moments about OY, it is evident that 
Vili sin af P® + 1, sin af Pj") + 
(uS/R) — (M,/R) 


0 (2e) 


In these equations a; is the angle from the cut to the 
mount tube in question. 

For the moment equation about OD, it is convenient 
to resolve the components of P;'! in the plane of the 
ring, mP;' and n,'P;}, in a tangential direction. The 
positive djrections of these components are taken par- 
allel to the OS and OV axes, and the positive direction 
of the tangent is taken in the direction of decreasing 
Thus, for the right side, tangential component of 


P,® 


Qj. 


—(m,¥ cos a;® + n,!¥ sin a,®)P;!*" 


For the left side, in a similar manner, tangential com- 
ponent of 

Pi” = (m;* cos a;* — n;!¥ sin a”) P;* 
The two expressions are identical, as they should be, 
for symmetrically placed tubes, for then m;)¥ —m}*, 
The moment equation can now be written down, the 
arm being simply R. 

> [(m?* cos a;® + n,!* sin a”) P)® + 


(m” cos a;® — n,'* sin a;”)P;4] + (Mp/R) = 0 


(2f) 


The equations for the engine are obtained in a 
similar way. It is necessary to remember that Fig. 3 
shows the forces acting on the ring from the engine; 
the forces acting across the plane AA from the ring 
to the engine must be reversed from those of Fig. 3. 
With this in mind, the force equations may be written 
by resolving the radial and tangential forces in the di- 
rection of the axes and summing over all stations. 
This gives, for the OD, OS, and OV directions in order, 


> A(P2" + P24) + (D/cos ¢) = 0 (3a) 
sin g>,;(P?2* sin a,® — P;2" sin a”) + 
> (P2* cos a,® — Pi cos a) + S = 0 (3bb) 
—sin ¢>> (P28 cos a;® + P,2* cos a;”) + 
> (Pe sin a? + P2 sin a) + V=0 = (3cc) 


The simplest form of the moment equations results if 
the moments are taken about a set of axes O’D, O'S’, 
O'V’, which are parallel to the OD, OS, OV axes, re- 
spectively, and whose origin O’ is at the point of inter- 
section of the radial loads on OD extended. With this 
set of axes no P,*? forces will appear in the moment 
The moment arms for this set of axes are 
shown in Fig. 7. The three moment equations for 
equilibrium about O’D (or OD, which is coincident 
with O’D), O'S’, and O’V’, respectively, are seen to be: 


equations. 
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> (PP? — P+) + (M)/R’) = 0 (3d) 
; — I Ms 
> (PF sin a,;* + P;* sin a,;”) + t — ==0 (3e) 
g g 
‘ Sy My 
> (PF cos a,” — P,** sin a) + ai 2 = =0 (3f) 
‘ s s 


By means of the last two moment equations, the re- 
maining equilibrium equations, which contain both 
tangential and radial forces, may be freed of the tangen- 
tial forces. If this is done, Eqs. (3bb) and (3cc) be- 
come 


SAP? sin a? — PZ” sin aj’) + 


(Sn/é sin g) — (M,/t sin g) = 0 (3b) 
(P22? cos a,® + Pi cos a;") — 
(Vn/é sin ¢) — (Ms/éE sin ¢g) = 0 (3c) 


This gives two subsets of three equations each for the 
engine and shows the statical independence of the two 
types of engine forces. In a numerical calculation, the 
equilibrium equations should be written down and 
solved once and for all for the dependent forces in terms 
of the redundants, which are considered as known quan- 
tities in these operations. 


DEVELOPMENT OF THE ELAstic EQUATIONS 


The internal energy of the system, U*, may be di- 
vided into five main parts. This division is shown in 
Table 3. It is convenient, in view of the complicated 
nature of the first three components, to subdivide these 
into energy stored in the right or left sides. Then the 
total energy U is: 


U = (U® + U4) + (U2R + Ur) + 
(U8k + Ut) + U4 + Us 


For a minimum, if P;' is considered as one of the re- 
dundant forces, it follows that 














oU Cm ou ouU* ou 
oe 6 Looe + oS fe } oe + 
oP,' oP, ' oP, § OP, ' OP, ' 
(? U3 + ou) a oUt ou 0 @ 
oP,' © oP.) " ap, ap, 
TABLE 3 
COMPONENTS OF ENERGY IN THE SYSTEM 
Ss Type Description 
1 U} Energy stored in ring due to bending out 
of the plane of the ring 
2 U? Energy stored in ring due to bending in 
the plane of the ring 
3 Us Energy stored in ring due to torsion of 
the ring 
4 U4 Energy stored in the mount tubes 
5 Us Energy stored in the rubber of the engine 


supports 
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It is understood that P;' in Eq. (4) is to be replaced by 
Yo‘ and Xo‘ in order to obtain the equations for the 
internal redundants at the cut. 

The expressions for the partial derivatives in Eq. (4) 
The terms 
involving U* and U® will be considered first, since these 


must be developed in more general terms. 


are the simplest. 
The energy in any mount tube at station j (either half 
of the ring) is: 
P;')°L,/2A,E 
The total energy in all the tubes is therefore 


Us = Of [(P*)2L 2/24 2E] + [(Pj)2L 7/24 ,4E]} 


Differentiation gives 


| (Fee) (Hee (ee | m 
as Maat URS). ae Anal, Si (5 
iL\ AE /\ OP;' Aj-E /\ oP;! 


Its value will be 
zero unless the redundant P;' is the force in one of the 
mount tubes. 

In a similar way, if k2 and ks; are the spring constants 
in the radial and tangential directions, the total energy 
in the rubber is: 


> Ler) . (P,?#)?] | 
5 2g LPP + (P*)'1 
~R3 7 


Differentiating this with respect to P;‘ results in 
ous nes 1 | P 2R (2) + P22 (Be + 
oP; he poe " \OP,! * \opP;! 
LS Lem (2!) 4 ae (224) 1 cy 
4 OP, ! oP,' 


ks 


which is the required expression. 
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This expression will have a nonzero value only when the 
redundant P,' is one of the engine forces. 

For the ring itself, one expression can be used 
namely, 0U*/OP;', where s has the value 1, 2, or 3. 
The 
energy stored in either half of the ring, U’, is equal to 


The R& and L superscripts may be inserted later. 


the sum of the energy in the ring between adjacent 
stations. 

If X.° is the portion of the moment at any angu- 
lar distance 6 due to the action of loads at station 
i(a; S 6 S a, +1), then the energy may be written as 
follows: 

+ X19°)*c,R 


ie -f 1 (X')?GR 0 +f 2 (Xo9° S 6+ 
a, 2kI a, 2EI 


[ Bel + Aut +... - Ane VOR gy 
- ore 


a1 


(7) 
The factor ¢c, is 1 for s = 1, 2 and is EI/GJ for 
s = 3, to take care of the torsional case. Differ- 


entiating with respect to any redundant P,', it follows 


that 
ages -f Xt (220) 1 
Re;,/\OP;' a, oP ;' 
; sd (Xop! rs Xy') (= 09° 4 OX “') do + 
a OP, ' OP; 
/ (Xo = te _e°) X 
OX go° 
oP; | 
If this is rearranged so that all those integrals having 
the same integrand but different limits are collected 


into a single integral whose upper limit is a, or 7, it may 
be reduced to the following form: 





| " Xyt ( OX") ay + Xue (OX) aot... Xap? (OX m-v0"! ag] 
a oP, A oP, s oP, 
~ aXe ‘aX y | ae a | 
+f Xy (S') dé + I X 19 (2ex') d@+..... s X 19 ( dP. ) dé 
EI dU: 
Re, OP, (9) 


+fo3 ” _ 19° ( ae) dé + fox n—le ( 


An inspection of Eq. (9) shows that a diagonal drawn 
from the upper left-hand corner will divide the inte- 
grals into two types, which are henceforth referred to 


OX 6 r ° OX (p — 4 

= : ) XG oot ( m') ao 
oP; oP,' J 
as A- or L-integrals. The K-integrals are those terms 
cut by the diagonal plus all the terms above it and are 
distinguished by having an equal or higher subscript 
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on the partial derivative than on the other factor of the 
integrand. The L-integrals that lie below the diagonal 
have a lower subscript on the partial derivative than on 
the remaining factor. Omitting the superscripts (here 
a general characterization is all that is desired), the 
K-integrals may be described by a double subscript 


notation: 
sd OX; 
Kp = Xu (22) dé 
ik f 0 \> P,! 


Thus, in the K-integrals (1) the first subscript on K 
indicates both the lower limit on the integral and the 
subscript on the partial derivative, while (2) the second 
subscript on K is equal to the subscript associated 
with the moment X,,. In a similar way, the L-inte- 
grals may be represented by 


‘i i oe) 
Ly = X | —— } dé 


Therefore, in the Z-integrals (1) the first subscript on 
L is that of the partial derivative, and (2) the second 
subscript on L indicates the lower limit of the integral 
and the subscript of the moment X y. 

Every subintegral arising in connection with the 
energy in the ring itself will be shown to be one of these 
two types. These subintegrals cannot be defined until 
after the moment expressions have been developed. 


kRSj 


k<j 


BENDING AND TORSIONAL MOMENTS IN THE RING 


In order to obtain the moment expressions for the 
ring, a vectorial representation is desirable. The posi- 
tive directions for these vectors are shown in Fig. 8. 
With the ring cut at the bottom, these conventions 
imply that bending normal to the plane of the ring puts 
compression on the front fibers; bending in the plane 
of the ring puts compression on the inside fibers. The 
positive torsional moment indicates rotation in a clock- 
wise direction on the right side when looking along the 
centerline from the bottom toward the top, and it indi- 
cates rotation in a counterclockwise direction on the 
left side if the view is from bottom to top. 


PLANE OF MAXIMUM 


| >. SYMMETRY 
Pi : ie 
J nS 
/ LEFT SIDE |\ RIGHT SIDE \ 


xp 


d 








Fic. 8. Vectorial representation of moments in the ring. 
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With these conventions, the moments would be iden- 
tical for both halves of the ring if the loading were sym- 
metrical. In what follows, the right side will be con- 
sidered and the superscript R omitted. The corre- 
sponding form for the left side will be identical with the 
right side except where explicitly mentioned. 

Bending moments normal to the plane of the ring 
will first be considered. Since the axis about which 
this bending takes place lies in the plane of the ring, 
the only forces that can cause such bending must have 
components perpendicular to the plane of the ring. 
Any moment that is applied to the ring (by the engine 
forces or the moments at the cut) whose vector repre- 
sentation has a component in the plane of the ring will, 
in general, cause bending out of the plane. A torsional 
moment applied to the ring at one station will cause 
bending normal to the plane of the ring at another 
point. 

A detailed consideration of the effect of the 
various forces and moments, which cannot be given 
here because of space limitations, indicates that the re- 
quired expression is a linear function of sin (@ — a,) 
and cos (@ — a;). The complete expression is 


R- , = (SSapP? + a;7?P,? + a,;‘Y,‘ 4 a,°X ,*) > 4 


sin (0 — a,) + (b3P,2 + b3X;) cos (@ — ay) (10) 
where 
ai = —1; ai = +1 ) 
a,? = cos ¢ + (p/R) b} =+1/R> (11) 
a?’ = — 1/R bf? = —X, ’ 


The convenience of this notation will become evident 
later. The a’s and d's are all known numbers, deter- 
minable at the outset. The only quantity that varies 
from station to station is a,', which will be different 
for the two halves of the ring if symmetry is lacking. 
The >>-sign is written in front of the P;! terms to call 
attention to the fact that, if two or more mount tubes 
join the ring at one point, the drag component of each 
force must be taken into account. 

The next moment to be considered is Xy, the bend- 
ing in the plane of the ring due to forces and moments 
at station 7. Only forces that have components in or 
parallel to the plane of the ring can contribute to this 
moment. 

At the cut, for example, there are two forces, Yo5 
and Y,°, which cause moments at any angle @ equal 
to Yo°R vers (9 — ao) and Yo°R sin (@ — ay). The other 
forces and moments must each be examined separately. 
The final result of combining all the terms is 


R7X 4? = (LeiP) + cPP? + cfYP) X 
sin (6 — a,) + (dP; + dfP + dfY8) X 


vers (0 — a;) + (fPPP + fPX2) (12) 
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| 
where Writing the function that refers to the moment 
Pees one aes ee 4d) first under the integral sign and then the function that 
refers to the derivative, the integrals may be repre- | 
c? = sing d>'=-+1 | sented by 
cf = +1 fF = 1/R | ‘ ps eis — = 
Jt ( (13) K,' = ys sin (@ — a,) sin (@ — a;)dé (16a) 
dj = —(m;'cosa;+n;'sina,) fi = P -. s . : 
(R= R’) | Ky? = JeJ cos (@ — ax) cos (8 — a,)d0 (16b) 
R ) K,? = i sin (9 — a,) cos (@ — a;)d0 (16c) | 
The c,' and d,' parameters arise from the resolution of Kyi = Sej cos (6 — a) sin (0 — a,)d0 (16d) 


the mount tube forces into radial and tangential com- 
ponents. Eq. (12) stands just as it is written for either 
the right or left sides by adding R or L to the symbols. 
Eqs. (13) apply to the right half by adding superscript 
R. The left side may be derived from the right by re- 
placing R by L throughout and replacing m;!¥ by —m;,!¥. 
This difference arises because the resolution of the 
mount tube forces into radial and tangential compo- 
nents is different for the two sides. 

The torsional moment, X j*, is much the same as the 
moment normal to the plane of the ring, X!, in that 
the same forces and moments occur. These quantities 
are in general multiplied by different functions of (@ — 
a;) than in the expression for X4'. The required ex- 
pression will contain sine, cosine, and versine terms and 


is 
RX ,* = (63P? + 0;'X,;*) sin (@ — a,) + 
(h?P,;? + hX;) cos (@ — ay) + 


(SSaiP? + 97P;* + q:'Y;*) vers(@ — a;) (14) 
where (the }’s have already been defined), 
h? = — p/R gi? = cos ¢ 
h? = + 1/R (15) 
q' = —i,' qi = +1 


By comparing these with Eqs. (11), it will be noted 
that the two sets of parameters are identical if p = 0, 
which is an important case in practice. 


THE FUNDAMENTAL INTREGALS FOR THE RING 


Using the expressions above, it is now possible to 
determine the subintegrals that arise in the expansion 
of Eq. (9). In the case of moments normal to the plane 
of the ring, the K-integrals are given by 


" OX yy! 
X ars) dé 
f “ (a 


Since Xj! and OX !/OP; are linear functions of the 
sine and cosine, it is clear that four types of integrals 
will arise when these expresions are substituted in the 
above. These four integrals represent all the possible 
products, two at a time, of the functions sin (6 — az), 
cos (@ — a,) with the functions sin (9 — a;), cos (@ — 


aj). 


kRSj 


The L-integrals are given by 
Saj5 X ip'(OX xp!/OP )d0 


These integrals may be obtained by direct substitution | 
or, more simply, by merely reversing the k’s and j’s 
that occur inside the integral sign of the K-integrals 
but making no change in the lower limit. If this is 
done in order, replacing each K,, by an L;; while main- 
taining the superscripts, four Z-integrals will be formed, 
which will be duplicates of the K-integrals as follows: 


Ky? = Ly; 
Kpt = Li 


Ly;' (17¢) 


Lj? 


Kx = (17a) 


Ky? = (17b) (17d) 
The utility of using the L-integrals will be made clear 
when the expansion of Eq. (9) is taken up. 

For bending in the plane of the ring, the moments 
and partial derivatives are linear functions of the sine, 


versine, and a constant term, thus: 


Xu? =[ ]sin(0— om) +[ ]vers(—o%)+[ ] 


where the brackets are independent of @ and a. Of the 
eight new integrals that arise, some of them will not be 
a product of two trigonometric functions because one 
of the brackets [| | above is not multiplied by such a 


function. Since for symmetry it is desirable to have 
all the integrals represented by two subscripts, 
Retain- 


“dummy” subscripts are used in such cases. 
ing the order of the factors and using (1) where a factor 
does not contain a variable, these eight integrals may 
be written as follows: 


Ky? = Ja; vers (6 — a) sin (0 — a;)dé (16e) 
KyS = Jaz (1) sin (6 — a,)d0 (16f) 
Ky’ = Sj sin (6 — a,x) vers (6 — a,)d0 (16g) 
Kyé = faz vers (6 — a,) vers (0 — a,)d0 (16h) 
Kyo = Say (1) vers (6 — a,;)d0 (16i) 
Ky” = Saf (1) (1) do (16)) 
Ky! = Jer sin (0 — ay) (1) do (16k) 
Ky? = Sey vers (0 — ax) (1) dé (161) 


The L-integrals may be obtained in the same way as 
previously, and it will be found that 
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Ky5 = Ly? (17e) a? = Lys (171) 
n® = Ly; (178) Ky = Ly; (17) 
Ky’ = Ly (17g) Ky! = Ly (17k) 
Kye = Ly (17h) Ky, = Lf (171) 


Two new integrals arise when the torsion of the ring is 
considered : 


Kx = SJ cos (6 — ax) vers (0 — a;)d6 (16m) 
K,'4 = D % vers (0 — a,) cos (0 — a;)d6 (16n) 

and for the L-integrals: 
Ky = Ly;4 (17m) Ky) = Ly; (17n) 


The way in which integrals containing dummy sub- 
scripts may be handled is best explained by an example. 
Suppose that during the substitution into Eq. (9) the 
integration was from ag to 7, a term in the moment had 
a factor f;, and a term in the partial derivative had a 
factor f2 (the corresponding loads and superscripts are 
of no interest). Then the integral arising from the 
product would be 


SE Safed = fafo Sez (1)(1) d8 = fafoKs™ 


Thus, where dummy subscripts occur, there will al- 
ways be f-constants, in the brackets outside the integral 
sign with which to match up the subscripts. 

In order to determine whether the integrals are K- or 
L-integrals, it is essential to know which of the two fac- 
tors occurring refers to the moment and which to the 
partial derivative. It.is for this reason that a strict 
order has been maintained in the definition of the in- 
tegrals, although, of course, the numerical value is un- 
changed by alteration of the orders of the factors. 

The values of the 14 different integrals are easily ob- 
tained. The results are: 


Ky! = ZL, = 

'/s[(@ — aj) cos (a; — ay) + sin a; cos a] (18a) 

K,? = Ty? = 
'/[(4 — ay) cos (a; — ay) — sin a; cos a] (18b) 

Ky? = L,;4 = 
'/s[sin a; sin a, + (w — aj) sin (a; — ax)] (18c) 

Ky! = Ly; = 
'/s[sin a; sin a, — (r — ay) sin(a; — a,)] (18d) 
Ky? = Ly = 1+ cosa; — Ky! (18e) 
Ky = L,;'! = 1 + cos a, (18f) 
Ky’ = [yj = cos ax + cos (ay — ay) — Ky? (18g) 
Ky, = Ly = (4 — aj) +-sin (a; — a) — sin a; — 
sin a, + Ky? (18h) 
Ky? = Ly}? = (x — aj) — sin a; (18i) 
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Ky™ = Ly; = « — a; (18}) 
Ky = Lyf = cos ay + cos (a; — ay) (18k) 
Ky"? = Lf = (x — a;) — sin a + sin (ay — ay) 

(181) 
Ky"? = L,;'* = sin a, — sin (a; — ay) — Ky? (18m) 
Ky'4 = L,;* = sin a; — Ky? (18n) 


The numerical evaluation of the foregoing integrals 
is most conveniently done in tabular form. It will be 
observed that the number of types of integrals could be 
greatly reduced by replacing vers (@ — a@) by its equal 
1 — cos (@ — a), but this turns out to be inconvenient 
in practice. 


GENERAL EXPANSION OF THE ELASTIC EQUATION FOR 
THE RING 


It is now possible to expand Eq. (9) in full and 


thereby deduce, from the symmetry of the expansion, 
rules by which any particular case may be handled. 

Consider first the case of bending normal to the plane 
of the ring. The terms above and including the diag- 
onal of Eq. (9) are given by 


SF X xg'(OX yp!/OP #)d0 
where 
RX jg! = (Doa,'Py! + a,2P,? + a,4V;,4 + a,3X,3) X 
sin (9 — ax) + (b,°P,? + d,1X,") cos (@ — ax) 
and 


OX jg! oP oP 
—- aciel . = = j j 
(Ser) > Lm (358) + (S58) + 
OY. 
a;* (27) + a; (2 ‘)| sin (@ — a;) + 
oP; ox ;} 

[» ee ) lies 64] <r aition 
Substituting the latter two expressions into the integral 


above, replacing the trigonometric integrals by their 
equals in terms of the K’s, and rearranging gives: 


R= fy Xi! (OX jp'/OP')d0 = b,1X,! X 

(AjKy't + ByKy?) + aPXi5(AjKy) + BKy5) + 
ax'V,4(A Ky! + ByKy*) + Dar'Pe(AjKy! + BKy') + 
a,°P,? (A;Ky' + ByKy?) + 0°P.? X 














(A;Kyt + BsKy,”) k<sj (19) 
where 
a = oP;} oP;? 
sr = 5) on 
oY, (axe) 
- (74) <7 (4) (20a) 
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3 a - on 
BP) = B, = b;? (2) + 5, (> ‘) (20b) oo 
oP # oP; ae 
The value of J27 X4'(0X,6!/O0P;)d6, which gives rise sc’ 
to the L-integrals, may be obtained from Eq. (19) by no 
interchanging 7 and k throughout (except the lower 
limit of the integral on the left-hand side) and replac- N is 
ing K-integrals by L-integrals. Since X;!, X;,', Y,4 only iy lo: 
occur at station 0, these may be omitted from the LZ i. he, |, aoe om 
terms: * 2 "2 ots 
RAGS Xwl@Xw'/OPHydd = La'P;' x TERLALLL, ‘ff 0G 
(AyLij! + BL) + a°P2(AgLaj) + Bplay) + SSSSGSeey Sava 
bAP;(A,La;* + BLy,?) k<j (21) af sd ad at at af a on 
QQ Re é 
(See Right Column) +F+++++++ +++ Ec 
‘aaa pic 
| ‘caiielaadets ee fo 
Although both engine and mount tube forces may oc- 2522222348 a aS ; 
cur at all stations, for simplicity in writing it has been H ‘ ee oS. ee a 
assumed in the above expansion that just a single mount SS8eSskkK& Sg 8g hg | 
tube joins the ring at any one station. The modifica- e 2 “ aa as 
tions that occur when two or more mount tubes join 5 ee oe ee aN th 
the ring at one point are easily seen. The corresponding = colt Ss i. 
forces will have double subscripts to differentiate be- z Pike See ee es a r 
tween them. The changes to be made in Eq. (22) con- z ee ag + - th 
sist of altering certain columns somewhat and adding . eae te. ie Ses we 
more rows. The addition of more rows is indicated by = .3.2,.8.33 38 3 35 ses 7 
i Gal . ont ae, —_ S AG AG AG RG NM he it ol int 
the >>-sign in Eq. (19) and in Eq. (21). The quantities s ARAAAQgAaagae a A sn 
inside the parentheses of Eq. (22) will be the same for a ++++++4+4++ +++ sig 
each of the added rows. The column change is confined 38 ae a fot 
to the A; constants where it is necessary to sum the first 3 “e222 bet ‘ A - | 
term of these over all the mount tubes at the point in > Gig eee SEES om 
question. S ri sear dean I< - 
++++++ +++ - 
The three types of forces P;', P;*, P;? are independent 2 ‘s sec 
of one another as are, of course, the redundants Xo}, _ ee ee. agi 
Xo’, Yo!. This makes many of the partial derivatives, 5 is ei MS eA iS iS J 5 5 3 3 4 col 
which measure the change in one load due to a unit a FQ QA A AYA A A polio do 
change in another, identically zero. For example, if ‘2 Ter ree + + + 
the redundant in question is one of the forces or mo- = ee 
ments at the cut, all A’s and B’s are zero except either a 8.3 8388 ¢eu% Ses 
(but not both) A» or By. Thus, for these redundants vs ‘$ 3 rc 38 7 34 3 3 22 
Eq. (22) reduces to just one column. 3 , ci ia =e “XI 
Once the various equilibrium equations have been 3, a a re} 
solved in terms of the redundants, the values of the Ss eee ee ee = — 
partial derivatives are known numerically. Since the ee oi ~ a) -) a Se J eee ie 
equations are linear, the coefficient of any independent =] ed z + bs + + ps + gd + + + ce 
variable (redundant) is the partial derivative of the de- be i 
pendent variable with respect to that redundant. 5 Eye - 
With these facts in mind, the law of formation of Eq. es 216 > No 
(22) may be incorporated into a rule so that the use of = af an 
the general expansion is unnecessary. This rule may be a =. s 7 
used for each redundant in turn. a nut 
Rule—Moments Normal to Plane of Ring a 
Step 1. The column of loads that appear outside 5 
the parentheses consists of all those that appear in Eq. a 
(10). Therefore, list the forces and moments acting 
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on the half of the ring under consideration in a single double subscript on the integral. In proceeding down a 
column in order of their subscripts with those of the column, change from K-integrals to L-integrals at the 
same subscript progressing in order of their super- point where the second subscript exceeds the first. The 
scripts. List the three redundants at the cut first. Do integrals then stay as L-integrals for the remainder of 
not list the loads 180° removed from the cut. the column. 

Step 2. The type of multiplier (a or 5) for these loads Step 6. The superscripts on all the integrals are de- 
is also*determined from Eq. (10). It is seen that all termined by the type of multiplier (a or 5) outside the 
loads of the type P!, P?, Y*, X* have a-constants as parentheses and the type of multiplier (A or B) im- 
multipliers and loads of the type P*, X! have b-con- mediately preceding the integrals according to the fol- 
stants. Therefore, write the appropriate a or b and lowing scheme: 














make the subscripts and superscripts identical with 

those of the loads they multiply. Constant outside parenthesis ‘scatl a|b\a\b 
Step 3. The A or B constants that are not zero are Constant multiplying integral A By B| A 

next written down inside the same parenthesis (these Superscript on integral }1|/2)3)4 





stay the same columnwise). This is done by using 
Eq. (20). The nonzero partial derivatives may be 
picked out by noting that, in general, each dependent 
force of a particular type is a linear function of all the 
independent forces of the same type. (The value of 
these derivatives are not needed here; all that is re- 
quired is to note whether they are zero or not.) Having 
determined the subscripts of the A or B constants, list 
them in order of their subscripts from left to right, 
leaving space to insert the integrals. 

Step 4. Multiply each A or B inside the first paren- 
thesis by a K-integral and attach appropriate sub- 
scripts by observing that the first subscript on these 
integrals agrees with that of the A’s or B’s and that the C(P*) = C; = 
second subscript is zero. Connect all terms by plus 3 denis 
signs. This will complete the first parenthesis except Des (= *) + ci ( ‘) : ( ) (23a) 

: OP! OP;! oP 
for superscripts. : 

Step 5. Complete (except for superscripts) the re- DP) = Dj = 
maining parentheses, noting that the first subscript on : . , /OP;* , (OV; ; 
the integrals remains the same columnwise and that the dd; (37) a (oP) a (2% ) —_ 
second subscript, which remains the same by rows, . suena’ eee 
agrees with the subscript of the unknown outside the FAP.) = Fy = f(OP#/OP#) + f2(OX;7/0P:/) (28e) 
corresponding parenthesis. If this happens to have a See page 12, Eqs. (24) for the final result in terms of 
double subscript, use only the first number of this the K- and L-integrals. 


Therefore, attach all superscripts in this manner and 
connect all terms by plus signs. The result will be 
equal to EJ/R* multiplied by the partial derivative of 
the energy due to bending normal to the plane 
of the ring with respect to the particular redundant 
used. 

It is easy to see that Eq. (22) is identically zero for 
the redundants Y>°, Yo*, Xo. 

By exactly the same process as that used above, Eq. 
(9) can be expanded for the case of moments in the 
plane of the ring. Instead of the A’s and B’s the fol- 
lowing column numbers appear 





A comparison of this equation with Eq. (22) will reveal the great similarity between the two equations and an 
explicit rule might be written for its formation. The important differences are that the column numbers C, D, F 
replace the A’s and B’s and the superscripts are attached to the integrals according to the plan below: 

















Constant outside parenthesis c | @ | _f | _¢ | d | f fj ij.ejé 
Constant multiplying integral KAR 2ae ee. D | 2 AF Ae 
| Superscript on integral it te Soe eT 9 | 10 | 11 | 12 





Note also that the P! and P* forces must be listed twice for each subscript. The reason for this is obvious from 
an inspection of Eq. (12). 

The remaining expansion of Eq. (9) is for the torsional moments in the ring (s = 3). For this case the column 
numbers are given by 


BP;!) = B, = bS(OP#/OP,') + b(0X1/0P;') (25a) 
HP!) = Hy = hP(OP?/oPs') + hi(OX#/O0P;') (25b) 
Q(Ps') = Q; = 2q(OP;/0P1') + g7(OP?/OP;') + gO ;4/0P;') (25c) 
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From an inspection of Eq. (14) for the torsional moment, it will be seen that the P? forces must be listed twice 
The superscripts on the integrals follow the scheme below: 

















ag 2 Constant outside parenthesis ue | b | h | 6b zre2e re h q | 
_Constant multiplying integral | B | H| H ie re Q a) H | 
1 tg 4 5 7 8 | 13 | 4 | 


Superscript on integral 





The complete expansion is shown on page 12 in Eqs. (26). 


The three equations (Eqs. (22), (24), and (26) may at 
first glance seem complicated. It has been found, how- 
ever, that the equations for the ring can be written down 
almost automatically after a little practice. For this 
purpose the rules that were given explicitly for the 
moments normal to the plane of the ring and indicated 
for the other two cases are extremely convenient. 

When all the elastic equations pertaining to the ring 
itself have been listed in literal terms, numerical values 
should be substituted so that the right-hand side of 
each equation becomes a linear function of the unknown 
forces and moments. The corresponding equations for 
the rubber and mount tubes must also be calculated 
numerically. The various components are then com- 
bined as indicated in Eq. (4). When this has been done, 
there will then be precisely as many equations as re- 
dundants. The dependent unknowns can then be 
eliminated by means of the equilibrium equations, the 
solution of which gives each dependent force in terms 
of the redundants. The resulting system of equations 
is solved simultaneously by the method of successive 
approximations or otherwise. All the redundants 
having been obtained, the equilibrium equations are 
used again to determine all the dependent forces. By 
substitution into the moment equations, the bending 
and torsional moments may be obtained. Almost the 
entire calculation can be set up in tabular form, and it 
is recommended that this be done. 


CONCLUSION 


The analysis given in this paper may be extended or 
specialized in a variety of ways. For example, if the 
ring is symmetrical and is loaded symmetrically (V, 
D, Ms), the equations are much simpler. In such a 
case the right- and left-side superscripts may be omit- 
ted and only half the ring considered with only three 
redundants acting at the cut. 

It need scarcely be pointed out that the general equa- 
tions are applicable with little modification to many 
ring problems that have no connection with engine 


mounts. In a considerable portion of such cases, the 


loading on the ring is known, and, if this loading is 
nondistributed, the problem is essentially a special case 
of the above more general solution. External moments 
applied to the ring can be provided for by considering 
that X;!, X,°, XY; may act at stations other than the 
cut. 

It seems evident that the same type of solution could 
be given for rings other than circular, but the integrals 
that would arise for such rings would in general be of a 
nonelementary character. 

With regard to the numerical calculation, experience 
indicates that a minimum of five significant figures (not 
decimal points) should be retained throughout. The 
final simultaneous equations that contain only the re- 
dundant forces and moments will, by the Maxwell- 
Mohr Reciprocity Theorem, be axisymmetric. This 
affords a partial check on the off-diagonal terms. How- 
ever, since errors in symmetry are not discovered until 
almost the last step and since many parts of the calcu- 
lation have no reliable check, it is strongly recom- 
mended that all numerical work be done in duplicate. 
The only exception to this rule would be in the solution 
of the final equations; here each unknown should be 
checked in every equation, unless it has been obtained 
by the method of successive approximation, which is 
self-checking. If many rings are to be calculated, it 
may be advisable to compute tables of the integrals 
for every 5° or 10°. Intermediate points can be ob- 
tained by straight-line interpolation. 
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Wing Flaps in Light Aircraft Design 


MAURICE A. GARBELL* 
Consolidated Vultee Aircraft Corporation 


INTRODUCTION 


§ bes USE OF WING FLAPS on light airplanes is often 
considered to be a complication of questionable 
value, because the attainment of high maximum lift 
coefficients results only in a nominal reduction of the 
stalling speed of such airplanes that ordinarily have a 
low wing loading. 

This attitude has its origin in the design of heavy mili- 
tary aircraft where the principal function of wing flaps 
is to reduce the excessive stalling speed of highly loaded 
wings and where the flaps are not usually expected to 
contribute materially to the overall improvement of 
airplane performance. 

On aircraft with high wing loading and low power 
loading the following factors are mainly instrumental 
in diminishing the value of wing flaps: 

(1) Wing flaps improve the airplane performance 
at high lift coefficients only, where the flight and con- 
trol characteristics of such aircraft, primarily designed 
for high-speed operation, are usually not considered 
satisfactory. 

(2) The power/drag-area ratio is so high in this 
category of airplanes that aerodynamic improvements, 
such as those offered by wing flaps, cannot affect the 
most important performance items, except the stalling 
speed and the angle of glide, to any appreciable 
amount. 

On aircraft with low wing loading and comparatively 
high power loading, such as the average light airplane, 
these factors are substantially modified : 

(1) Flight and control characteristics of light air- 
craft are designed for low-speed operation, and full ad- 
vantage can be taken of any improvement of perform- 
ance at low flying speeds offered by wing flaps. 

(2) The power/drag-area ratio is low, and aero- 
dynamic improvements on the wing may affect the per- 
formance characteristics of the airplane considerably. 

The purpose of this paper is to show some of the 
quantitative gains and design problems that may be 
expected from the incorporation of wing flaps on a typi- 
cal four-seater light airplane of the immediate postwar 


period. 


SYMBOLS 


drag coefficient referred to the wing area with 
flaps retracted 


Cp = 


Presented at the National Light Aircraft Meeting, I.A.S., 
Detroit, April 27-28, 1944. 
* Senior Aerodynamics Engineer. 
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lift coefficient referred to the wing area with 
flaps retracted 
C = rolling moment coefficient = L/gSd 


CL = 


Cr , = yawing moment coefficient = N/gsB 

g = acceleration of gravity (32.2 ft. per sec.*) 

R = radius of curvature of a turn (ft.); in a climbing 
or descending turn, the radius of curvature of the 
osculating circle to the helix described by the 
velocity vector V. 

5 = wing area (sq.ft.) 

t.hp., = thrust horse power required 

(t.hp.r)e = thrust horse power required during a turn of 
radius R in level flight 

V = true air speed (m.p.h.) 

Ve = rate of climb (ft. per min.) 

Vs = sinking speed (ft. per min.) 

J = gross weight of the airplane (Ibs.) 

vy = angle of sideslip 

0 = angle of bank 

¢ = angle of climb 

p = density of the air (slugs per cu.ft.) 

m = ground friction coefficient 


FUNDAMENTAL AERODYNAMIC CHARACTERISTICS OF A 
TypicaL LIGHT AIRPLANE 


In order to obtain a quantitative basis for perform- 
ance comparison, with and without flaps, a typical 
light airplane was chosen of a class that probably will 
have a great appeal to the nonprofessional or 
semi-professional flier of the immediate postwar 
era. 

The following minimum design data serve to define 
this airplane within the needs of the present discus- 


sion: 


2,500 Ibs. 
185 sq.ft. 


Design gross weight........ 
0 ee 


BOOT CUTID. 6.5 cc ce ceees 7.5 
ee eee 37.2 ft. 
Power installed (Constant- 

speed propeller).......... 200 b.hp. 


13.5 Ibs. per sq.ft. 
12.5 Ibs. per b.hp. 


of 
Power loading............. 


The lift-drag polar and the speed polar of the air- 
plane are shown in Figs. 1 and 2. 

The speed polar is the basis of the present perform- 
ance comparison. The abscissas of the speed polar, 
C,~' *, represent a forward speed, since 


Vn pn. = (60/88)V/1/(0/2)-/ W7S(Cr-”2) (1) 

The ordinates, Cp/C,**, can be interpreted either as 

the power required for a certain level flight condition, 
since 
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thp., = (1/550)V/1/(e/2) /W/SW(Cp/C”*) (2) 


or as the sinking speed for the steady glide condition 
at the same air speed, since (assuming the angle of 
glide to be small) 


Vz = 600/1(0/2)-/ W/S(Cp/C,*”?) (3) 


These relations are valid for nonaccelerated flight, 
both level and inclined (climb and descent); simi- 
lar relations are also derived for steady turning 
flight. 

A brief inspection of the speed polar shows that the 
point of minimum C,/C,*/? represents the air speed for 
minimum power required for level flight (or of mini- 
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CLIMB PERFORMANCE 


Rate of Climb 


Figs. 2a and 2b show a comparison of the speed polars 
of the airplane and the “‘power-available”’ speed polar. 
The rates of climb shown in Figs. 3a and 3b were ob- 
tained from the equation 


V. = 60V/ (0/2) W/S A(Co/CL”*) (4) 


The improvement of the maximum rate of climb due 
to the optimum deflection of the Fowler-type flap is 
approximately 40 ft. per min. as compared to the un- 
flapped airplane. (Figs. 3a, 3b, and 3c.) It is evident 
that the optimum rate of climb is obtained with the 
comparatively small flap deflection of 15° and is at- 
tained at a lower air speed than with flaps retracted 
(74 instead of 80 m.p.h.). It should be noted that the 
rate of climb decreases over that of the unflapped air- 
plane with flaps deflected at air speeds in excess of the 
optimum speed for that flap deflection. 

The use of flaps requires, therefore, a more 
accurate flying technique than is warranted with flaps 
retracted. 
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mum sinking speed in a glide) and that the point of 
tangency to the speed polar of a straight line through 
the origin 0 of the coordinates is the point of greatest 
L/D. 

Figs. 1 and 2 show the effect of split flaps and of 
Fowler-type flaps on the lift-drag and speed polars of 
the given light airplane. An envelope is drawn tangent 
to all the polars obtained with the various flap deflec- 
tions. 

It is observed that the fundamental effect of the de- 
flection of wing flaps is the extension and flattening of 
the low-speed end of the speed polar. This effect is 
most pronounced for the Fowler-type flap. 
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An absolute ceiling of 16,500 ft. and a service ceiling 
of 14,300 ft. were estimated! for the flaps-up configura- 
tion. It may then be estimated that the use of Fowler- 
type flaps may bring these values to 17,300 and 15,100 
ft., respectively. 

The deflection of split flaps does not change the rate 
of climb appreciably for small angles and reduces it for 
large angles. 


Angle of Climb 


A graphic method for determining the angle of climb 
is derived from the following expansion: 


1945 


Ve _ V1/(0/2)VW/S & (Co/C”*) _ 
Vo V1 @R)VW/SG-Y2 
A(Cp/Cz*”?) 
~~ C,-¥2 


The method is illustrated in Fig. 2a, where the angle 
¢’ is proportional to the angle of climb ¢. 

The increase of the angle of climb with the Fowler- 
type flap, and to a smaller degree with the split flap, is 
evident from Figs. 4a and 4b. It is also apparent, how- 
ever, that excessive flap deflection reduces the angle of 
climb, especially if the airplane is flown too fast. 





sin g = 


(5) 


TAKE-OFF PERFORMANCE 


Fig. 5 shows a comparison of the ground runs and 
take-offs over a 50-ft. obstacle with varying flap de- 
flections for several values of the ground-friction coef- 
ficient u. The usefulness of the wing flaps is found to 
increase with higher ground friction. This characteris- 
tic is of great importance in small airplanes which may, 
at times, be operated from sandy or soggy fields. Again, 
the Fowler-type flap is greatly superior to the split 
flap. 

The curve of optimum ground runs, taken separately, 
has a particular importance for the possible operation 
of conventional light aircraft from the roofs of isolated, 
large factory and business buildings, where the take- 
off requirement is reduced to the mere lifting of the 
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aircraft off the runway in the shortest possible dis- 
tance. 


TURNING PERFORMANCE 


The power required for steady, level turning flight is: 


fore yu ( 1 a j 
(t.hp.r),p = soit Ss WwW cost”? § Mae (6) 


where the angle of bank @ is defined by the following re- 
lation to the lift coefficient C, and the radius of curva- 
ture R: 


wn = = (Nealsha)eMees) ® 


For a given turning radius R, therefore, the airplane 
(at a given altitude) flies at a certain angle of bank 6 
and absorbs the power (t.hp.,), depending upon the 
lift coefficient at which it is flown. 

An analytic procedure to determine both the C; (or 
air speed) and the angle of bank for minimum t.hp.,— 
that is, the most economical flying technique, for a 
given turning radius R—is quite complicated, and the 
following semigraphic procedure has been developed: 

Eq. (6) can be rearranged to yield an effective value 
for Cp/C,°/?: 


(Co/Cr¥*), = (t-hp.r),/const. = (Cp/C,”*)(1/cos*) 
(8) 


and 
log (Cp/Cr*”?), = log (Cp/Cz*’?) — log (cos¥* 6) (8a) 


If the two terms on the right side of Eq. (8a) are 
plotted on a logarithmic scale, the vertical distances 
between the two curves show directly the values of 
(Cp/C,*/?),—that is, the power required in nondimen- 
sional form as a function of C,~'2 (Fig. 6). 


Fig. 7 shows the curves of (Cp/C,**), for different 
radii of curvature, as compared to the power-avail- 
able speed polar. For each radius of curvature a speed 
of maximum rate of climb can be found, as well as a 
speed of minimum power required (or minimum sinking 
speed); the limit radius for level flight at low level is 
a function of the maximum lift coefficient alone; at 
high altitude, the limit radius for level flight is de- 
termined from that equivalent speed-polar which is 
tangent to the power-available speed polar. 

The numerical improvements shown in Fig. 7 indi- 
cate the superiority of the Fowler-type flap over the 
split flap. 
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FIG.- 7A-TURNING PERFORMANCE AT SEA LEVEL 
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FIG. 7B- TURNING PERFORMANCE AT 10,000’ 
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LANDING PERFORMANCE 


The effectiveness of the ewing flaps in reducing the 
stalling speed is not paramount in practical impor- 
tance on an airplane with light wing loading. The de- 
crease of the minimum stalling speed, on the airplane 
under discussion—from 64 m.p.h. with flaps retracted 
to 50 m.p.h. with Fowler-type flaps and 54 m.p.h. 
with split flaps fully extended—may not in itself be 
attractive enough to justify the complication and 
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one 
weight of a flap installation; mor does it offer suf- 
ficient information for the selection of the type of flap 
to be adopted. 

The following consideration sheds some light on addi- 
tional advantages offered by high-performance flaps 
during the landing. 

The minimum sinking speed of the unflapped airplane 
at sea level is 560 ft. per min. With the optimum 
Fowler-flap setting of 20° this sinking speed is reduced 
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to 480 ft. per min. The air speed at which this mini- 
mum sinking speed is attained is simultaneously re- 
duced from 73 to 62 m.p.h. 

It may be noted that the maximum deflection of the 
Fowler-flap is not the optimum setting for the most 
gentle glide; it is also remarkable that the split flap 
reduces the air speed for minimum sinking speed but 
not the value of the minimum sinking speed 
itself. 

The criterion of minimum sinking speed and of the 
air speed at which the minimum sinking speed is at- 
tained is significant for emergency landings in unfavor- 
able conditions of visibility, at night and in foggy 
weather, when the airplane is to be flown to an unflared 
landing as gently as possible; the use of a nose-type 
tricycle landing gear is, of course, a necessary prerequi- 
site for the full use of this flap characteristic. 

It is, at times, contended in favor of the split flap 
that this device permits a steeper landing-approach 
glide and, hence, easier landings than the low-drag 
high-performance flap of the Fowler type. It is then 
said that the glide can be, at any time, “lengthened” 
by instantaneous retraction of the split flap. This 
method of flattening the glide, however, is considered 
unsatisfactory because the rapid retraction of the flap 
may reduce the maximum lift coefficient of the wing to 
a degree that is dangerous during a slow landing-ap- 
proach glide. From many years of practical experience 
with similar devices on sailplanes and light powered 
aircraft, it has become apparent that the use of spoilers 
in conjunction with high-performance flaps-is by far 
preferable. With the flaps set for minimum sinking 
speed and best rate of climb, the excessive length of 
the glide may then be reduced by the extension of the 
spoilers from the upper wing surface. When the need 


for flattening the glide arises, the spoilers are instantly 
retracted, and the high-lift and low-drag characteris- 
tics of the Fowler-type flap are at once available for a 
more efficient glide or, if necessary, for an optimum 
“wave-off” climb. 

A comparison of the shortest landing distances is 
shown in Fig. 8. This is the only performance item in 
which the split flap attains results that are superior to 
those of the Fowier-type flap (without spoilers). 


STABILITY AND CONTROL 


The dynamic lateral stability is that stability char- 
acteristic of an airplane which is ordinarily changed 
most conspicuously by the deflection of wing flaps. 
The deflection of the flaps may produce changes in 
the two fundamental static stability derivatives af- 
fecting the dynamic stability—namely, the static direc- 
tional stability derivative dC,/dy and the static di- 
rectional rolling derivative dC,/dy. The dihedral 
angle and the sweepback of the wing should be care- 
fully chosen to obtain those values of the two afore- 
mentioned derivatives with flaps extended which will 
yield satisfactory dynamic lateral stability characteris- 
tics. 

An important requirement for a flapped light air- 
plane intended for the average private flier is that the 
trim C; (or trim speed) for a given elevator angle is to 
be kept constant, regardless of flap deflection (Fig. 9). 
The size, aspect ratio, vertical and horizontal location, 
and angular setting of the horizontal tail are therefore 
not sufficiently determined by the desired amount of 
static longitudinal stability and longitudinal control 
but must be properly adjusted so that the change in 
down-wash caused by the flap deflection will produce 
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PROPER & IMPROPER EMPENNAGE DOESIGN 


UNDESIRABLE 
CHANGE IN TRIM WITH FLAP DEFLECTION 





PITCHING - MOMENT COEFFICIENT, Cy 


a balancing tail moment equal and opposite to the 
pitching moment due to the flaps. For this effect 
static wind-tunnel data alone are not fully sufficient. 
Flight tests are necessary to trace and eliminate any 
tendency toward even temporary changes of trim during 
suddén changes of power and other nonuniform flight 
conditions. 

A nonprofessional pilot should not be expected to ex- 
tend the flaps and to use simultaneously the elevator 
to retrim the airplane because of 2n unbalanced flap 
pitching moment; a constant trim C,, with flaps re- 
tracted and extended and for any power setting, is 
greatly desirable to relieve the pilot of any additional 
control. Past experience in the automobilistic field 
has shown that the private buyer will not accept any 
device that even for a short time may change the manipu- 
lating characteristics of a vital control. In this re- 
spect it is believed that: the designers will have to seek 
perfection far in excess of the comparatively lenient 
C.A.B. requirements. 

The low flying speeds required for most efficient oper- 
ation with high-performance flaps will necessitate the 
development of greatly efficient surface controls. Spe- 
cial attention must be paid to the aileron control; an 
aileron system may be fully satisfactory for normal 
flaps-up operation but may produce undesirable yawing- 
moment characteristics when used with flaps extended 
at low air speed. Proper attention should therefore 
be paid to the aerodynamic-kinematic requirements of 
low-speed operation. 


DESIRABLE 
NO CHANGE IN TRIM WITH FLAP DEFLECTION 


COEFFICIENT, C, 


LIFT 


PITCHING -MOMENT COEFFICIENT,Cy, 


TAXIING 


The use of wing flaps on light airplanes increases the 
safety of ground operations in gusty weather. After a 
comparatively fast and steep glide with flaps extended 
and immediately upon contact with the ground, the 
pilot may retract the flap quickly (since the flap mo- 
tions and control forces are small) and thus reduce the 
danger of “‘ballooning’’ in a subsequent gust substan- 
tially. 


CONCLUSION 


The installation of flaps on light aircraft is only justi- 
fied if, in addition to lowering the stalling speed, they 
improve appreciably the take-off and landing perform- 
ance and climb and turning characteristics of the air- 
craft over that without flaps. Only high-performance 
flaps are therefore justified, since other types of flaps, 
such as split flaps, may yield approximately the same 
stalling speed but do not adequately contribute to the 
improvement of the overall performance of the light 
airplane. 

As a design problem, the flap must cease to be con- 
sidered a mere accessory, but the entire wing and tail 
design must conform to the requirements of satisfac- 
tory stability and control with flaps retracted and ex- 
tended. 
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A Note on Bending 


Beyond the Proportional 
Limit 


M. YACHTER* 


Brewster Aeronautical Corporation 


ABSTRACT 


Most theories of bending in the plastic range are based either 
upon the assumption of linear strain variation across the depth 
of the beam or by fitting some equation to the stress-strain 
curve. 

In this paper the following problem is solved: Assuming the 
principle of minimum strain energy to be valid over the entire 
range of the stress-strain curve, find the exact stress distribution 
over the depth of a beam in pure bending (or combined bending 
and axial load, provided strain energy due to axial load and beam 
column effects are neglected) compatible with equilibrium and 
minimum strain energy. 

Mathematically, this problem leads directly to a rather simple 
isoperimetric problem with variable limits in the calculus of 
variations. The solution leads to the construction of an auxiliary 
or generalized stress function, intimately connected with the 
actual stress through certain simple characteristics of the stress- 
strain curve (moduli ratios) and reducing to the actual stress for 
all values below the proportional limit. It is shown that the 
exact stress distribution, in the sense that it is compatible with 
equilibrium and minimum strain energy, is such that its associ- 
ated generalized stress distribution is again linear across the 
depth of the cross section. 

Once the associated generalized stress (as a curve vs. stress) 
has been determined from a given stress-strain curve, it is a com- 
paratively easy matter to calculate maximum resisting moments 
for a given section on the basis of any limiting maximum fiber 
stress. Examples of such calculations for stainless steel and com- 
parisons, are given in the test. 


SYMBOLS 

s = stress, lbs. per sq.in. 

e = e€(s) = strain (as a function of stress), in. per in. 

€m = €m(S) = modified strain (as a function of stress), in. 
per in. 

Eo = straight-line modulus of elasticity, Ibs. per 
sq.in. 

Er = Er(s) = tangent modulus (as a function of stress) of 
modified stress-strain curve, Ibs. per sq.in. 

E. = E;(s) = secant modulus (as a function of stress) of 
modified stress-strain curve, lbs. per sq.in. 

A,l,y = area, moment of inertia, and distance of fiber 
from c.g., respectively, corresponding to the 
original cross section of beam 

4,15 = area, moment of inertia, and distance of fiber 


from c.g., respectively, as applied to the re- 
duced cross section. 
distance from c.g. of original cross section to 
c.g. of reduced cross section, in. 
Other symbols as well as those given above are defined as 
they occur in the text. 
Dimensions are pounds and inches. 
Received March 27, 1944. 
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GENERAL RESULTS 


a he THAT THE CURVE marked “‘original’’ in Fig. 1 
is a given stress-strain curve for a given material. 
At any point A on the original stress-strain curve, cor- 
responding to a stress S and strain ¢(s), let Az be the 


area of the triangle OAB and A, the corresponding area 
OAB under the original stress-strain curve. From the 
ratio R = R(s) = A,/Ar. Evidently for stresses below 
the proportional limit R = 1, so that in general: 


R(s) = (A-/Ar) 2 1 


Multiply the corresponding strain ¢(s) by the above 
ratio and call this a modified strain e,, €,(S) = 
R(s)e(s). A curve of S vs. €m(s) will be designated as a 
modified stress-strain curve. Since R(s) 2 1, we also 
have €m(s) 2 ¢(s), so that the modified curve will ap- 
pear as shown in Fig, 1. 
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Fic. 1. Stress-strain curves. 


Since the strain energy transferred to a fiber of unit 
area under a stress Sis A,, while Ay = Se(s)/2, we have: 
Strain energy transferred to a fiber of unit area under 


Stress (S) = A, = (A,/Ar) Ar = 
R(s)(Se(s)/2 = Sém(s)/2 


That is: With respect to the modified stress-strain curve 
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the strain energy per unit area at stress S is given by 
Sem(s)/2. 

In Fig. 2, let E, = E,(s) = tan Band Ey = E7(s) = 
tan y be the secant modulus and tangent modulus, 
respectively, at point C of the modified stress-strain 
curve corresponding to the stress S and modified strain 
€m(S), While Ey = tan a is the original constant straight 
line modulus of the material below the proportional 
limit. Form the moduli ratios E)/E,(s) and Eo/Er(s) 
and take the average: 


o(s) = '/2{ [Eo/E,(s) + Eo/Er(s)] } 


Obviously, ¢(s) is nondimensional and is equal to 1 
below the proportional limit so that in general ¢(s) 2 1. 
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Fic. 2. Modified stress-strain curve. 


The function 5 = S(s) = Sy(s) has the same di- 
mensions as a stress and is equal to the stress below the 
proportional limit. This function will be designated as 
a generalized stress as associated with a given stress. 

A curve of 5 vs. S appears as shown on Fig. 3. 

Suppose now that there is a certain stress distribution 
on a section as shown in Fig. 4. To this stress distribu- 
tion will correspond its associated generalized stress 
distribution and also its associated distribution of ¢(s). 
If the section is divided into horizontal strips of small 
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thickness Ay and the width of these strips is divided by 
their corresponding ¢(s), then all those strips whose 
corresponding stress is above the proportional limit will 
be reduced in width and the result will be a reduced cross 
section (shown by dotted lines in Fig. 4). This reduced 
section will have its own reduced area—A, its reduced 
moment of Inertia—J, and a new c.g. location. The 
distance of any fiber from this new c.g. will be desig- 
nated by 7. In case the cross section is symmetrical 
about a horizontal axis and the stress-strain curves for 
tension and compression are identical, the c.g. does not 
move. 

The complete solution of the problem, as proved in 
the theoretical part of this note, is given by the follow- 
ing theorem and its corollary. 





ORIGINAL. REDUCED 
SECTION SECTION 
AY 








Theorem 


The exact stress distribution S across the depth of 
the cross section, for pure bending, compatible with 
equilibrium and least work, is such that its associated 
generalized stress distribution 


S = 9(s)S = 1/2[(Eo/Es) + (Eo/Er)|S 


is linear across the depth of the actual cross section and, 
in the reduced section, is given by the generalized straight 
line formula: 


5 = My/I 


Corollary 


If in Fig. 3 the S scale is converted into a ¥ scale with 
the c.g. of the reduced cross section at the origin and 
the maximum ¥ corresponding to the maximum limiting 
fiber stress, then the actual stress distribution S across 
the depth is given by the curve 5 vs. S. For combined 
bending and axial loading, provided the beam-column 
effect is neglected and only bending energy is con- 
sidered, it is proved later that: 
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S(s) = (P/A) + (M9/D) 


where IJ = M — P#and 7 is as shown in Fig. 5. 

The procedure for the calculation of maximum resist- 
ing moments is as follows: 

For a given material a curve of § vs. S for tension and 
compression is computed from the original stress-strain 
curve once and for all. Since in the process ¢(s) is also 
computed, it may also be drawn in as ¢(s) vs. S (see 
Fig. 6), although this is really not necessary. 
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For a given cross section of the material, it is re- 
quired to calculate the resisting bending moment so as 
not to exceed a certain maximum stress in the top (or 
bottom) fiber. 

(A) First consider the simpler case in which the 
cross section is symmetrical about the original N.A. 
(normal axes) and the original stress-strain curves hap- 
pen to be the same for tension and compression. In 
this case the c.g. of the section will remain in its original 
position. Let S, be the desired limiting extreme fiber 
stress. Then, from Fig. 6, S;, will be its associated 
generalized stress. Since, by the theorem, Sz varies 
linearly across the depth of the section, the generalized 
stress at any other fiber is merely proportional to its 
distance from the c.g. (N.A.) and so is immediately 
determined. Hence, from Fig. 6 the corresponding 
actual stress at any fiber is also determined. Or, what 
amounts to the same thing, if the distance (C) (see 
Fig. 6) is laid off from the origin to S, on the S ordinate, 
the curve S vs. S actually represents the stress distri- 
bution, where the stresses are read on the abscissa. 

Now divide the cross section into a number of hori- 
zontal strips (comparative calculations show that ten 
strips are sufficient) calculate the areas of each strip 
and multiply by the stress corresponding to its midpoint. 
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This gives the normal load Ap carried by each strip. 
Multiply these loads by their respective distances (of 
the midpoints) to the c.g. and sum. The result is the 
total resisting moment that the section can develop on 
the basis of a given maximum extreme fiber stress. 

(B) In the general case, the cross section may not 
be symmetrical about the c.g. axis (i.e., the width may 
vary across the depth), the stress-strain curves may not 
be the same for tension and compression, and, finally, 
the section may even be composed of different materials. 
Hence, generally, the neutral axis (i.e., the c.g. axis of 
the reduced cross section) will shift. The location of 
the new neutral axis is determined by successive ap- 
proximations as follows: 

Assume a position of the N.A. to start with (say, at 
or near the original c.g. position). Divide the section 
into strips and calculate the strip loads (A) in the same 
manner as outlined in (A). If, by chance, the correct 
neutral axis location has been assumed then =( Ap) = 0; 
otherwise the next approximate N.A. location is 
E = LAp/zAp/¥, where & is the distance from the as- 
sumed N.A. to the next approximate one and 7 is the 
distance from the assumed N.A. to any fiber (midpoint 
of strip). The N.A. moves toward the tension side if 
Ap is positive (tension) and toward the compression 
side if DAp is negative (compression), since 2 Ap/F is 
always positive. For proof of the above expression for 
E see “‘Proof of the Linearity of 5.” 

With regard to the location of the N.A., the following 
result will be proved in the section of this paper dealing 
with the theory. 

If any N.A. location is assumed and the second ap- 
proximation is toward the tension side, then the third 
approximation will be even further on the tension side, 
etc. The same holds, of course, in case the shifts are 
toward the compression side—that is, the N.A. loca- 
tions are given by € = YAp/(ZAp/9J), each preceding 
result being used in the successive approximations, is, 
in general, a monotonic convergent sequence either al- 
ways toward the tension side or always toward the com- 
pression side. 

Because of the above result, another way of locating 
the N.A. axis is as follows: 

Suppose the N.A. was assumed at Point A, Fig. 7, 
and the second approximation resulted in Point B. 
Now, instead of assuming Point B, suppose we assume 
Point C. In this case the third approximation may re- 
sult either in Point F or in Point D. In the first case 
the N.A. must be above F, say at G, so that the choice 
of Point C instead of Point B was a step in the right 
direction. 

In the second case, on the one hand, the N.A. must 
be below D and, on the other hand, it must be above B; 
hence it must be located somewhere between B and D, 
say at E. In either case, two trials will generally be 
sufficient to establish the N.A. with good accuracy. 
Finally, once the N.A. is located, the total resisting 
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moment is calculated as outlined in (A) above for the 
symmetrical case. 

For different tensile and compressive stress-strain 
curves the limiting extreme fiber stresses may also be 
different. Now for any maximum tensile fiber stress 
Sz; its associated §, is determined. For an assumed 
N.A. location, bearing in mind that S$ is linear, the 
maximum compressive S, and, hence, the maximum 
compressive actual fiber stress is also determined. If 
this resulting stress is larger than the desired limiting 
compressive stress, then the latter will be the starting 
point in the calculations. 

The problem treated so far deals with the determina- 
tion of resisting moments of a section on the basis of 
desired limiting extreme fiber stresses. On the other 
hand, the reverse problem of finding the stress distri- 
bution due to a given moment cannot be treated in a 
direct manner. The only way in which it can be done 
is by trial and error—that is, a stress distribution is 
assumed and the resisting moment is calculated. If this 
is repeated, then the stress distribution for the given 
moment can be approximated by interpolation. 


NUMERICAL RESULTS 


The curves shown in Figs. 8, 9, and 10 are for cor- 
rosion resisting stainless steel; full hard, cold-rolled 
condition; and transverse direction. These curves 
have been calculated from the tangent moduli vs. stress 
curves for this material as given in Figs. 4-23 and 4-24 
of reference 1. 

Fig. (8) shows the original tensile and compressive 
strain curves and the modified compressive stress-strain 
curve. Fig. 9 shows S vs. S and ¢(s) vs. S for both 
tension and compression, while Fig. 10 is a combined or 
average tension-compression S vs. S curve. 

The initial modulus of the material is 29 X 10° for 
both tension and compression. The proportional limit 
in tension is 54,000 Ibs. per sq.in., while the tensile 
yield stress is 156,000 lbs. per sq.in. The proportional 
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limit in compression is about 48,000 Ibs. per sq.in. and 

the compressive yield stress is 180,000 Ibs. per sq.in. 
Resisting moments for a section of 1 by 1/4 in., as 

shown in Fig. 11, have been computed on the basis of 
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various limiting extreme fiber stresses and by the use 
of either the tension or compression stress-strain curve 
alone or both. «Sample calculations are shown in 
Tables 1(a) and 1(b). 

Table 2 shows results of other calculations of resisting 
moments on the basis of minimum strain energy, as well 
as on the basis of linear stress variation and linear strain 
variation. 

From the results of Table 1(b) it will be seen that 
two trials are enough to determine the N.A. with good 
accuracy. But from the results it is also seen that, at 
least for a solid rectangular cross section, insofar as the 
resisting moment is concerned, the determination of the 
N.A. is really not important. For even though in the 
first trial (N.A. at c.g.) 2 Ap involves a relative error of 
approximately 1,355/14,600 = 9.3 per cent, yet the 
error in the moment is only about (8,787 — 8,678/) 
8,678 = 1.3 per cent. Further, if the average S vs. S 
curve (Fig. 10) is used, the error in total resisting 
moment is (8,842 — 8,678)/8,678 = 1.9 percent. Thus, 
it is seen that within 1 to 2 per cent of error the average 
curve can be used to compute resisting moments 
and so the work is reduced to a minimum as in 
Table 1(a). 

The ratios of moments on the basis of linear stress, 
linear strain and minimum energy (both curves used), 
are: 





TABLE 1(a) 
Symmetrical Case—Average S vs. S Curve (Fig. 10) 


St = 168,000; Sz = 423,000 Ibs. per sq.in.; AA of Strip = 0.1 (0.25) = 0.025 
No Shift in N.A. 





Strip 


9, in. 
0.45 
0.35 
0.25 
0.15 
0.05 


3 4 5 
S, lbs. per sq.in. S, lbs. per sq.in. Ap = (4) X 0.025 
380,000 163,500 4,090 
296,000 151,500 3,782 
211,700 133,000 3,321 
127,000 100,200 2,504 
42,300 42,300 1,058 


6 
AM = (2) X (5) 
1,840 
1,322 
830 
376 

53 





M or WD 


4,421 








Mrotat = 2(4,421) = 8,842 in.Ibs. 
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N.A. approx. at —0.0147+ = average of trials 2 and 3; Mom = 4,379 + 4,299 = 8,678. 


approx. 11/, per cent of depth of cross section. 


N.A. shift 
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TABLE 2 
Resisting Moments—Comparative Results 
Limiting St = 156,000 (Ten- 
Stresses —> sion) 
St = 180,000, St = 176,000 (Com- 
Method Ibs. per sq.in. St = 156,000 St = 156,000 St = 168,000 pression) 

L 6,500 
Linear stress 7,500 6,500 6,500 7,000 (St = 156,000) 
Linear strain 8,272 6,912 7,268 7,725 7,340 

(compression curve) (compression curve) (tension curve) (average curve) (Sz = 164,000) 
9,388 7,170 8,310 8,842 8,700 
Minimum energy method (compression curve (compression curve (tension curve only) (average curve) (both tension and 
only) only) compression curves) 





Note: The.above results, with the exception of the 8,842 figure, are based upon calculations not shown in this report. 


minimum energy to linear stress = (133 per cent) 
linear strain to linear stress = (113 per cent) 
minimum energy to linear strain = (118 per cent) 


Thus, the linear strain method yields results approxi- 
mately midway between those given by the linear stress 
and minimum energy methods. If the average S vs. S 
curve is used and the limiting stress is taken as 168,000 for 
both linear stress and minimum energy, then the ratio 
of the resisting moments (minimum energy to linear 
stress), is 8,842/7,000 = 126 per cent. 

It is easy to see that the above ratios will hold for 
all solid rectangular cross sections of the same material 
provided the same limiting stresses are kept. For an 
increase in either the width or the depth of the section 
will increase the resisting moments by the same factor 
irrespective of the methods used in computing the 
moments. 

For other cross sections, such as I-beams, the corre- 
sponding ratios will be much smaller. For S, above 
yield the ratios will be higher. 

Fig. 12 reveals the behavior of bending in the plastic 
range. It is seen that the outside fibers are relieved by 
the inside fibers. This is even more sharply reflected 
in the notion of the reduced section which can be con- 
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Fic. 12. Stress distribution—My = 8,842 in.lbs. 


sidered as one composed of layers of different materials. 
This is as it should be, for stressed elements with dif- 
ferent moduli of elasticity are materially different. 


THEORY 


Proof of the Linearity of § 


LET: S = S(z) be the stress at a fiber at distance z 
from the reference axis (Fig. 13). 

€m = €m(S) = the modified strain corresponding to 
S as defined under ‘‘General Results.” 


dA = w(z) dz 
(see Fig. 13). Then, for equilibrium, we have: 
£S(z) dA =0 
£S(z2)2dA = M 


where ¢ means integration throughout the section. 
By the definition of ¢,,, the strain energy transferred 
to the beam is: 


W = of,’ £ S(2)em(s) dA dx = 
1/2 £ S(z)en(s) dA (3) 


Without loss of generality we may write: //2 = 1. 
Hence, 


(1) 
(2) 


W = £S(2)em(s) dA (4) 

The problem is to determine a function S(z) so as to 

make Eq. (4) a minimum without violating Eqs. (1) 
and (2), since equilibrium must always be satisfied. 

This is a typical isoperimetric problem in the calculus 

of variations. Since there are no boundary conditions 
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CROSS SECTION 
Fic. 13, Beam in pure bending. 
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for S(z) at the limits (extreme fibers), the limits are 
variable. However, since in Eq. (4) the derivatives of 
S(z) are not involved explicitly, the solution does not 
involve integration by parts as an intermediate step, 
so that the variable limits in this case do not require 
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special consideration. Another result of the fact that 
the derivatives of S(z) are not involved is that the 
solution, as shall presently be seen, leads in this case to a 
simple algebraic relation rather than to a differential 
equation. 





Let n(z) = 65S(z) be an arbitrary small variation of S(z). Then by the methods of the calculus of variations,? 


if \; and A: are undetermined multipliers, we have: 


I(a) = I[S(z) + an(z)] = A.” {[S(z) + an(z)]em(s + an) + u[S(z) + an(z)]s + Ae[S(z) + an(z)]}wdz (5) 


so that: 


nF ate SOO. ee / { [S(2) + orn(s)] fen(s) + amen’(s) + (crn) *en"(s) +] 


ba a—>0 a a—>0 & 


M[S(z) + an(z)]2 + e[S(z) + an(z)] — [S(z)em(s) + S(2)z + A2S(2)] }odz (6) 


where €m/(s) = dém(s)/dS; €m"(s) = d%em(s)/dS?; ete. 
In the limit, Eq. (6) reduces to: 


So” 0(2) lem(s) + S(z)em’(s) + uZ + re] w(z) dz = 0 (7) 


Since (z) is arbitrary, while w(z) is always positive, 
the integrand of Eq. (7) can always be made positive 
(or negative). Hence, Eq. (7) can be satisfied only if 


Em(S) + S(z)€m’(s) + Az + Ae = O (8) 
Now, from the definitions of £,(s) and E7(s), 











1 ’ €m(S) a .s (9) 
E7(s) S E;(s) 


Em’ (S) = 


Hence, if 

y(s) = "/2{ [Eo/E,(s)] + [Eo/Er(s)]} (10) 
then Eq. (8) reduces to: 

S(z) = o(s)S(z) = —(Eo/2)(iz +2) (11) 


Since \; and 2, although as yet undetermined, are never- 
theless constants, Eq. (11) states that the generalized 
stress varies linearly across the depth of the cross section, 
which was to be proved. 
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Proof of the Relationship 


S = M(3/D) 
From Eq. 11 we get: 
S(z) = —1/2[Eo/¢(s)] uz + 2) (12) 
or writing 
z=yta (13) 


(see Fig. 13). 
Sy) = — '/2[Eo/o(s)] Pay + a) +] (14) 
Substituting Eq. (14) into Eq. (1), 
£ {Daly + a) + J /e(s)}dd = 0 (15) 
By the use of Eq. (15) and substitution of Eq. (14) 
into Eq. (2), 
g &O +e M7 dA = - (2) M (16) 


Since ¢(s) 2 1 is nondimensional, dA/g(s) may be 
regarded as a reduced element of area. Hence, it is 
appropriate to write: 


Eq. (12) becomes: 














dA a y dA = y? dA ae Qo 
o(s) mt eee a eo 
(17) 
so that 

A, = area of reduced section 

. 

p 
PS ss 
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static moment of reduced section about the 
original c.g. axis 

moment of inertia of reduced section about the 
original c.g. axis 

7 distance between c.g. of reduced section and 

original c.g. 


SS 
T 


II 


ba! 
°o 
Il 


For a symmetrical cross section and identical tensile 
and compressive stress-strain curves, the c.g. of the re- 
duced section is identical with the original c.g., so that 
in this special case 


O=m=0 


In terms of the quantities defined above, we have from 
Eqs. (15) and (16): 


(aA + Qo) + 2A = 0 \ (18) 
(aQo + Lo) + Qo = —(2/Eo)M 


From Eq. (18): 


== (2) an) ON 
(24) « 


where J = I, — A‘? is the moment of inertia of the 
reduced cross section about its own c.g. axis, and 





Ae = (2/Eo)(M/I)(a + #0) (20) 
Substituting Eqs. (19) and (20) into Eq. (14), 
S(y) = (1/9(s))(M/D(y — 70) (21) 


or y if = y — #% is the distance from the c.g. of the re- 


duced section to any fiber, Eq. (21) reduces to: 
S(9) = (1/¢(s))(M5/D) (22) 
So that, finally, 
SG) = SH)e(s) = M5/T (23) 


Combined Bending and Axial Load 


The results to be derived are based upon the following 
two approximations: 

(1) Energy due to axial load is neglected as com- 
pared to the bending strain energy. 

(2) Beam-column effects are neglected. Without 
loss of generality, we may also work with a reference 
axis passing through the c.g. of the original section. 

The theory is analogous to the pure bending case, so 
that in place of Eqs. (1), (2), and (14) we have: 


SF S(y) dA = P 
SS(y)\y dA = M \ (24) 


S(y) = —(Eo/2)[Quy + r2)/¢(s)] (25) 
Substitution of Eq. (25) into Eq. (24) results in: 


io + oA aad —(2/Ey)P 
Alo + Qo —— ans 


Solving Eq. (26) for \; and Az and simplifying results in: 


M1 = <«- (2/Eo)(M/T) 
Ae = (2/Eo)[(M7/T) — (P/A)] (27) 


where M = M — P% is the moment about the c.g. 
axis of the reduced section. Substituting Eq. (27) into 
Eq. (25) and simplifying by the use of ¥ = y — 7, 


S(¥) = [1/¢(s)] ((P/A) + (M5/D) (28) 
or, finally, 
SH) = S(5)e(s) = (P/A) + (M5/T) (29) 
To prove: 
E = ZAp/2(Ap/3) 


Suppose that the c.g. of the reduced section is assumed 
to be at A (Fig. 16). Then 
zyad _ 29(AA/o(9) 


ZAA =(AA/¢(s)) 
since 9(s) = S/S. 


_ 25(SAA/S) 
=(SAA/S) 
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Now, since S is linear and must pass through the c.g. 
of the reduced section, we may write S = kj; also 
SAA = Ap (i.e., the strip loading). Substituting the 
above results into the expression for #, we immediately 
get the result: 





_ 2@Ap/k5) _ DAP (30) 
>(Ap/kI) —-2(AP/F) 


To show the N.A. locations by the use of = 
2 Ap/Z(Ap/J) in successive steps represent a monotonic 
sequence, consider Fig. 17. The line 13-16 is the S 
line and the curve 11-14 is the corresponding S curve 
on the basis of a limiting stress S, given by 11-19: 
The S and S curves pass through an assumed N.A. 
location at point 1. The proportional limits are at 
points 6 and 9. 

Suppose now that the curve 11-14 leads to the next 
N.A. location at point 2. Then the next 5 line, on the 
basis of the same limiting stress S, is 13-18 and the cor- 
responding S curve is 10-15, with the proportional 
limits at points 7 and 8. It is thus seen that on the 
tension side between points 2 and 19 the stresses, with 
the N.A. at point 2, will be less than those correspond- 
ing to the N.A. at point 1. Hence, the widths of the 
reduced section for the case of the N.A. at point 2 will 
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be Jarger than, or equal to, the corresponding widths 
of the reduced section for the N.A. location at point 1. 
By the same reasoning the widths of the reduced sec- 
tion on the compression side between points 3 and 20 
(where 3-4 = 3-5) will be /ess than, or equal to, the 
corresponding widths for the N.A. location at point 1. 
As for the widths between 2 and 3 (6), in general they 
fall within the linear range as shown. This being so, it 
follows that the next N.A. location must be above point 
9 

Suppose that the 6 range is not wholly in the linear 


range. Even then the tendency of the N.A. to shift 


upward can be counteracted only if the material con- 
centrated in the range is relatively large as compared 
to the rest of the section. But in this case it follows 
from the formula for % that if point 1 is at the c.g. of 
the section then point 2 will move only a small distance, 
so that the 6 strip will tend to be in the linear range. 
Although this point is not proved with complete mathe- 
matical rigor, it can be disregarded for all practical 
purposes. 

Now, if we assumed that point 2 is below point 1, 
then, by analogous reasoning, it can be shown that 
the next N.A. location would move even further 
down. 

Finally, it may happen that in the second approxi- 
mation the stress 16-20 is above the compressive stress 
limit. Then the next S$ line would be, say, 12-17. 
However, it will be seen immediately that this does not 
change the results arrived at above. 

Thus, the N.A. locations tend to move always in the 
same direction, up or down—that is, the N.A. locations 
by successive approximations form a monotonic se- 
quence, which was to be proved. 

Strictly speaking, the vanishing of the first variation 
of the strain energy integral leads to either a minimum 
or a maximum. Hence, even though it is clear from 
consideration of the limiting case when the stresses are 
in the linear range, that the first variation leads to a 
minimum, nevertheless from a somewhat more rigorous 
mathematical standpoint, it must be proved that the 
strain energy is actually a minimum by considering the 
second variation. 





By the methods of the calculus of variations, we have, from Eq. (7), 
I'(0) = SK." 2(2) {em(s) + S(z)em’(s) + uz + Ae} w(z) dz (31) 


Hence, 


I’(0) = lim Lf ine) fents + Bn) + (S(z) + Bn(z))em’(s + Bn) + mz + re} — 
p-—>0 0 


8 
(2) {em(s) + S(z)em’(s) + az + Az} o(z) dz = tien if: n(2)w(2) {€m(s) + Bnem’(s) +...+- + S(z)em’(s) + 
j—>0 W/o 
S(2)Bném"(s) +..... + Bnem’(s) +..... + Mz + de — En(s) — S(z)ém'(s) — Mz — he} dz = 
lim = " on*(z)ea(2) { em’(s) - SUReneeeee + S(z)ém’(s) +..... + é€m’(s) +..... + terms in powers of B}dz (32) 
B—>0 > 





But [S/E;7(s)|[—dEp(s)/dS] > 0 for all values of S. 
Hence, since all other quantities in the integrand of 
Eq. (32) are also positive, J”(0) > 0. Therefore the 
solution actually leads to a minimum. 


> [re {See + 20'}o@) de = f'r@{5@( 2) | + |. [pow ae - 
2 | Seat | wep'ad-< fies 4 [-22}- 
i ral TE (s))2SL as Thee tee. oe | 








CONCLUSION 


It has been shown that on the basis of the extension 


of the principle of strain energy beyond the elastic 


(Continued on page 84) 
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Mechanical Properties of Magnesium- 


Alloy Tubing 


R. T. SCHWARTZ* ano G. M. MARTELLT 


Air Technical Service Command 


SUMMARY 


This paper presents the mechanical properties of extruded 
round, seamless magnesium-alloy tubing, containing 6.55 per 
cent aluminum, 1.04 per cent zinc and 0.30 per cent manganese, 
which analysis is similar to that for Dowmetal J and AMC 57S. 
The tubing was characterized by a low ratio of proportional 
limit to ultimate strength in tension and a low proportional 
limit and yield strength in compression compared to those in 
tension. The tensile and compressive testing presented certain 
difficulties because of low shear resistance and sensitivity of the 
material to stress concentration. The marked difference be- 
tween the stress-tangent modulus data for tension and compres- 
sion and the correlation of the latter with column properties for 
knife-edge and flat end conditions are emphasized. Torsional 
properties were also determined. 

Although the tests were made a few years ago, the data still are 
believed to reflect, in general, the characteristics of the wrought 
and extruded magnesium alloys of high tensile strength, and it is 
believed that the data are of value to illustrate certain character- 
istics typical of these alloys for aircraft structural applications, 
as well as to point out some of the difficulties of testing. 


INTRODUCTION 


be INCREASING INTEREST and attention being paid 
to the use of magnesium alloys for structural com- 
ponents in aircraft demands a knowledge of their 
mechanical properties. Available data on the stress- 
strain characteristics and other mechanical properties 
of magnesium alloys are, in general, meager. Tensile, 
compressive, crushing, column and tension tests on com- 
mercial magnesium-alloy tubing were therefore under- 
taken. 


MATERIAL 


Round, seamless, magnesium-alloy tubings, of the 
nominal sizes given in Table 1 and varying in outside 
diameters from */, to 3'/: in. and in wall thickness from 
0.042 to 0.400 in., were procured from the Aluminum 
Company of America. The tubing conformed to 
Army Air Forces Specification No. 11332, dated July 
14, 1942, formerly Grade I, Specification No. 11318. 
This specification requires the following minimum ten- 
sile properties: 


Yield Strength at 0.002 Elongation 
Tensile Strength, In. per In. Offset, in 2In., 
Lbs. per Sq.In. Lbs. per Sq.Jn. Per Cent 
36,000 17,000 7 


Received June 22, 1944. 

* Wright Field. 

tT Formerly with Army Air Forces Matériel Command, Wright 
Field. 
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The chemical analysis specified together with that 
determined on the tubing was: 


Other 
Im- 

Ele- puri- 

ment: Al Mn Zn Ni Cu Fe Si ties Mg 
Speci- 

fica- 5.8- 0.15 0.4- 0.005 0.05 0.005 0.30 0.30 Bal- 
tion: 7.2 min 1.5 max. max. max. max. max. ance 
Tub- Bal- 

ing: 6.55 0.30 1.04 <0.005 <0.05 <0.005 <0.30 <0.30 ance 


The tubing was produced by extrusion, using presses 
and conventional dies. During the extrusion opera- 
tion, a mandrel fits into the center of the hollow cylin- 
drical billet and travels forward into the plane of the die 
to form the inside diameter of the tubing. The thick- 
ness of the tubing walls was within specification limits. 


PROCEDURE 


Thirty-one different tubes were tested. These were 
cleaned thoroughly inside and out, weighed, the lengths 
measured, and the areas calculated from measurements 
of length, weight, and average density of 0.0652 Ib. per 
The latter value was determined by weighing 
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TABLE 1 
Tensile Properties of Magnesium-Alloy Tubing 
Modulus of Prop. Yield 
Elasticity Limit Prop. Limit Strength Ultimate Vickers 
~~ 10°, Tangent, 0.01% Offset, 0.2%Offset, Strength, Elongation Pyramidal 
Spec. Nominal Actual Size, Lbs. per Lbs. per Lbs. per Lbs. per Lbs. per in 2In., No., 
No. Size, In. In. Sq.In. Sq.In. Sq.In. Sq.In. Sq.In. Per Cent 10 Kg 
1 3/,by 0.042 0.7795 by 0.0444 6.10 9,100 11,600 25,000 40,980 11.5 62.4 
2 3/,by 0.042 0.785 by 0.0422 6.20 9,000 13,750 29,300 42,020 14 64.5 
3 3/gby 0.042 0.775 by 0.0432 6.17 10,000 13,800 28,300 41,670 11 62.9 
4 3/sby 0.042 0.785 by 0.0423 6.17 9,500 12,550 26,600 42,640 16 61.6 
5 3/,by 0.042 0.785 by 0.0432 6.36 9,500 13,200 28,600 42,870 14 64.6 
6 lby0.042 0.955 by 0.0420 6.05 11,200 15,000 28,200 43,060 12.5 63.9 
7 lby0.065 1.055 by 0.0625 6.13 10,750 13,050 23,000 40,350 13 60.9 
8 lby0.095 1.065 by 0.0913 6.21 8,600 12,330 24,700 40,540 12.5 59.7 
9 1'/zby 0.042 1.495 by 0.0410 5.92 6,100 12,350 25,500 40,890 15 61.1 
10 1!/2by 0.042 1.494 by 0.0393 6.27 7,900 10,750 20,400 41,220 13 56.3 
11 1!/,by0.042 1.494 by 0.0395 6.06 8,500 13,800 24,700 39,330 11 61.5 
12 11/.by 0.042 1.494 by0.0379 5.90 8,500 10,850 21,600 40,100 12 61.8 
13 1!/,by 0.065 1.500 by 0.0655 5.87 12,500 14,950 25,100 41,030 15 63.9 
14 1!/2by 0.065 1.500 by 0.0655 6.17 10,900 13,950 25,000 40,960 12.5 61.1 
14 1'/zby 0.065 1.500 by 0.0655 ashi ss Sa Lise pide 29,000 5.0* 61.1 
15 1'/gby0.095 1.516 by 0.0940 5.90 11,600 14,500 26,200 42,230 15 63.2 
16 1'/zby 0.095 1.504 by 0.0945 5.95 11,500 14,250 26,400 42,910 15 62.8 
17 1'/zby0.095 1.505 by 0.0970 6.17 9,700 13,300 25,300 40,020 11 61.1 
18 1'/,by 0.148 1.489 by 0.1490 6.20 10,800 18,600 34,800 42,820 8.5 79.6 
19 1'/gby 0.148 1.492 by 0.1473 5.98 13,400 18,500 32,420 41,600 9 75.5 
20 1'/2by 0.148 1.503 by 0.1461 5.97, 11,000 13,100 23,700 41,750 14.5 60.3 
30 1'/zby 0.148 1.504 by 0.1466 ae ss ate! ee 34,200 7.0* 67.7 
30 1'/eby 0.148 1.504 by 0.1466 6.05 10,750 13,550 22,700 43,220 13.5 CF <7 
31 1'/2by 0.148 1.503 by 0.1461 6.03 10,800 13,450 22,600 38,830 10.5 66.0 
21 2'/2by0.095 2.523 by 0.0989 5.96 7,800 9,580 18,600 42,680 20.5 59.7 
22 2'/2by0.095 2.521 by0.100 6.08 7,750 9,430 18,400 41,640 17.5 60.7 
23 2'/2by0.095 2.521 by 0.100 5.90 8,500 9,430 22,500 42,030 20.0 77.4 
24 2'/,by0.095 2.521 by 0.0995 6.05 11,300 13,400 22,600 36,920 9.5 64.1 
25 2'/2by0.32 2.511 by 0.3247 6.35 9,750 13,950 27,600 43,950 13.5 62.9 
26 3'/2by0.125 3.500 by 0.125 6.30 9,100 12,050 24,580 41,750 10.5 67.9 
27 3'/2by 0.125 3.510 by 0.125 6.13 9,050 11,800 24,500 41,810 10.5 65.3 
28 3'1/2by 0.125 3.500 by 0.125 6.38 9,050 11,950 24,200 42,500 15.0 63.2 
29 3'/2by0.40 3.500 by 0.400 6.12 11,650 15,175 25,800 38,050 5.0t 70.6 
6.10 9,860 13,160 25,130 41,370 13.0 64.3 


Average 








* Fracture at flaw in tube. 
+ Fracture at grips. 


specimens cut from both thick and thin wall tubes in 
air and in water. The outside diameter of each tube 
was determined from the average of several micrometer 
measurements. The radius of gyration for each tube 
was calculated from the area and outside diameter. 
All test values are based on actual dimensions and not 
on nominal sizes. 

Large-scale graphs were plotted for the determination 
of proportional limits and the moduli of elasticity, in 
which 1 in. equaled 0.0001 in. per in. strain on the 
abscissa, and 200 Ibs. per sq.in. stress, for torsional and 
compressive curves, and 500 Ibs. per sq.in. for tensile 
curves, on the ordinate. Small-scale graphs were 
plotted to obtain yield strength. The curves in Fig. 1 
are typical stress-strain curves traced from the original 
small scale graphs in which all points were plotted. 

All tensile specimens were snug-fitted with specially 
modified steel plugs of sufficient length to extend beyond 


the edge of the grips. Deformation for each tube was 
measured with two 1-in. Tuckerman optical strain 
gauges, diametrically opposed at the center of the tube. 
Sufficient length was allowed between grips to minimize 
any effects on the deformation readings. 

Compressive data were obtained on specimens with a 
L/R, or slenderness ratio, of approximately 11,2 with 
ends machined parallel to each other and perpendicular 
to the axis of the specimen and direction of loading. 
All specimens were mounted with the ends in Woods’ 
metal contained in brass rings and the ends extended 
slightly through the Woods’ metal. No correction was 
made for the mounted ends on the slenderness ratio. 
Tests on the */,- and 1-in. tubing were made in a special 
compression jig, Fig. 2, consisting of a hardened steel 
plunger contained in a cast-iron holder with a spherical 
seat used to eliminate any effect due to shifting of the 
testing machine heads. Specimens too large for the jig 
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Compression jig with specimen set-up. 


Fic. 2. 


were tested between a hardened steel plate and a 
spherical seat. Deformation was measured with two 
l-in. Tuckerman optical strain gauges, diametrically 
opposed at the center of the tube. The crushing 
strength or compressive strength was the stress at the 
maximum load. 

Flat end column specimens were tested between 
parallel, hardened steel plates attached to the heads of 
the testing machine. The specimens were carefully 
centered before testing. The knife-edge tests were 
made using knife-edge bearing plates attached to both 
heads of the testing machine. The plates were estab- 
lished in the same plane and in alignment and secured 
in place. The specimens were centered on the knife- 
edge plates by means of two sliding V-notch guide 
blocks. Some of the specimens that were slightly 
bowed were placed with the bowing parallel to the 
plane of the knife edges so that bending occurred at 


right angles to the bowing. The increase in length of 
the column specimens due to the depth of the knife-edge 
plates was allowed for in calculating the slenderness 
ratios. 

All torsional specimens were snug-fitted with steel 
plugs, similar to those used in tension tests, of sufficient 
length to extend beyond the edge of the grips. A 
troptometer having a 12-in. radius was used on all 
specimens. Deformation was read in inches of arc 
with a scale graduated to 0.01 in. The L/D ratio of 
the tubes was approximately 15, which is specified for 
testing solid cylindrical specimens.' The gauge length 
used for the troptometer varied with the length of the 
tube. 


RESULTS AND DISCUSSION 


Tension 

Tensile properties and hardness of all tubings are 
given in Table 1. It will be noted that there was quite 
a range in tensile properties but that the lowest values 
were above the specification minimum requirements. 
A typical tensile stress-strain curve is shown in Fig. 1. 

Table 4 gives a comparison of the ratios of the elastic 
properties to ultimate tensile strength for this tubing 
and for 24S-T aluminum alloy tubing.* The ratios of 
proportional limits to tensile strength are about half 
those of the aluminum alloy tubing. 

The average modulus of elasticity in tension of 6.10 
X 10° Ibs. per sq.in. is lower than the value of 6.5 X 10° 
Ibs. per sq.in. usually given for magnesium alloys. 
However, for accurate determination of modulus of 
elasticity, solid round bar specimens accurately ma- 
chined are necessary. 

Snug-fitting steel plugs, Fig. 3, conforming to 
Federal Specification QQ-M-15la, were used in several 
of the tubes in the initial tests, but difficulty was ex- 
perienced, apparently because of the extreme notch 
sensitivity of the material and stress concentration. 
Failures occurred either at the radius near the end of 
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TABLE 2 
Compressive Properties of Magnesium-Alloy Tubing 





Ultimate or 











Modulus of Prop. Yield 
Diameter Elasticity Limit Prop. Limit Strength Crushing 
Divided by xX 10-8, Tangent, 0.01% Offset, 0.2% Offset, Strength, 
Specimen Nominal Thickness, Lbs. per Lbs. per Lbs. per Lbs per Lbs. per 
No. Size, In. D/T Sq.In. Sq.In. Sq.In. $q.In. Sq.In. 
2 3/,by 0.042 18.6 6.44 2,200 9,120 20,400 50,700 
3 3/,by 0.042 18.0 6.64 4,000 6,560 17,000 51,310* 
4 3/,by 0.042 18.5 6.63 2,500 8,000 17,000 50,950* 
5 3/,4by 0.042 18.2 6.44 4,040 7,080 17,550 51,970 
6 1 by 0.042 22.7 42,230 
4 1 by 0.065 16.9 55,170 
8 1 by 0.095 iT .7 ant ere weet pet 56,600* 
9 1!/. by 0.042 36.5 6.12 3,900 5,600 14,150 21,170 
11 1'/2by 0.042 37.9 6.03 4,300 6,280 14,000 23,000 
12 1'/2 by 0.042 39.4 6.20 3,500 5,400 12,300 30,730 
13 11/2 by 0.065 22.9 er seis eate Siig 43,330 
15 1!/s by 0.095 16.1 5.90 3,900 5,700 14,700 51,200 
16 1!/, by 0.095 15.5 6.16 2,850 5,190 14,850 51,100 
17 1'/s by 0.095 15.5 6.03 2,400 6,240 14,900 52,000 
22 2!/2 by 0.095 25.2 6.17 4,300 10,600 15,900 42,040 
23 2!'/2 by 0.095 25.2 6.09 5,100 6,380 13,200 40,960 
24 2'/2by 0.095 25.4 6.25 4,300 6,200 13,300 42,470 
26 31/eby 0.125 28.0 35,490 
Average 6.24 3,640 6,800 15,330 44,020 
* Buckled and sheared at one end. 
TABLE 3 
Compressive Properties of Magnesium-Alloy Tubing 
Crushing or 
Compressive 
Strength 
i 
Specimen Lbs. per 1 a ET 
No. T/D Sq.In. &: SP way, = f,/S 
2 0.0537. 50,700 16.33 2.48 
3 0.0557 51,310 20.20 3.02 
t 0.0539 50,950 19.57 3.00 
5 0.0550 51,970 19.92 2.96 
9 0.0274 21,170 11.46 1.495 
0.0264 23,000 11.43 1.642 
2 0.0254 30,730 412.20 2.500 
15 0.0620 51,200 24.83 3.48 
16 0.0645 51,100 25.83 3.436 
17 0.0645 52,000 26.70 3.490 
22 0.0397 42,040 15.20 2.640 
23 0.0397 40,960 17.75 3.105 Fic. 4. Compressive specimens. 
24 0.0394 42,470 17.93 3.195 Dupli- 








the plugs, where apparently the material would not 
draw or flow satisfactorily. during the test, or at the end 
of the grips. These difficulties were eliminated by 
using special tapered plugs, as shown in Fig. 3, which 
permitted drawing along the taper and wrapping No. 60 
emery cloth around the tubing at the surface in contact 
with the jaws. The cloth was wrapped with the 
emery side toward the tubing, and one sheet was used 
for approximately each 10,000 Ibs. of estimated ultimate 
load. 

Several specimens failed at stresses up to 40 per cent 
below average because of flaws in the tubes, which 


were probably due to inclusions in the metal. 
cate tests were made on specimens from these tubes. 


Compression 


Compressive properties are given in Tables 2 and 3 
and a typical stress-strain curve in Fig. 1. 

In initial tests, the specimens were tested without any 
supporting medium for the ends, and difficulty was ex- 
perienced because of the low shearing strength of the 
material. This was manifested by shear failure in the 
form of a ring at the end of each specimen as shown in 
tube No. 16, Fig. 4, which failed at 47,300 lbs. per sq.in. 
This difficulty was eliminated in specimens with D/T 
ratios over 10 by embedding each specimen approxi- 
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Fic. 5. Compressive specimens. 


mately '/, in. in Woods’ metal, using oversize brass 
rings to restrain the alloy as shown in tube No. 15, Fig. 
4, and tube No. 24, Fig. 5. The ends of the specimens 
protruded slightly beyond the Woods’ metal. In the 
specimens with D/T ratios below 10, neither thicker 
plates, as shown in a specimen from tube No. 19, Fig. 4, 
which failed at 58,700 Ibs. per sq.in., and one from tube 
No. 25, Fig. 5, which failed at 53,800 Ibs. per sq.in., 
nor steel plates with a concentric groove, one-half the 
depth of the plate, as shown in another specimen from 
tube No. 25, Fig. 5, which failed at 50,400 Ibs. per sq. 
in., gave satisfactory compressive failures. However, 
most of these specimens showed bulges near the ends, 
and shear failures may have occurred after the com- 
pression failure. 

The rather wide variation in individual values of 
crushing strength or ultimate compressive stress of the 
1'/2 by 0.042 tubes with a D/T of 36 is not explained. 

The variation of crushing strength with D/T ratio 
for an L/R ratio of 11 is shown in Fig. 6, plotted in the 
conventional way, and in Fig. 7 in terms of nondimen- 
sional variables 6, and o,,,; where 


8, = (S/E)(D/T) (1) 


and 


F 
|OF CRUSHING | AND 
} AL 


o 





TUBING 35 


- Ser/ S (2) 


where S = compressive yield strength, E = modulus of 
elasticity, and f,, = compressive or crushing strength. 

It is assumed that the crushing strength depends 
upon the mechanical properties of the material of each 
specimen, and it is expected that any empirical relation 
found between 6, and ¢,,; as the results of tests will show 
less scatter than a relation between D/T and f.,.4 The 
nondimensional curve is a hyperbola. 

The proportional limits and yield strengths in com- 
pression averaged much lower than those in tension. 
The ratios are given in Table 4. It will be noted that 
the proportional limits are low and that the compressive 
yield strength is less than two-thirds of the tensile yield 
strength. There was no appreciable variation of pro- 
portional limit and yield strength with D/T ratio. 


Sers 


TABLE 4 
Comparison of Average Tensile and Compressive Properties of 
24S-T Aluminum-Alloy and Magnesium-Alloy Tubing. All 
Strength Values in Lbs. per Sq.In. 





Propor- 
Propor- __ tional Yield 
tional Limit, Strength, 
Limit, 0.01% 0.2% Ultimate 
Tangent Offset Offset Strength 
Tensile Properties 
24S-T 33,500 44,000 53,000 69,700 
Ratio to ultimate 0.48 0.63 0.76 1.00 
Magnesium alloy 9,860 13,160 25,130 41,370 
Ratio to ultimate 0.24 0.32 0.61 1.00 
Compressive Properties 
24S-T 29,600 34,800 46,780 
Ratio to tensile prop- 
erty 0.88 0.79 0.88 
Magnesium alloy 3,640 6,800 15,330 
Ratio totensile prop-. 
erty 0.37 0.52 0.61 





Column Properties 


Column properties are given in Tables 5 and 6 and 
Fig. 8. 

The elastic range of column failure for which Euler’s 
equation applies begins at a slenderness ratio of 105 for 
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noni 7 TABLE 5 aol —_ | | aii ne FIGURE 8 t ; 
| COLUMN PR ERTIES OF , MAGNESIUM OY lf 
Column Properties of Magnesium-Alloy Tubing | gamer 1S. vod | gg ae ee Te | 
Knife-Edge Ends a i i Sk die: lan a 
A | 374% 0042/0 a } 
Column riaxooes © 8 
Tube Nominal Strength, 2-vax008s 8 @ 7 
No. Size, In. D/T L/R Lbs. per Sq.In. 
2 3/,by 0.042 17.6 10.6 38,070 =. | os 
5 3/,by0.042 17.6 11.1 29,680 | 
5 3/,by0.042 17.6 = 11.2 39,800 a. a 
4 3/, by 0.042 7.6 11.2 36,200 & WA? 
5 3/, by 0.042 17.6 15.1 28,200 — - oa eS 
1 3/,by 0.042 17.6 15.2 25,410 . + a 10,400~ saan 79 . | 
3 3/,by 0.042 7.6 19.3 19,500 : : [Fo "196 ~ eon Ay 
1 3/sby0.042 ~=17.6 23.8 16,540 ~ | 4 | wo Loe | “00 | Teo 
3 */,by0.042 17.6 39.0 14,600 | | | Suenpemness | nario [x (79) | | 
3 3/,by 0.042 17.6 58.4 9,790 ~ : 4 . ——L 
3 3/,by 0.042 17.6 77.6 7,640 
4 3/,by 0.042 17.6 100.4 8,200 The Engesser curves were in good agreement with the 
, g' g g 
5 */aby0.042 17.6 150 2,880 test data, Fig. 10. It will also be noted that although 
1/ 9 e 4 ; 
; “ ae a niga = ge pig Engesser curves were plotted for tube Nos. 11 and 15, / 
12 11, by 0.0 49 36. 4 16.1 1 4.510 test data from other tubes the same size were also used | 
11 I'/sby0.042 36.4 16.1 15,290 for comparative purposes. Since the tensile and com- | 
11 1'/2by0.042 36.4 25.0 14,040 pressive properties are comparable, the inclusion of the | 
9 ws 2by0.042 36.4 25.0 13,300 different tubings seems justifiable. The Engesser| 
s 5 7 . & 
zs — msaripens af hae pose stress-modulus theory for column failure has also been 
by 0.042 D. Oo 5, . 
12 Wy, rw 0.042 364 130.4 3,450 found to apply to wrought aluminum alloy*® and steel | 
17 11/2 by 0.095 15.5 10.0 41,710 columns.§ Tensile stress modulus curves for tube Nos. 
15 11/2 by 0.095 16.1 10.0 26,890 11 and 15 were also drawn, Fig. 9, and these curves 
17 I/sby0.095 15.5 16.1 22,030 show the importance of using compressive data instead 
1 5 5 95 ° ° 
; Ks neki ae in : ae of tensile data when employing column formulas. The 
- o 0.0 ou. ° ° ° : 
16 1, re 0.095 15.5 754 6,160 latter data would give a much higher stress modulus 
16 11/2 by 0.095 15.5 100.3 4,210 above about 4,000 Ibs. per sq.in. than in compression 
17 11/2 by 0.095 15.5 130.5 3,340 at the same stress. 
19 11/2 by 0.148 10.2 11.2 30,760 ; ; ; 
19 1'/zby0.148 10.2 11.2 31,650 TABLE 6 , 
19 11/. by 0. 148 10.2 50.6 12,390 Column Properties of Magnesium-Alloy Tubing 
18 11/2by 0.148 10.2 75.6 7,970 Flat End Conditions 
19 11/2 by 0.148 10.2 102.9 5,410 oe 
23 21/sby0.095 27.8 11.0 22,870 de Column 
23 21/, by 0.095 297.8 16.1 16,100 Tube Nominal Strength, 
22 21/, by 0.095 27.8 25.1 14,850 No. Size, In. D/T L/R Lbs. per Sq.In. 
23 2!/2by 0.095 27.8 49.8 10,340 2 3/, by 0.042 17.6 10.3 45,700 
5 3/, by 0.042 17.6 15.2 46,460 
4 3/,by 0.042 17.6 19.9 36,580 
knife edges and 210 for flat ends, at a stress of about 2 3/,by 0.042 17.6 24.0 24,700 
5,000 Ibs. per sq.in. Compressive stress-modulus 5 */,by0.042 = 17.6 25.1 24,920 
curves for tube Nos. 11 and 15 were drawn, Fig. 9, 4 */aby0.042 0 17.6 29.8 25,650 
‘ 2 3/,by 0.042 17.6 48.0 17,520 
from which the Engesser column curves were computed ed 2/, by 0.042 17.6 79 0 15.670 
A a ae - 4 . . s. » 
and plotted, Fig. 10, for comparison with the test data. 2 3/,by0.042 17.6 96 12,830 
A value of K = 0.5 for flat ends and K = 1 for knife 2 3/,by 0.042 17.6 124 8,780 
edges was used in computing the Euler and the Engesser 4 */sby0.042 17.6 200 5,420 
curves. Engesser’s formula is the same as Euler’s $ ‘/eby0.042 17.6 = 200 3,740 
ti 9 1'/, by 0.042 36.4 30.1 16,140 
ae, 10 1'/,by0.042 36.4 39.1 13,740 
P/A a rE /(KL/R)? (3) 11 11/. by 0.042 36.4 75.4 13,600 
15 11/. by 0.095 16.1 40.2 16,200 
where P = column load in pounds; A = cross-sectional 30 1'/,by0.148 =—:10.3 19.9 38,910 
area in square inches; L/R = slenderness ratio, in Zs - cb oe “7 oe oo 
° . . ° . . ° /2by VU. . a /,0 
which L is length in inches, Ris least radius of gyration 30 1'/sby0.148 10.3 95.0 13.700 
in inches; and K is the end fixity constant, except 22 21/sby0.095 ~ 27.8 20.0 30,170 
that the tangent modulus, £E', is substituted for 23 2'/2by0.095 27.8 24.9 20,600 
Young’s modulus, so that the formula applies above as 22 2'/zby0.095 27.8 49.7 14,820 
well within the range of elastic failure. 24 2'/aby0.095 27.8 — 86.2 11,720 
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Torsional Properties 
” 
s - Torsional properties are given in Table 7 and Fig. 11, 
0 based on extreme fiber stress. The conventional 
a te equations for calculating stress and strain in torsion 
=H pa from the torque and.troptometer readings were em- 
ployed. These equations assume that the stress 
. t varies directly with the radial distance and linear stress- 
| strain relationship. Values of ultimate torsional stress 
wangeert _ are plotted against D/T, ratio of outside diameter to 
TABLE 7 
Torsional Properties of Magnesium-Alloy Tubing 
Length Mod. of Prop. Yield 
Out- Wall Be- Rigidity Prop. Limit Strength 
side Thick- tween G Limit 0.01% 0.2% Ult. 
Diam. ness Grips xX 10-§ Tang., Offset, Offset, Strength, Max. 
Spec. Nominal D, i L, Lbs. per Lbs.per Lbs.per Lbs.per Lbs.per Torque. 
No. Size, In. In. In. In. D/T T/D L/D Sea-in. Sq.In. Sq.In. Sq.In. Sq.In.  In.-Lbs, 
1 3/,by 0.042 0.7795 0.0444 12.3 17.6 0.0568 15.8 2.13 4,720 5,580 9,800 15,550 560 
6-1 lby 0.042 0.955 0.0420 16.16 22.7 0.044 16.9 2.38 5,600 6,580 9,300 15,480 815 
6-2 lby 0.042 0.955 0.0420 16.16 22.7 0.044 16.9 2.36 4,940 6,540 9,600 15,670 825 
7-1 lby0.065 1.055 0.0625 16.15 16.9 0.0591 15.3 1.99 4,400 5,560 8,950 16,670 1,555 
7-2 lby0.065 1.055 0.0625 16.10 16.9 0.0591 15.3 1.98 4,340 5,300 9,100 16,990 1,585 
8-1 lby0.095 1.065 0.0913 20.0 11.7 0.0855 18.8 2.07 3,640 4,500 8,700 24,380 3,175 
8-2 lby0.095 1.065 0.0913 20.1 11.7 0.0855 18.9 1.94 4,170 5,020 8,630 24,150 3,145 
8-3 lby0.095 1.065 0.0913 16.0 11.7 0.0855 15.0 1.92 3,600 5,110 8,700 ae ade ou 
8-4 lby0.095 1.065 0.0913 16.0 11.7 0.0855 15.0 rer 26,270 3,420 
9 1'/eby 0.042 1.495 0.0410 22.5 36.4 0.0274 15.0 ee oat sal esata 13,170 1,630 
13-1 1'!/2by0.065 1.500 0.0655 22.3 22.9 0.0437 14.9 2.45 3,500 4,640 9,000 14,840 2,950 
13-2 1!/eby0.065 1.500 0.0655 22.54 22.9 0.0437 15.0 ce oe ir eal 15,190 3,020 
13-3. 1!/2by0.065 1.500 0.0655 22.5 22.9 0.0487 15.0 2.39 4,420 5,220 9,800 14,540 2,890 
14 1!/2by 0.065 1.500 0.0655 22.6 22.9 0.0487 15.1 2.28 4,480 5,390 10,100 ioe 2,790* 
15 1'/,by0.095 1.516 0.0940 22.4 16.1 0.062 14.8 Es% pnw saat potas 19,240 5,450 
17-1 1'/eby0.095 1.505 0.0970 22.6 15.5 0.0645 15.0 2.25 3,500 5,740 10,650 18,410 5,240 
17-2 1!/eby0.095 1.505 0.0970 22.5 15.5 0.0645 14.9 2.30 3,480 4,880t sone pe ieee 
20-1 1!/eby0.148 1.503 0.1461 22.5 10.3 0.097 15.0 2.34 3,700 4,700 9,350 25,830 10,010 
20-2 1'/2by0.148 1.503 0.1461 22.5 10.38 0.097 15.0 2.34 3,500 5,240 10,500 26,320 10,200 
31 1'/2by0.148 1.503 0.1461 22.2 10.3 0.097 14.8 2.32 4,500 6,050 10,100 26,190 10,260 
21 2'/2by 0.095 2.523 0.0989 37.5 25.5 0.0392 14.9 2.31 4,900 6,410 9,900 13,070 11,480 
25 2'/eby0.382 2.511 0.3247 33.6 7.4 0.35 13.4 2.23 4,200 6,400 8,500 25,800 55,900 
Average 2.22 4,200 5,490 9,450 








* Failure through gauge mark. 
t Repeated loading test. 
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wall thickness, in Fig. 11. Any effects of L/D ratio, 
where L is the length between grips, were not investi- 
gated because of the lack of material, but it is not be- 
lieved that there would be any appreciable effect within 
the range of D/T tested. The effect has been found to 
be appreciable, however, for thin-wall tubes of other 
materials.’ . 

The torsional modulus of rupture in the range of 
failure by plastic shear averaged 63 per cent of the 
average tensile strength. For comparison, the shear 
strength in double shear of cylindrical pins machined 
from the 2.5 by 0.32 in. tubing was determined. These 
averaged 20,110 Ibs. per sq.in. or about 45 per cent of 
the tensile strength. If a uniform distribution of 
stresses at the ultimate load in torsion is assumed in- 
stead of straight-line distribution, the ultimate strength 
in torsion of the 2.5 by 0.32 in. tube, Specimen No. 25, 
is then calculated to be 22,770 lbs. per sq.in. or about 
52 per cent of the tensile strength. 

There were no significant effects of variation of D/T 
ratio on the modulus of rigidity, proportional limits, and 
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was 9,450 Ibs. per sq.in. All the tubing tested failed by 
plastic shear or by buckling with varying amounts of 
plastic deformation, and no experimental data were 
obtained in the region of elastic buckling for thin-wal] 
tubing. 
Equations 

Equations for the average curves representing crush- 
ing strength, column properties, and torsional strength 
are given in Figs. 6, 7, 8, and 11, together with equations 
and curves representing these properties for material 
just meeting specification requirements for design use, 
The derivations of these minimum equations are not 
essential to this discussion. The equations for crushing 
strength and for torsional strength in the range of plas- 
tic buckling are applicable for D/T ratios less than 
40. 
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Motogliders—A Natural Link Between 
Gliders and Light Planes 


WIESLAW Z. STEPNIEWSKI* 
The de Havilland Aircraft of Canada Lid. 


SUMMARY 


Several aspects of motoglider problems are considered. The 
official Federation Aéronautique Internationale (F.A.I.) defini- 
tion of a motoglider is analyzed and compared with one based on 
the minimum sinking speed of a motoglider with its engine 
stopped. The influence on the speed polar diagram in power-off 
flight of such structural parameters as wing loading, aspect ratio, 
and minimum drag coefficient are considered. The possible 
limits for the performance of motogliders in powered flight are 
also examined. The power loading appears in these considera- 
tions as a new parameter 1n addition to the ones previously men- 
tioned. 

The following special problems are discussed: (1) means of 
reducing the drag of the propeller when the engine is stopped; 
(2) general design of the motogliders; and (3) the most suitable 
engines. Also presented are some aspects of general experience, 
accumulated during 3-year tests with motogliders in Poland. In 
conclusion, the paper states that, in the case of a nation-wide 
program (based on gliding) for attracting air-minded youth to 
an active part in aviation, motogliders might play their role as a 
natural link between gliders and light planes. 


INTRODUCTION 


oo ECONOMIC CONDITIONS in the United States 
were better before the war, and will probably be 
better in the future, than in Europe. This fact, as 
well as the abundance of gasoline (in peacetime) at 
relatively low prices plus greater ground facilities, may 
lead the main current of the postwar development of 
the so-called ‘‘light aircraft’’ (in the airplane class) to 
the multiplace highly powered ‘‘family machines.” 
The postwar tendencies in the American aircraft indus- 
try when compared with the probable European ways 
of construction may show, in the future, a close analogy 
to the situation in the prewar automobile industry, 
where differences between American and European 
techniques were so apparent. 

Nevertheless, even under such conditions there will 
probably remain some place for other kinds of light 
planes, including motogliders. A general review of the 
problems represented by this last category may be of 
some interest to American aeronautical circles. This is 
especially true if, after the war, some kind of nation- 
wide aeronautical training scheme based on gliding is 
to be established. Then the motoglider, which to use 
nautical analogy may be compared to a sailing boat 
with an auxiliary engine, may become helpful in turning 
glider pilots into airplane pilots. Because of moto- 





Presented at the National Light Aircraft Meeting, I.A.S., 
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gliders, this transition may become a gradual evolution. 
In addition, experience accumulated by the young 
people when gliding will create ‘a deep understanding of 
the air. This understanding, so emphasized by all 
enthusiasts of gliding, will no doubt represent a sound 
basis for.the aeronautical life of the future. 

In addition to the above-mentioned aspects of train- 
ing, motogliders may attract some adherents for their 
undoubted sport value. Finally, the usefulness of 
motogliders in meteorologic and aerologic research 
should not be overlooked. Some European scientists 
have considered motogliders especially suitable for 
aerologic research because of their low sinking speed 
and complete lack of vibration when descending with 
the engine off. 


DEFINITION OF MOTOGLIDERS 


According to the official F.A.I. division of all air- 
craft, motogliders or powered gliders belong in Class D 
and should adhere to the following requirements: 

(1) Total weight: for the single-place machines 
W < 350 kg. (771.7 Ibs.); for the multiplace machines, 
W < 450 kg. (992 Ibs.). 

(2) Cylinder displacement: for the single-place 
craft, volume < 1,000 cu.cm. (61 cu.in.); for the multi- 
place craft having one engine, volume < 1,300 cu.cm. 
(79.3 cu.in.); for those having more than one engine, 
volume < 1,600 cu.cm. (97.6 cu.in.). 

(3) The single-place, as well as multiplace, moto- 
gliders should have the span squared loading, W/b? < 
2.5 kg. per square meter (0.512 Ib. per sq.ft.). 

The above definition is based on certain characteris- 
tics that are easily obtainable. It represents definite 
advantages from the formal point of view but does 
not fully stress the most important characteristic of 
any motoglider—the ability to soar, with the engine 
stopped, in average aerologic conditions. The defi- 
nition of motogliders based on this last characteristic 
introduces a certain difficulty of expressing in figures 
the rather indefinite term of “average aerologic 
conditions.” In central Europe, as well as in the 
United States and in Canada, ascending currents of 
rate equal to, or higher than, 3.2 to 3.4 ft. per sec. 
(about 1 m. per sec.) are quite frequent over large areas 
on a normal sunny spring, summer, or early autumn 
day. Hence, the practical ability of any flying ma- 
chine to soar with its engine stopped within an ascend- 
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ant current of 3.2 to 3.4 ft. per sec., may be considered 
the only necessary characteristic to classify this flying 
machine as a motoglider. In other words, the practical 
minimum sinking speed of a motoglider should not be 
higher than 3.3 ft. per sec., or some other arbitrary 
value, enclosed, of course, within logical limits repre- 
senting the average aerologic conditions. 


As can be seen from further considerations, it is 
possible to design a machine that fulfills the official 
requirements for motogliders but is unable to soar except 
in most favorable aerologic conditions. On the other 
hand, the motoglider definition, based on the minimum 
sinking speed, contains formal difficulties, which may 
cause considerable trouble, as based on values that are 
not necessarily 100 per cent incontestable. Unfortu- 
nately, there is no simple and sure method of measuring 
sinking speed in flight. Theoretical estimation of this 
value, based on wind-tunnel tests or analytical com- 
putation of the aerodynamic coefficients, is hampered 
by many uncertainties too well known to be mentioned 
here. All formal difficulties may become especially 
acute in the case of competitions, races, record flights, 


etc. 


Nevertheless, for the purpose of this paper, any 
reference to the motoglider may be taken to designate a 
machine having, with its engine stopped, a minimum 
sinking speed at sea level not higher than 3.3 ft. per sec. 


NOTATION 


or = coefficient of lift 

Cp = coefficient of drag 

ACp = increase of drag 

= aspect ratio 

weight (Ibs.) 

wing area (sq.ft.) 

engine power (b.hp.) 

air speed (ft. per sec.) 

sinking speed (ft. per sec.) 

rate of climb (ft. per sec.) 

= fictitious rate of climb (ft. per sec.), supposing 
that the whole effective power is used to over- 
come the effect of gravity 

= sinking speed corresponding to best lift/drag 

ratio 

propeller diameter (ft.) 

= propeller speed (r.p.m.) 

propeller speed (r.p.s.) 

V/nD = advance ratio or slip function 

propeller efficiency 

propeller thrust (Ibs.) 

= ground friction coefficient 

take-off distance (ft.) 

= air density (slugs) 

acceleration of gravity (32.17 ft. per sec.*) 

propeller thrust coefficient 

= propeller torque coefficient 
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PRACTICAL MINIMUM SINKING SPEED 


Minimum sinking speed is expressed by the well- 
known formula: 
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om WD) Qexemc] 4 
J Zmin. — ss oe ata a 1) 
S p (C3 Crh. 


A glance at Eq. (1) will show that the lowest value of 
V zmin, Will be obtained when (Cx°/Cp*)or. is as high 
as possible and when the wing loading W/S is as low as 
possible. But because of the fact that a low wing 
loading is usually associated with an increase in the 
overall dimensions and weight, as well as with reduction 
of flying speed, choice of this value for a glider is always 
a matter of compromise. The nature of this com- 
promise is greatly influenced by other structural param- 
eters, such as aspect ratio and minimum drag co- 
efficient of the whole machine.* In the case of powered 
flight, the power loading should here be added as a 
new parameter. 

In order to show in a simple analytical way the rela- 
tions existing between performance and _ structural 
parameters, the polar diagram of the whole motoglider 
[Co = f(Cx)] will be replaced by the following para- 
bolic equation (Fig. 1): 


Co = CDmin. + (C1*/®A) (2) 


“| 87 




















Fie. 1. 


Then the theoretical minimum sinking speed can 
readily be expressed as a function of Com, A, and 
W/S. 

Because of increasing discrepancies, for high angles of 
incidence, between the real Cp = f(Cx) and that given 








* For motogliders, Cp,,j;,, Will refer to the drag with the engine 


stopped. 








by 
elc 
gi\ 
co: 


an 
SUM 


loa 
nit 
foll 


pra 
im] 
the 
one 





(1) 


‘alue of 
is high 
low as 
y wing 
in the 
luction 
always 
; com- 
yaram- 
ag Cco- 
ywered 
1 asa 


e rela- 
ictural 
»glider 

para- 


(2) 


can 
and 


es of 
‘iven 


ngine 





MOTOGLIDERS 41 




















Fic. 2. 


by Eq. (2), lzmin, found in this way is too low. A 
closer approximation of the real Vz,,, will probably 
give the theoretical sinking speed based on Eq. (2) 
corresponding to the optimum lift/drag ratio: 
(Ci/Co) mar. This speed (Vz,,,.) may be expressed as: 


V top, = 2 WComin,/A*e® V(W/S)(2/p) (3) 


and will be called in this paper the practical minimum 
sinking speed. 
At sea level, Eq. (3) becomes: 


Vip, = 24.6 VComin/A® VW/S (8a) 


In order to show the importance of the span squared 
loading (1V/b?), which is mentioned in the official defi- 
nition of powered gliders, Eq. (3a) may be rewritten as 
follows: 





V cept, = 24.6 WV Comin,/A V W/b? (4) 


Eqs. (3) and (3a) show quite clearly that, as far as the 
practical minimum sinking speed is concerned, the most 
important factor is aspect ratio A, which is cubed under 
the fourth degree root, when Comin, is to the power of 
one and wing loading W/S in these formulas is to the 
power of one-half. 

When A, Comin. and W/S are known, the values of 
V 2o:. given by Eq. (3a) can be easily found with the 


aid of Fig. 2 (see dotted lines and arrows). From given 
A, a horizontal is traced to the intersection with a curve 
representing Comin... From this point, a vertical is 
drawn to the intersection with a straight line, corre- 
sponding to the given value of W/S. The ordinate of 
this last point is the required Vz,,,. It is clear, that 
with the help of Fig. 2 one can easily check the com- 
bination of the parameters W/S, A, and Comin, neces- 
sary to obtain V,,, not higher than 3.3 ft. per sec. 

Eq. (4) is represented graphically by Fig. 3. In all 
respects Fig. 3 is analogous to Fig. 2. The only differ- 
ence is in the fact that the W/S lines are replaced in 
Fig. 3 by lines representing W/b*. The procedure for 
finding Vz, is exactly the same as on Fig. 2 (see 
dotted lines and arrows). 


SPEED POLAR DIAGRAM 


As is known from gliding practice, a low enough 
minimum sinking speed is the necessary condition for 
soaring and gaining altitude within ascendant currents, 
but this is not sufficient condition for performing a 
successful distance flight. In distance flights the glider 
must show an ability to pass through descending cur- 
rents, or to fly against head winds, with the smallest 
possible loss of altitude. Thus, at highly increased 
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flying speeds needed for a quick escape from unfavor- 
able areas, the sinking speed should remain as low as 
possible. For this reason, the general shape of the 
curve Vz = f(V), called the speed polar diagram, is of 
prime importance for a performance glider. Obvi- 
ously, the flatter the curve, the greater the ability to 
perform a successful distance flight. 

In the case of motogliders one may consider that the 
presence of an auxiliary engine will provide sufficient 
means of escaping from unfavorable aerologic condi- 
tions. Undoubtedly such a reasoning is true to some 
extent. But distance flying is probably the most 
attractive feature of gliding in general; hence, the 
ability of a motoglider to perform, with its engine 
stopped, flights of this kind should be considered as the 
most desirable characteristic. Since the flat shape of 


the speed polar diagram is also favorably related to. 


flying speeds reached in powered flight, then a little 
more attention will be paid to the analyses of parame- 
ters influencing its shape. 

Sinking speed (for all practical purposes) can be 
expressed as: 


Vz = 


V(Cd/C1) (5) 


where V denotes flying speed. Substituting Eq. (2) 
for Cp, as well as considering that C;, may be expressed 
as Cy, = 2W/pSV?, Eq. (5) will become: 
. PC Dinin, V* 2wW 
ve? a, 
2W/S arpSA I 


or at sea level (Vz and V in ft. per sec.) : 


7 r Cate) r 9R7 (ZY 1 V( 1 ) 
Vz = 0.00119, ——™ ) V* + 267.8| — ous 6 
. (See + 267-8 aly) © 


The first term of Eqs. (6) and (6a) contains the parame- 
ter Cpmin. Whereas the second term contains the 
parameter A. For flying speed corresponding to Vz»), 
the two terms are equal. With an increase in flying 
speed, the importance of the first term due to V* grows 
rapidly, while the importance of the second one, con- 
taining 1/V, steadily decreases. This clearly shows 
that in order to have a flat speed polar diagram the 
expression C pmin,/(W/S) should be as small as possible. 


(6) 





0 10 20 30 40 50 60 70 80 90 mph. 
re) pty ly potengenlly peaageety pry t——7 lo 
2 20 40 60 80 100 120 140 fps. 
44 
6 4 


8 | Me f(v) 


10 4 





Ai2;, W/S=3.5 Ib./sq. ft., 





12 7 
144 Coping, -235_ i 
025 _- 
16 
fps. 015 _ . 
V, 


Fic. 4. 











SCIENCES—JANUARY, 1945 
10 20 30 40 SO 60 70 80 90 100 0 120 mph 
co” 4D” 6)” 660 -100.:« 0S 60.0 tps 
24 ; wan ——————— 7 
i aaa |} —— wiss5 Ibs./sq. ft. 
oe ee ee ° 
at | 
10 
12 4 
47 a 
16 7 7 1 
es at ee PrP AL | A\ J 
fps. Re Sy O15 
V. 


Or, for a given wing loading W/S, Conin, will govern 
the shape of the speed polar diagram at higher flying 
velocities. This last statement is well illustrated by 
Fig. 4, where the speed polar diagrams of a glider having 
W/S = 3.5 lbs. per sq.ft. and A = 12 are shown for 
three different values of Co, i,, (0.015, 0.025, and 0.035). 
From Fig. 4 it can readily be seen that at about 40 
m.p.h. the difference between sinking speeds of the 
glider having Comin, = 0.015 and one having Coppi, = 
0.035 is only about 1.5 ft. per sec. At 60 m.p.h. this 
difference would grow to about 5 ft. per sec. This 
example shows best the importance of decreasing the 
drag of a motoglider when flying with its engine 
stopped. Since the resistance of the stopped propeller 
is one of the most important items, methods of reducing 
this drag will be considered later as a special problem. 

It may be recalled here that for the higher wing load- 
ings larger values of Coin, have a smaller unfavorable 
effect on the shape of the speed polar didgram. In 
Fig. 5 one can see that for W/S = 3 Ibs. per sq.ft. and 
Comin. = 0.015 the shape of Vz = f(V) is identical with 
that for W/S = 5 Ibs. per sq.ft. and Conn, = 0.025.* 
The aspect ratios (A = 7.6 for W/S = 3and A = 12.3 
for W/S = 5) giving the same values of W/S/A in the 
second term of Eqs. (6) and (6a) helped to bring the 
speed polar diagrams to identity. But even for the 
same aspect ratios (i.e., A = 7.6 for W/S = 5 and 
Comin, = 0.025), the difference in the shape of speed 
polar diagrams at the higher flight velocities is negligi- 
ble (Fig. 5). 


LimItTs OF MOTOGLIDER PERFORMANCE 


Free Flight 


There may be many ways of approach to the discus- 
sion of such a combination of structural parameters 
W/S, A, and Comm. as is necessary to create a real 
motoglider able to soar and perform distance flights. 
A rough estimate of the possible wing loadings, com- 
pleted by an assumption of the minimum drag co- 
efficients, seems to be the sound one. If the moto- 


* In both cases the values of Crm, /(W/S) are identical. 
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glider training has to follow, and to complete to some 
extent, the primary glider training, then the flying 
properties, as far as piloting is concerned, should not 
differ too much from those of the gliders. It means 
that the wing loading of the motogliders should not be 
considerably higher than normally used in glider con- 
struction. Following this line of reasoning, it seems 
that W/S = 3 lbs. per sq.ft. and W/S = 5 Ibs. per sq.ft. 
may be chosen as sample values for the further con- 
siderations. 

In all practical cases, the drag coefficient of a moto- 
glider with its engine stopped will probably be included 
within the following limits: Comm. = 0.015 to 0.035. 
Hence, Comin. 0.015, Comp. = 0.025, and Coming. = 
0.035 may be proposed as three sample values for this 
parameter. With the use of Fig. 2 it is easy to find the 
aspect ratios assuring the practical minimum sinking 
speed Vz, = 3.3 ft. per sec., when the wing loading 
and the minimum drag coefficient are equal to their 
sample values. 

The aspect ratios found in this way are given in 
Table 1. In this table, there are also the span } and 
w/b*, which would correspond to the respective values 
of W/S and A. -In finding b, the total weight of the 
machine (when ready to fly) was assumed as W = 770 
lbs. This weight seems to be reasonable for a single- 
place motoglider. Any total weight, considerably 
lower than 770 Ibs., is scarcely probable, since the 
weight of the engine-propeller group alone plus the 
pilot’s weight will make some 300 to 370 Ibs., leaving 
for air-frame structure, gasoline, etc., 470 to 400 Ibs. 
On the other hand, the total weight W = 770 Ibs. 
(close to the weight specified in the official definition of 
motogliders) should not be exceeded by more than a 
small percentage for a properly designed machine of 
this kind. 





TABLE 1 
W/S, W/b?,* 
Lbs. per iy Lbs. per 
Sq.Ft. CBeis. A Ft. Sq.Ft. (Ci/Cp) maz. 

5 0.015 10.5 40.0 0.481 23.3 
0.025 12.3 43.5 0.407 19.8 
0.035 13.9 46.3 0.359 17.6 
3 0.015 7.6 44.1 0.395 19.8 
0.025 9.0 48.1 0.333 16.5 
0.035 10.0 50.7 0.300 14.8 





* For W = 770 lbs. 


The speed polar diagrams corresponding to the values 
of the design parameters listed in Table 1 are shown in 
Fig. 5. Those curves for Comin, = 0.015 should be 
considered the ideal performance of any motoglider 
having W/S = 5, or 3 Ibs. per sq.ft., and showing the 
practical minimum sinking speed of about 3.3 ft. per 
sec. The speed polar diagrams corresponding to Campin. 
= 0.025 may be taken as an example of an average de- 
sign, while those referring to Cpmig, = 0.035 will repre- 


sent a machine that is not clean from an aerodynamic 
point of view when, in addition, little or nothing is done 
to reduce the drag of the stopped propeller. 

The best gliding ratio (Cx/Cp) mar, listed in the last 
column of Table 1, completes the picture of the possible 
performance of the sample motogliders in power-off 
flights. 


Powered Flight 


The picture of motoglider performance in power-off 
flight should be completed by a similar consideration of 
powered flight. Using the method described in refer- 
ence 1, it is easy to find the following performance: 
(a) maximum horizontal speed at sea level, (b) maxi- 
mum initial rate of climb, and (c) service ceiling. In 
order to do this it is necessary to draw the speed polar 
diagram of a‘machine and to know the fictitious rate of 
climb: 


Vy = 550nP/W 


Some of the speed polar diagrams, shown on Fig. 5, 
in connection with the consideration of the free flight, 
may be used to predict the performance in the powered 
flight. Those curves corresponding to Coppi. = 0.015 
should be considered an ideal difficult to obtain in 
practice. Those for Crm, = 0.025 may represent the 
upper limit for a properly designed motoglider. 

As to the fictitious rate of climb, the following con- 
siderations may be useful to evaluate its practical 
limits: 

European practice has shown that engine power for 
single-place motogliders is included within 16 to 32 
b.hp. This would give, for an average glider of this 
type weighing 770 lbs., the power loading within P/W 
= 48-24 Ibs. per b.hp. These two limits can be taken 
as sample values for the considerations of the perform- 
ance in powered flight. Assuming the propeller 
efficiency 7 = 0.75, the fictitious rate of climb will be 
as follows: about V., = 8.5 ft. per sec. for W/P = 48 
Ibs. per b.hp. and about V., = 17.0 ft. per sec. for 
W/P = 24 Ibs. per b.hp. 

For level flight, fictitious rate of climb is equal to the 
sinking speed: 


Thus, with help of Fig. 5, maximum flying speed at 
sea level can readily be found for W/S, W/P, and 
Comin, Chosen as the sample values. These speeds are 
listed in Table 2. 

Maximum rate of climb at sea level is equal to the 
difference between the fictitious rate of climb (sea level) 
and the minimum sinking speed (3.3 ft. per sec.), 
This expressed in feet per minute will be as follows: 


Va = 60(Vey — 3.3) 


For W/P = 48 lbs. per b.hp., V., = 280ft. per min. The 
power loading W/P = 24 Ibs. per b.hp. will raise this 
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TABLE 2 
W/S, W/P, Vaz. 
Lbs. per Sq.Ft. Lbs. per B.Hp. Comin. MiP. 

5 48 0.015 82 
0.025 74 

24 0.015 112 

0.025 95 

3 48 0.015 74 
0.025 61 

24 0.015 95 

0.025 79 





Note: Aspect ratios—as shown on Fig. 5 and in Table 1. 
figure considerably higher—to some 760 ft. per min. 
In the above calculations propeller efficiency was 
assumed to be 7 = 0.70. 

The practical slope of climb, corresponding to the 
above rates of climb, will probably be close to 1:12 for 
the higher power loading, while for the lower one, it 
will be not too far from 1:5. 

Service ceiling is found on Fig. 6 as an altitude at 
which the difference between the fictitious rate of climb 
and the sinking speed is equal to 100 ft. per min. The 
rate of decrease of power with altitude was accepted 
according to the curve given on page 244 of reference 2; 
the propeller efficiency was assumed to be » = 0.7. A 
glance at Fig. 6 will show that for W/P = 48 lbs. per 
b.hp. one may expect a service ceiling of about 8,000 ft.; 
for W/P = 24 Ibs. per b.hp., it may reach as much as 
20,000 ft. 
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The take-off run on the ground is presented on Fig. 7 
as a function of take-off speed. Several curves are 
drawn for different values of the ratio of static thrust 
T) to the total weight W. All these curves correspond 
to the following equation: : 


s = (1/2g){V,/[(T./W) — u)} (7) 
Eq. (7) was chosen, keeping in mind that for the pur- 


pose of this paper simplicity and clearness of formulas 
may be more desired than a high accuracy. Ground 
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friction coefficient in Eq. (7) was assumed to be up = 
0.08. 

Fig. 7 clearly shows two facts: (1) Even a slight in- 
crease of 7)/W over T,)/W = 0.1, which is assumed the 
lowest practical value, will cause a considerable gain in 
the take-off distance. (2) A low take-off speed is of 
prime importance for reducing the run on the ground. 

A further examination of Fig. 7 will show that 7>/W 
within the limits 0.20 to 0.25, combined with a take-off 
speed of some 30 to 38 m.p.h., should assure the take-off 
run on the ground which can be favorably compared 
with the corresponding performance of any light plane. 
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Table 3 may give some idea of what can be expected 
from a motoglider as far as the 7)/W ratio is concerned. 
In this table, for the engine power P = 16 b.hp., as well 
as for P = 32 b.hp. developed at different r.p.m., the 
propeller diameter D is shown for several design speeds 
(not far from the maximum speeds listed in Table 2). 








TABLE 3 
Design 
Speed, D, Design, es 
B.Hp. M.P.H. R.P.M. Ft. V/nD Lbs. 7o/W 
16 60 2,700 4.15 0.47 95 0.123 
2,200 4.60 0.52 105 , 0.1386 
88 2,700 3.80 0.76 80 0.104 
2,200 4.20 0.84 95 0.123 
32 78 2,400 4.90 0.58 180 0.234 
2,000 5.35 0.64 - 195 0.253 
110 2,400 4.55 0.88 165 0.214 
2,000 5.00 0.96 180 0.234 
Note: W = 770 lbs. 


D was calculated to the following formula given in 
reference 2, page 249: 
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D = 300 VP/N?V 
The static thrust 7») was calculated by formula 15, 
reference 3: 


Ty) = 550(aP/nD) 


where a is dyn/d(V/nD) for the advance ratio V/nD = 0. 

It is seen from the fifth column of Table 3 that values 
of the design advance ratio may roughly be divided into 
two groups: one close to V/nD = 0.50-0.55 and 
another close to V/nD = 0.8-0.85. 

On Fig. 8 are presented two efficiency curves, 7 = 
f(V/nD), which are drawn as an average of several two- 
blade propellers and thus may be considered as typical 
efficiency curves that reach their 7,,,,. at V/nD = 0.5- 
0.55 and at V/nD = 0.8-0.85, respectively. The 
derivative dn/d(V/nD) for V/nD = 0 yields the 
values of a necessary to calculate 7). The values of 7 
are listed in the sixth column (Table 3) and those of 
T,/W (W = 770 lbs.) in the last column. 





6 . d 10 12 V/nD 
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SPECIAL PROBLEMS OF MOTOGLIDERS 


Drag of Engine-Propeller Groups 


A reduction of the engine drag is as important in 
power-on as in power-off flight. But this problem can 
be linked to the larger one of reducing engine drag in 
general. Worth mentioning here is the pusher engine 
with horizontal cylinders, since this case is not often 
encountered in general considerations. The wind- 
tunnel tests conducted by the Institute for Gliding and 
Motogliding in Lwow, Poland, have shown that by 
cowling the cylinders their drag may be reduced to some 
20 to 25 per cent of its initial value. 

Among the other methods for reducing engine drag, 
there may be mentioned building the engine into the 
fuselage and driving the propeller by a special shaft, 
belt, or some other mechanical device. Structural 
complicity, however, may overbalance the aero- 
dynamic gains. , 

As far as power-off flight is concerned, the best solu- 
tion from the aerodynamic point of view would be a 
fully retractable engine-propeller group. Attempts 


toward this conception have been made by several 


motoglider designers. The disadvantage of such a 
device lies in a complexity perhaps even greater than 
in the case of the engine built into the fuselage. 

As to the drag of the stopped propeller, the following 
example will show its importance: The drag coefficient 
of a stationary propeller is about Cp, = 1.05.4 Assum- 
ing an average value for the propeller diameter: D = 
4.7 ft. and its solidity o = 0.09, the increase of drag 
coefficient for a typical motoglider, having wing area of: 
about 220 sq.ft., will be close to ACp = 0.0075 or 
more. This value of Cp, which in some cases may 
increase the minimum drag coefficient of the moto- ° 
glider by as much as 40 to 45 per cent, shows the im- 
portance of this problem. 

From the technical point of view it would be attrac- 
tive to adopt fully feathered variable-pitch propellers 
for motogliders. The increase of drag due to the pro- 
peller in its feathered position would be negligible even 
for a highly “‘clean’”’ motoglider. This solution, tech- 
nically sound, will, however, be severely handicapped 
by the high price, a condition that may be relieved only 
by a wide development of light planes and motogliders. 

A clutch installed between engine and propeller may 
be mentioned here as another means of reducing the 
propeller drag. With clutch disconnected, the pro- 
peller works ‘‘free-wheeling”’ and the torque coefficient 
can be assumed to be Q. = 0.6 Thrust (drag) of the 
propeller then will be: 


T = T.pV?D? (8) 


where 7, is the thrust coefficient corresponding to Q. = 
0. 

Eq. (8) can be presented in the nondimensional form. 
Referring drag coefficient to the propeller disc area, 
Eq. (8) becomes: 


Co, = 8T./4 (9) 


For the propeller with low angle of blade setting 
(15°; design V/nD about 0.5), the average 7. = 0.013. 
For the higher blade setting (20°; design V/nD about 
0.8), it will drop to some 7, = 0.009. For a moto- 
glider having wing area S = 220 sq.ft. and a propeller 
measuring 4.7 ft. in diameter, the increase of the drag 
coefficient will be about AC» = 0.001 for the low-angle 
blade setting and about ACp = 0.0007 for the high one. 
From the aerodynamic point of view, both figures 
clearly show the high efficiency of this device. Addi-, 
tional weight (probably not too great) and the more 
complex construction may be mentioned as disadvan- 
tages of this solution. Nevertheless, it might be adopted 
with success, especially in the initial state of moto- 
glider deveiopment. Compared with fully feathered 
propellers, this will prove less expensive and easier to 
make. 

Starting the engine in flight is also one of the more 
important problems of motogliding. Among many 
possible solutions, one worth mentioning is that de- 
veloped and successfully tested by the Institute for 
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Gliding and Motogliding. Valves operated by the 
pilot were installed in the cylinder heads, and their 
action was similar to that of the decompressor in a 
motor cycle. When the valves were opened, the torque 
exerted by the propeller was sufficient to turn the 
engine. After a few seconds of such a flight, the energy 
accumulated was sufficient to start the engine. 

The ‘free-wheeling’ propeller perhaps would not 
require any special decompressing device. The energy 
that it would represent at high r.p.m. should be suffi- 
cient to overcome compression in the cylinders. 


General Design of Motogliders 


It seems that motogliders in their general design 
should as much as possible resemble performance of 
training gliders. The two characteristic elements of 
glider construction which should be conserved in the 
motogliders are the pushed forward pilot’s seat, assur- 
ing a good visibility, and the landing skid, which allows 
an exceptional freedom of landing even in rough ter- 
rains. 

The main undercarriage necessary for take-off can be 
of the one-wheel or two-wheel type. That of the one- 
wheel type might be retractable or not, but it seems 
that the two-wheel type must be retractable, because of 
the necessity of drag reduction, as well as to provide for 
landing on a skid. 

Fig. 9 shows schematically the general design of ex- 
perimental motogliders designed and tested by the 
Institute for Gliding and Motogliding. The latest 
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type (1939) had a two-wheel undercarriage, retractable 


into the fuselage. 


The Engine 


A suitable engine is of prime importance for moto- 
gliding. Indeed, without solution of this problem, any 
development of motogliders can scarcely be imagined. 

An examination of the possible limits for the moto- 
glider performance seems to indicate that an engine de- 
veloping a maximum power of about 25 to 30 b.hp. is 
suitable for the single-place machines. In order to 
keep a similar power loading, the two-place motogliders 
would require an engine of about 32 to 40 b.hp. 

Prewar tendencies in the small engine construction 
show that engines with horizontal cylinders are defi- 
nitely predominant in this category. 

From experience, based on the tests made by the 
Institute for Gliding and Motogliding, as well as from 
opinions collected from several European designers of 
light planes and motogliders, it appears that with two- 
cylinder horizontal engines one must expect vibration 
troubles. These troubles, of course, are not impossible 
to overcome, but they are annoying to the designer. 
Engines with four horizontal cylinders give no trouble 
of this kind. In addition, they still are not expensive. 
For these reasons they may be considered as most suit- 
able for motogliders. 


FINAL REMARKS AND CONCLUSION 


Since 1937 experiments have been made in Poland 
with the transition from gliders to motogliders of 
individual pilots, as well as of small groups. Experi- 
ence has shown that even motogliders (single-place, of 
course) resembling a light plane rather than a giider 
(engine in front, fixed undercarriage, only flying proper- 
ties close to the glider) did not present any particular 
difficulty to ‘‘pure”’ glider pilots. In the case of a moto- 
glider similar to the one shown on Fig. 9, this transition 
was not much different from flying a new type of 
glider.* 

The whole review of motoglider problems may be 
taken to indicate that these machines, if really able to 
soar, should be considered as belonging to the glider 
group. On the other hand, presence of the engine, as 
well as their possible performance in powered flight, 
introduces them to the group of light planes. This 
combined function of the motogliders seems to justify 
the opinion that they represent a natural link between 
gliders and light planes and that they might play some 
role in the whole development of national aviation. 
This is especially true in case of the establishment of a 
nation-wide program based on gliding and having as its 


(Continued on page 66) 


* In some cases the first flights were made in the gliding terrain 
by launching the motoglider like an ordinary glider—with a 
shock cord. 














tic 
oi 
ele 
co 
Ca. 
pe 


ctable 


noto- 
, any 
ed. 

noto- 
e de- 
Ip. is 
r to 
iders 


-tion 


defi- 


the 
‘rom 
‘s of 
two- 
tion 
sible 
ner. 
uble 
‘ive. 
uit- 


and 

of 
eri- 
, of 
der 
er- 
ilar 
to- 
ion 

of 


der 


his 


| a 








A Graphic Solution for Strains and Stresses 
from Strain Rosette Data 


ROBERTO CONTINI* 
Lockheed Aircraft Corporation 


INTRODUCTION 


[' HAS BEEN SHOWN that the state of strain of a plane 
element through a point in a strained body is entirely 
determined by the measurement of three unit elonga- 
tions on that plane element, provided all strains are 
small with respect to unity.! 

In practice such measurements are taken on the 
surface of strained bodies by means of strain ros- 
ettes. 

The most common types of rosettes are (a) the equi- 
angular strain rosette, and (b) the 45° strain rosette 
with three or four gauges. A simple graphic con- 
struction, applicable to strain rosette data from either 
type of rosette mentioned, is presented in this paper. 
This construction gives a complete description of the 
state of strain at the point where strain measurements 
are taken, and it can be easily modified to describe the 
state of stress if the strained material is elastic and 
isotropic. 

Certain properties characteristic of small deforma- 
tions combined with the vectorial properties of sinus- 
oidal currents have been utilized for the design of 
electrical strain computers. To a large extent the 
construction presented in this paper performs graphi- 
cally the same operations as the electrical computers 
perform electrically. 


NOTATION AND CONVENTIONS 


The following notation and conventions are used in this paper: 


P = point of application of strain rosette on surface of 
strained body 

r; = adirection through P on the plane tangent to the surface 
at P (i indicates any subscript used in the text) 

€¢; = unit elongation in direction 7; 


vi; = shearing strain = change in angle between two perpen- 
‘ dicular directions 7; and r; 
o; = normal stress on a plane perpendicular to 7; 
T,; = shear stress parallel to 7; (or 7;) acting on a plane perpen- 
dicular to 7; (or 7;) 


Unit elongations are positive when changes in length are 
positive. 

Shearing strains y,; are positive when changes in angle between 
r, and 7; are negative. 

Tensile normal stresses are positive and compressive normal 
stresses are negative. 

Shear stresses 7,; are positive when they produce negative 
changes in angle between r, and 7;. 
Angles are positive when measured counterclockwise. 


Received June 13, 1944. 
* Structures Research Engineer. 


DESCRIPTION OF GRAPHIC CONSTRUCTION 


The graphic construction is explained without proof 
under this heading. A detailed proof is given at the 
end of the paper. 


Equiangular Strain Rosette 

Let «4, €, and e; be three unit elongations measured 
along three directions 7, 72, and r; through a point P, as 
shown in Fig. 1. 

Consider three unit vectors 7, I and R, as shown in 
Fig. 2, and add the three vectors e:4, « J, and 6:R. 

The resultant vector rf has the following properties: 

(1) Its magnitude is 


— €Enin )/4 = 3Ymaz./'4 


where €mar, ANd €m. are the algebraically larger and 


4 


—— | B= p+90° 


; = 3(€naz. 
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a ©'=6+90° 
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smaller principal strains, respectively, and Yaz, is the 
maximum shearing strain. 

(2) The angle 26 (Fig. 2), i.e., the angle between 7 and 
fr (measured from 1), is twice the angle between 7; and 
the direction of the algebraically larger principal strain 
(measured from 7). 

In order to complete the construction take in Fig. 2 
OA = 1/3 = Ymar./4 and with center in A, draw the 
circle C; of radiusOA. Also, with center in O, draw the 
circle C. or radius len | where 


Em = (4 + @ + &)/3 


The construction being thus completed, it is now 
possible to determine the unit elongation or the shearing 
strain in any direction. 

If the unit elongation ¢, in the direction 7g at an 
angle 8 from 7; (Fig. 1) is desired, draw in. Fig. 2 an 
oriented line b through O inclined at an angle 28 from 1. 
The line b intersects C, in two points. Let the inter- 
section on the positive side of b with respect to O be 
called the positive intersection, and the other the 
negative intersection. 

The strain eg will be given by the magnitude of the 
vector whose origin is on the negative intersection of b 
with C> if €,, > 0 and on the positive intersection if €,, < 
0, and whose end is on the intersection of b with C; 
other than O in all cases. The sign of eg is plus or 
minus according to whether the vector defined above 
has the same or opposite direction of b. 

Thus in Fig. 2, ¢g is represented by DF, because e,, 
is clearly larger than zero, and is positive. If €, were 
negative, then eg would be represented by GF and 
would still be positive. 

The length of the vector FH, joining the intersection 
of b with C, with the intersection of f with Cy, is equal 
to one-half of the shearing strain ygg (where 6’ = 
6+ 90°). The sign is positive or negative according 
to whether the angle from b to FH is plus or minus 90°. 
Thus from Fig. 2 ygg- is negative. 

In particular for 8 = 6and 8B = 6 + 90°, the principal 
strains SH and TH are obtained. 

If the material is elastic and isotropic with 


E = Young Modulus 
u = Poisson's Ratio 
G = E/2(1 + uw) = Shear Modulus 
and stresses are desired, take OL = 2Gr/3 = Taz /2, 


and with center in L draw the circle C3 of radius OL. 
Also, with center in O draw the circle C, of radius '¢,, 
where 


on = (E/1 ad M)Em 


Stresses are now found in the same way as strains 
except that circles C; and C, must be used instead of C; 
and C, and that full lengths of shear stresses are repre- 
sented instead of half of them. The rules for signs are 
also the same as for strains. 
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Thus in Fig. 2, since ¢,, > 0, og is represented by MQ 
and is positive, while if €,, were negative, og would be 
represented by NQ and would be negative. The shear 
stress Tgg is represented by QR and is negative. 

It can be seen from Fig. 2 that for the particular set 
of strains used, the strain circles C; and C2 cut each 
other while the stress circles Cz; and C, do not.* By 
applying the rules explained above it can be found that 
the principal strains have opposite sign, while the 
principal stresses have the same sign. 

In general, it can be stated that if the strain (or 
stress) circles cut each other, the principal strains (or 
stresses) have opposite sign. If they do not cut each 
other, the principal strains (or stresses) have the same 
sign. If the circles touch each other then one of the 
principal strains (or stresses) is zero. 
45° Strain Rosettes 

In the case of the three gauge 45° strain rosette, the 
three strains «, «, and ¢; are measured along the three 
directions 71, 74, and 75, Shown in Fig. 4. 

Consider the unit vectors i and j* as shown in Fig. 5 
and add the two vectors (€, — €5)i and (2e, — e — €)j*. 

The resultant vector r* has the property that its 
magnitude is 


* 


vr" = €mazr. — €min. = Ymar. 


while the angle 20 has the same significance as for the 
equiangular strain rosette. 

The graphic construction is now identical to the 
one for the equiangular rosette except that the radius of 
C; is given by OA = r*/4 = Ymer./4, and the radius 
| en of C; is obtained by taking 


tn = (e + €5)/2 


In the case of the four gauge 45° strain rosette, a 
fourth strain € is measured along the direction 7 (Fig. 4) 
and (« — ¢€)j* should be used in Fig. 5 instead of 
(Qe — 1 — 6) J*. 

The quantities (e, — ¢«;) and (2e, — « — €5) should be 
equal because the sum of two perpendicular strains at a 
point is theoretically constant. If, because of ex- 
perimental errors, those two quantities are not equal, 
it is shown? that the effect of using (€, — ¢) instead of 
(2e, — € — 6) is equivalent to applying a correction of 
one-quarter of the difference (€, + «) — (& + 6) to 
each of the strain readings. 

Remarks on Graphic Construction 

The amount of numerical computations necessary to 
complete the graphic constructions which have been 
described can be considerably reduced by means of a 
regular engineering scale. 

For the equiangular rosette, for instance, if the length 
of r is read on the 20 scale, then the length OL corre- 





* The stress circles were drawn by using » = 0.3 and disre- 
garding the factor E. 

+ By virtue of this property the average of all of the four read- 
ings can be taken for em. 
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sponds to the same reading on the 60 scale. If, instead, 
€, €, and e; are plotted with the 30scale, the length of r 
read in the 40 scale gives the magnitude of the maxi- 
mum shearing strain, and read in the 10 scale gives one- 
quarter of that magnitude. This latter reading can be 
used to plot OL with the 30 scale. 

The use of prepared forms such as shown in Fig. 3 
can also be helpful. If the construction is started at 
the center, the angle @ can be read directly on the 
graduated circle. 

In the frequent case where the complete graphic 
representation of the state of strain or stress is not 
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necessary, and instead, it is required to determine only 
principal strains and stresses and direction of principal 
stresses, it may be convenient to limit the graphic 
solutions described previous to the construction of the 
vector polygon, and derive all the required data 


numerically. 


Table 1 shows how the necessary calculations can be 


arranged in simple form. 


TABLE 1 

Equiangular Three Gauge 

Rosette 45° Rosette 
l « = 1 
2 e€ 2 @ 2 
3 €3 3 €5 3 
4@+@0+® 4@+@ 4 
5 @/3 = em 5 @)/2 = em 5 
6 r (graphically) 6 @) - G3) 6 
7 2 @/3 = ymaz./2 72x® 7 
8 G) + @ = émaz. 8 @-©@® 8 
9 6) — @ = emin, 9 r* (graphically) 9 
10 @E/(1 —u) =om 10 (@)/2 = ymar, /2 10 
11 @E/(1 +4) = rmaz, 11 G) + @ = emar, 11 
12 G0) + @) = omar, 12 6) — @ = emin 12 
13 (0) — Gd) = amin, 13. (@)E/(1 — un) = om 13 
14 6 (graphically) 14 QOE/(1 + wu) = rmaz, 14 
Mw -° neta 15 03 + @ = omar, 15 
Bip s) RBS betes 16 (13) — 44) = omin. 16 


17 ea rik 17 


6 (graphically) 17 


6 (graphically) 


Four Gauge 
45° Rosette 


nm 


€s 

€5 

€6 
Q®2+@+@+@® 
) ‘4 = em 
@-@ 

Q2)-@ 

r* (graphically) 
(9)/2 = ymez,/2 

+ (0) = €maz, 
— Q) = emin 
@E/(1 — u) = om 


@3) + @ = Omaz, 
(3) — a4) = Omin, 
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' 


Since the normal stress perpendicular to the surface of 


ANALYTIC PROOF OF GRAPHIC SOLUTION 
the body is zero on the surface, Hooke’s law can be 





Equiangular Strain Rosette 
Referring to Fig. 2, the magnitude of r is given by 
the sum of the components of the three vectors ei, &j, 
and ¢; along the line of f, i.e., 
r =, cos 20 + & cos (20 — 120°) + €3 cos (26 — 240°) = 
fe = [(€ - €3)/2]}} cos 26 + 
(3/2) (€ —_ €3) sin 20 (1) 


The sum of the components of the same three vectors 
along the direction perpendicular to r is zero, therefore 


€, cos (20 + 90°) + e cos (26 — 30°) + 


written 


es MOmin.)/E 
Emin. = (Onin = MOmar.) E 
Ymar. = [2(1 3 LK) ‘E] Tmar. 


€maz. = (Omar. 


hence 


én = [(1 — u)/E]o,, (10) 


With Eqs. (7), (8), and (10) in mind, the construction 
previously described for the determination of strains 
and stresses in any direction on the surface is easily 


€3 cos (20 — 150°) = { —e + [(e + €3)/2]} sin 20+ understood. P 
, ; Ir 
3 /s és 9 = 2 , 
(V/3/2)(@ — 6) cos 26=0 (2) 45° Strain Rosettes re 
Consider a direction 7; normal to 1; then, using the In the case of the three gauge 45° strain rosette, the ct 
known formulas for orthogonal transformation (refer- following relations are obtained from Fig. 5 by pro- a 
‘ ‘ ’ : ne z as 
ence 3, p. 43, Eqs. (11)): jecting the two vectors (€, — ¢5)é and (2e, — e: — 6)j* 
€ = (€/4) + (36/4) + (VW3715/4) (3) upon the line of r* and upon the direction perpendicular 
és = (4/4) + (36/4) — ( V/3%15 4) (4) to r*, respectively, ° 
Substituting Eqs. (3) and (4) into Eq. (1) r* = (e — 6) cos 20 + (2e — & — 6) sin 20 (11) ¢ 
° J : 0= —(q — €5) sin 26 + (2e, a ee €5) cos 26 (12 A 
r = «cos 20 — [(e/4) + (3¢5/4)] cos 20 + 3715 sin 20/4 ) o1 
= 3/,[(e. — €) cos 20 + 15 sin 26] Since from the formulas for orthogonal transforma- is 
= 3/,[(e cos? 6 + ¢€, sin? 6 + vis sin 8 cos 0) — tion ;, 
Py ene : oe dal th 
. (e sin 6+ € cos? 6 Y1s sin 8 cos 6)} ; es =" (e, + € + ¥15)/2 (13) th 
= 3(& — &)/4 . (5) di 
' — Bal as the substitution of Eq. (13) into Eq. (11) gives 
where 6’ = 6+ 90°. Substituting Eqs. (3) and (4) into a 
Eq. (2) r®* = (e — €) cos 20 + 5 sin 26 T 
, nae F pas = (e, cos? 6 + €, sin’ 6 45 Sin 8 cos 8) — 
3/s[(€5 — €1) sin 20 + ys cos 20] = */s[2(6 — a) X , " file faut = in 0 ” 8) 
sin 6 cos 6 + 13(cos? @ — sin? 6)] = 34/4 =0 (6) 7 ae a alta tata 
= €& — & 
Since Yq: = 0 the direction 7 is a direction of princi- itt eee f Eq. (13) into Ea. (12) ¢3 
. coe a a 4q. (le 4q. (12) gives 
pal strain (and also of principal stress). It can also be ee ee a janie, ) gives of 
concluded that it is the direction of the algebraically (e€, — «) sin 26 + yi; cos 20 = T 
larger principal strain (and stress), because from Eq. (5) 2 -_ 04 29 2 8 
since r > 0 it must be €, > € or also €) = Emar., € = Enm.> 2(¢ — a) sin 8 cos @ + ‘71s (cos — 0) = 0 ail 
and is 3(€maz ia in.) 4= 3Ymar 4. i “a 
er ; “nelle ; ’ , tic 
Strains and stresses in any direction rg (Fig. 1) at Hence, in the same way as for the equiangular rosette, th 
an angle 8 from 7 can be obtained in terms of the it can be concluded that the angle 6 defines the direction 
principal strains and stresses by means of the known of the maximum strain, and that the magnitude of r* is re 
formulas “ “ 
vr" = €maz. ~ €min. = Ymar 
€s = €n + (Ymar./2) COS 2a ots 
Yes’ = —Ymaz. Sin 2a (7) For the four gauge 45° rosette the proof is exactly the th 
og = Om + Tmar, COS 2a same since the fourth reading can always be eliminated vis 
Teg’ = —Tmar. Sin 2a (s) from the analytic standpoint. bu 


where i = a 5 Emin )/2, c = (Omar “a Omin )/ 2, and 
a = 6 — 6 = angle from 7% to rz. 


It is easily shown that 


REFERENCES 


1 Mindlin, R. D., The Equiangular Strain Rosette, Civil Engi- 
neering, p. 546, August, 1938. 


(e: + € + €3)/3 = e, (9) 2 Klemperer, W. B., A Rosette Strain Computer, N.A.C.A. T.&. TI 

No. 875. 
By adding Eqs. (3) and (4) and adding «, to both sides 3 Love, A. E. H., Treatise on the Mathematical Theory of Elas- th 
it can be written « + e& + 6 = 3(e + 6)/2. ticity, 4th Edition; The Macmillan Company, New York, 1927. : 
i . ‘es <a th 
This proves Eq. (9) because the sum of two unit elonga- Note: The analytic proof concerning the vector summation — 
tions in two directions perpendicular to each other is an for both equiangular and 45° rosettes is essentially the same as the * 
Vit 


invariant. 


one given in reference 2. 








rface of 
can be 


(10) 


ruction 
strains 
easily 


te, the 


y pro- 
- €)j* 
licular 


(11) 
(12) 


orma- 


(13) 


,=0 


sette, 
ction 
 r* is 


y the 
nated 


Engi- 
ee. « 


| Elas- 
1927. 


lation 
as the 





Investigation of the Wing-Wake Frequency 
with Application of the Strouhal Number 


M. ZBIGNIEW KRZYWOBLOCKI* 
Polytechnic Institute of Brooklyn 


SUMMARY 


The present paper consists of two parts. The aim of the first 
part is to record the results of calculation of the Strouhal Number 
in two-dimensional flow behind an infinite plate, an infinite cir- 
cular cylinder, and an infinite airfoil. The results obtained are 
compared with those from previous tests, and sometimes a fair 
agreement is obtained. The most important conclusions are 
as follows: 


(1) In general the Strouhal Number is not a constant. 
(2) The Strouhal Number in the wake behind a body with 


sharp edges is approximately constant. 

(3) The Strouhal Number in the wake behind a circular 
cylinder is constant only below the critical Reynolds Number. 
Above the critical Reynolds Number some assumptions permit 
one to conclude that as a first approximation the Strouhal Number 
is a linear function of the Reynolds Number. 

(4) When the wake behind an airfoil consists of vortex rows, 
the value of the Strouhal Number behind the airfoil, referred to 
the projection of the airfoil on the direction perpendicular to the 
direction of the flow, may be assumed as a constant. 

In the second part of this paper the results of some tests in a 
wind tunnel in two- and three-dimensional flow are presented. 
The following bodies were tested: 


(a) Airfoil in two-dimensional flow. 

(b) Airfoil of finite length. 

(c) Airfoil with flap in two-dimensional flow. 
(d) Airfoil with flap of finite length. 


The purpose of the tests was to find and to compare the values 
of the Strouhal Number behind the above-mentioned bodies. 
The results of the tests proved that: 

(a) When one refers the value of the Strouhal number of any 
airfoil in two-dimensional flow, with or without flaps, to the pro- 
jection of the airfoil on the direction perpendicular to the direc- 
tion of the airflow, the values of the Strouhal Number are within 
the limits of the values given by other investigators. 

(b) The frequency in the wake behind the center span of a 
rectangular airfoil of finite length is not affected by the tip 
vortexes. 

(c) The graph of frequency versus velocity appears to be a 
straight line but it is difficult to see whether it always passes 
through the origin of coordinates, although a slight tendency is 
visible. Blenk obtained straight lines passing through the origin, 
but his results do not agree with results obtained by Abdrashitov. 


INTRODUCTION 


7 PHENOMENON OF BUFFETING is an immediate 
problem and one cannot suppose that it is solved. 
The phenomenon of buffeting is closely connected with 
the problem of wing-wake frequency. 

The aim of the first part of this paper is to present 
the results of calculation of the value of the Strouhal 


Presented at the Aerodynamics Session, Twelfth Annual 
Meeting, I.A.S., New York, January 25-27, 1944. 
*Tnstructor. Now at Brown University. 


Number behind various bodies in two-dimensional 
flow. At first, brief reviews of buffeting and wake 
investigations are given. Later, all double vortex street 
characteristics and a comparison of those characteris- 
tics obtained by various investigations are presented. 

In order not to complicate the calculation, the 
simplest possible ways will be used. The Strouhal 
Number behind the flat plate will be calculated and the 
results compared with those of the tests. Similar 
methods will be applied to a circular cylinder in two- 
dimensional flow in the range below the critical Rey- 
nolds Number. The picture is completely different 
when the Reynolds Number exceeds the critical value. 
Because in the present paper it is difficult to speak 
about the frequency of disturbances from the standpoint 
of the exact theory of turbulence, some simplifying 
assumptions will be made. 

In the case of the infinite plain airfoil, the value of 
the Strouhal Number will be referred to the projection 
of the airfoil on the direction normal to the direction 
of the flow, according to the suggestion by Blenk. In 
order to calculate the form drag, the results of some 
investigators will be applied. In calculating the width 
of the wake behind an airfoil the results of tests per- 
formed by N.A.C.A. are used. The results of this 
calculation will be compared with the results of 
tests. 

In the second part of this paper results of some tests 
in the wind tunnel are given. The tests deal with the 
value of the Strouhal Number behind several types of 
bodies. 


SYMBOLS 

h = distance between the rows of vortexes (breadth of 
street) 

a = distance between successive vortexes in each row 
(spacing) 

u = velocity of the total geometric pattern of the eddies 
relative to the undisturbed flow 

I = intensity of a vortex 

V = velocity of the flow 

f = frequency 

T = period 

Dy; = form drag per unit span 

p = density 

y = kinematic coefficient of viscosity 

d = diameter of the wire or breadth of the obstacle or 
lamina 

S = fd/V = Strouhal Number 

a = angle of incidence 
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b = breadth t = thickness of the plate or airfoil 
D = drag Co, = coefficient of the profile drag 
Cp = drag coefficient tmar, = Maximum thickness of airfoil 
A = area hy, = width of the wake behind the airfoil 
R = Reynolds Number p =. distance of the trailing edge behind the vertex of para- 
1 = length of chord of an airfoil or breadth of a plate bolic wake distribution curve 
K = constant 5 = thickness ratio 


CALCULATION OF THE STROUHAL NUMBER 


A BrieF REVIEW OF BUFFETING 


It is difficult to tell when the phenomenon of *‘buffet- 
ing’’ became, in reality, the cause of tail vibration, 
because reports had already been written in the year 
1916 on the subject of tail vibration at certain critical 
speeds of flight. But this phenomenon received con- 
siderable attention after the well-known crash of the 
Junkers airplane G-AAZK at Meopham, Kent, 
England, on July 21, 1930. The accident was followed 
by many papers and tests in England, United States, 
and Germany. After extensive investigations con- 
ducted at the scene of the accident and in aerodynamic 
laboratories, the British came to the conclusion that 
the accident was caused by tail buffeting. The 
Germans, after no less extensive investigations, arrived 
at the conclusion that the accident could not have been 
due to buffeting. During the following years some 
investigators attempted to find the best solution of 
avoiding buffeting. From these tests the following 
conclusions can be drawn: 

(a) The amplitude of tail vibration depends mostly 
on the position of the horizontal tail surfaces with 
respect to the wing in the vertical direction and little 
on the position in the horizontal direction. 

(b) The rigidity of the rear part of the fuselage and 
that of the horizontal surfaces must be so great that the 
natural frequency of these parts does not coincide with 
the frequency of disturbances* behind the wing. 

(c) The chief reason for tail vibration in a straight- 
line flight is caused by disturbances originating on the 
upper surface of the wing due to existing pressure 
gradient. , 

(d) The phenomenon of tail vibration in a sideslip 
is caused by disturbances having their origin at the 
wing and fuselage. 

(e) Not only at large but at small angles of attack 
disturbances arise from the juncture of the wing and 
fuselage, which can cause tail vibration. The dis- 
turbances arise at both sides of the fuselage and usually 
in an unsymmetrical manner. 

(f) The vibration may be avoided by location of the 
tail surfaces outside the region of disturbances. 

(g) One of the best methods in practice was to fair 
properly the fuselage and wing with wing root fillets. 

In the year 1933 the first American tests appeared 
on this subject. The best all-round results were ob- 


* Since most disturbances are due to vortex discharges, the 
words disturbance and vortex may be used indiscriminately. 


tained by the use of fillets and N.A.C.A. cowling. 
Some investigators came to the conclusion that sweep- 
ing the wing roots up slightly has a good effect. The 
next investigations brought the conclusion that properly 
designed wing root fillets may have a positive influence 
on the maximum speed of an airplane. In the years 
1934-1939 there appeared a number of papers on this 
subject, including wind-tunnel tests, which sometimes 
dealt with tail buffeting, increase of speed, and some 
wake characteristics—i.e., the wake position, the 
location of the center of the wake, the wake width, the 
distribution of dynamic pressure across the wake, etc. 

In the more recent papers the aerodynamic phenom- 
enon of the wake is connected with the problem of 
vibrations of the tail surfaces. 

Because of the part played by wing wake in the 
phenomenon of tail buffeting, some space will be de- 
voted here to wake investigations. 


A BRIEF REVIEW OF WAKE INVESTIGATIONS 


The investigations of wake characteristics have been 
carried out independently of the investigations of tail 
buffeting and were started much earlier than the 
investigations of tail buffeting. It is sufficient to 
mention that the problem in vortex motion was studied 
in the nineteenth century. In the twentieth century 
the periodicity of the vortex formation behind cylinders 
was studied by von Karman, Rubach, Relf, Bernard, 
and many others. Von Karman investigated the 
stability of the vortex system and gave relations be- 
tween the vortex spacing, frequency, and drag. Levy, 
Hooker, and Rosenhead also made computation on 
the stability of the vortex system. The eddy frequency 
was studied by Relf, Simmons, and Lock. An excellent 
analysis of the vortex system is given by Lamb. A 
large number of tests were concerned with the determi- 
nation of the Strouhal Number. Fage and Johansen 
investigated the value of the Strouhal Number behind 
flat plates and airfoils. Blenk studied the value behind 
cylinders, plates, and airfoils. Tyler studied this num- 
ber behind obstacles of various sections. The summary 
of various investigations of this subject can be found 
in the works of Glauert, Dryden, Lamb, Goldstein, and 
others. 

As was explained above, the wake characteristics 
play an important part in the phenomenon of tail 
buffeting. From the design point of view, it may be of 
interest to know the frequency with which the dis- 
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WING-WAKE 


turbances are formed behind the wing in order to avoid 
resonance with the rear part of the fuselage and tail 
surfaces. 


THE KARMAN TRAIL 


Frequency 


The investigations carried through by von Karman 
led to the result that a double vortex row of the stable 
type must fulfill the following conditions: 


sinh rh/a = 1 (1) 
or 
h = 0.2806a = 0.281a (2) 


The velocity of the total geometric pattern of the eddies 
and the intensity of a vortex are connected by means 
of formula: 


Tr = 2y/2au (3) 


The frequency and the period with which the vortexes 
are formed in each row are: 


f = (V — u)/a = V[1 — (u/V))/a (4) 
T =a/(V — u) (5) 


The Form Drag 


The formation of the vortexes, combined with the 
general pressure distribution of the flow pattern, causes 
a form drag per unit of span:! 


Dy; = pV(V — 2u)(h/a) + p(T?/2ra) (6) 
or 


Dy; = hpV?[2.83 (u/V) — 1.12 (u/V)?} (7) 


Frequency and the Strouhal ‘Number 


It should be noted that the formation of a double 
train of vortexes behind a body may be referred to the 
field of acoustical phenomena. Rayleigh observed® 
that the frequency of the note produced by air rushing 
past a cylindrical wire must satisfy the formula: 


f = (V/df(y/V4d) (8) 


Often, the frequency of vibration is referred to the 
velocity by means of the Strouhal Number given as: 


S = fa/V (9) 


Rayleigh*® constructed also an empirical formula as a 
representation of some observations of Strouhal for a 
circular wire: 


fa/V = 0.195 [1 — (20.1y/Vd)] = 
0.195 [1 — (20.1/R)] (10) 


Many authors are of the opinion that from the prac- 
tical standpoint the value of the Strouhal Number may 
be considered constant for the usual shapes. 
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Comparison of Karman Trail Characteristics Obtained by 
Some Investigators 


Breadth, Spacing, and Spacing Ratio. In Table 1 
there are included values of spacing ratio behind various 
bodies found by some investigators. 








TABLE 1 
Body Investigator Spacing Ratio 
Circular von Karman 0.281 
cylinder Tyler 0.308 
Gradual increase in spacing ratio 
downstream 
Rosenhead and Schwabe 0.320 
Elliptic Richards® 0.320 
Cylinder The spacing ratio increases 
slowly farther down the wake 
Flat Plate von Karman and Rubach 0.300 
Fage and Johansen® 0.25 to 0.38 


Flat plate normal to the stream. 
The value 0.25 was obtained 
at a distance equal to 5 
breadths of the plate, and 
0.38 was obtained at a dis- 
tance equal to ten breadths 
of the plate 


Strouhal Number 


Circular von Karman 0.207 and 0.198 
Cylinder For two different speeds 
Blenk, Fuchs, and Liebers 0.207 
Plate Fage and Johansen 0.148 
Blenk, Fuchs, and Liebers 0.180 
Tyler 0.158 
von Karman 0.144 
Airfoil Tyler 0.150 
Fage 0.150 
Blenk, Fuchs, and Liebers 0.210 





Fage and Johansen investigated the wake behind a 
flat plate at incidences other than 90°, and Tyler 
investigated the wake behind plates and airfoils at 
various incidences. It was found that the ratio of the 
vortex spacing to the breadth facing the stream 


(11) 


does not change much above 30° or 40° of incidence. 

In the discussion given below an average value of 
the spacing ratio—constant for all bodies, independent 
of the shape—equal to 0.281 will be assumed. 

Frequency and the Strouhal Number. Relf, Simmons, 
and Tyler investigated the frequency behind wires and 
circular cylinders. Tyler suggested the formula that 
agrees well with the formula given by Rayleigh.*® 
Values of frequency behind a flat plate were investi- 
gated by Fage and Johansen; behind plates and air- 
foils at various angles of incidence, by Tyler and by 
Blenk, Fuchs, and Liebers.‘ Some results are given 
in Table 1. 

In investigations of Blenk’and Fage the value d in 
the Strouhal Number refers to the projection of the 
airfoil on the direction perpendicular to the direction of 
the flow. Nearly all investigators agree that if d is 


a/(b sin a) 
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the breadth of the obstacle across the stream, the 
Strouhal Number for plates and airfoils is nearly con- 
stant for angles of incidence greater than 24°-30°. 

Many investigators referred the value of the Strouhal 
Number to the projection of the lamina on the direction 
perpendicular to the direction of the flow without 
taking into account the thickness of the lamina. In 
Blenk’s investigations the thickness of the lamina is 
taken into account. 

The Velocity of the Vortex Street. The vortex street 
passes down with the velocity (I’ — u) relative to the 
body. In fact, there is no theory from which one can 
deduce values for u/1’. Heisenberg,* on the basis of 
his theoretical considerations, came to the conclusion 
that for a flat plate this value may be accepted: 


u/V = 0.2295 (12) 


According to Prandtl the assumptions underlying 
Heisenberg’s considerations are not correct. Never- 
theless, Goldstein® is of the opinion that this value may 
not be far from the truth in some cases, althcugh the 
agreement is fortuitous, and that it may be accepted 
as a representative experimental value. Tyler in his 
tests found the limits of the value of u/1 
cylinder equal to 0.358 and equal to 0.124 for measure- 


ments far behind the body. 


" close to a 


WAKES OTHER THAN DOUBLE ROW OF VORTEXES 


In wakes other than double row of vortexes, often 
no definite periods can be measured. The frequency of 
the most prominent disturbances, however, may be 
sometimes recorded. Consequently, one may refer the 
Strouhal Number to those wakes taking into account 
the mentioned frequency. Until now there is lack of 
formulas defining frequency of disturbances in any 
other type of wake than double row of vortexes. 


PLATE IN Two-DIMENSIONAL FLOW 


Many investigators are of the opinion that in the 
case of bodies with sharp edges, the vortex system is 
geometrically similar over the whole range of Reynolds 
Number with the exception of small values. In the case 
of blunt and streamlined bodies, where the wake is 
produced by the separation of the boundary layer, it 
appears that the regular vortex rows disappear at the 
critical value of the Reynolds Number. In the range 
of higher Reynolds Numbers a turbulent wake with 
continuous vorticity distribution replaces the vortex 
system. 

From Eqs. (2), (4), and (9) Strouhal Number is given 
by the relations: 

ae fd _ 1— (u/V) _ 0.281[1 — (u/V)] 
‘ V a/d h/d 

Expressing the form drag per unit length in terms of 

the drag coefficient Cp, defined by D;: pV*d/2 and sub- 


(13) 
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stituting in Eq. (7) one has: 


Cop V7d/2 = hp V?[2.83(u/V) — 1.12(u/V)?] (14) 
or 
d/h = [1.59(u/V) — 0.63(u/V)2]/0.281Cp, (15) 
Hence 
, 1.59(u/V) — 2.22(u/V)? + 0.63(u/V)3 
a = (16) 
0.281Cp, 


In the following discussion the total drag coefficient 
Cp will be used instead of Cp, to compute approximate 
values of the Strouhal Number. For a plate in two- 
dimensional flow: 


Cy = > (17) 


If one accepts Heisenberg’s value u/I7 = 0.2295 one 
has from Eq. (16): 


S = 0.128 (18) 


and from Eq. (15) 
d/h = 0.591 (19) 


Assumption that S equals 0.15 from experimental data 
leads to: 


“/V = 6319 (20) 


and 
d/h = 0.789 (21) 


Goldstein cites the value 0.648 for this ratio as given by 
Heisenberg (reference 3, page 56+). 

Some further remarks will be given concerning the 
rate of discharge of vorticity shed from the two sides 
of the plate. According to the Helmholtz-Kirchhoff- 
Rayleigh free streamline theory for flow past a flat 
plate, the rate of discharge of vorticity would be V’?/2.° 
Heisenberg put the average rate at which vorticity 
passes downstream in one row of the vortex street equal 
to the rate obtained from the Helmholtz-Kirchhofl- 
Rayleigh free streamline theory: 

r(V — u)/a = V?/2 (22) 
Applying Eq. (3) Heisenberg’s value of u/1’, Eq. (12), 
is obtained. 

Goldstein gives the value of the rate of vorticity 
obtained from tests equal to 1.07 | (reference 3, pages 
5959 and 563) but mentions in another place that, ac- 
cording to the investigation of Fage and Johansen, the 
rate of vorticity by the time the vortex street is formed 
is, in some cases, reduced almost to |*/2. 

Assuming, for comparative purposes, the value of 
u/\V from Eq. (20) and substituting it into the term of 
the average rate at which vorticity passes downstream 
in one row of the vortex street leads to: 


r(V — u)/a = 0.613V? (23) 
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TABLE 2 
Co R 
Ref. 6, Ref. 6, 
Vol. IV, Vol. IV, S bo s S 
p. 142 p. 142 Eq. (16) Goldstein Blenk Eq. (10) Notes 
3.80 5 0.06745 _ - aie R smaller than the 
1.45 10? 0.1766 0.12 0.16 0.156 critical Reynolds 
1.00 105-3 0.2560 0.21 0.21 0.1948 number 
0.30 108 0.853 Not given but seems 0.1949 R>Rer. 


to be high 





This appears to be in agreement with the above remark 
of Goldstein. 


CIRCULAR CYLINDER IN Two-DIMENSIONAL FLOW 


As is known, the value of Cp for a circular cylinder is 
given by a curve with a sudden drop at the critical 
value of the Reynolds Number. One can conclude 
from Eq. (16) that the value of S is not constant 
through the entire region of the Reynolds Number. 
Using the data for the drag of an infinite cylinder from 
reference 6, Volume IV, page 142, and Heisenberg’s 
value of u/V, the. values shown in Table 2 from Eq. 
(16) are obtained. 

The calculated values from Eq. (16) are compared 
with the test values given by Goldstein and Blenk. 
As may be seen from the table, the values of S from 
Eq. (16) are not much different from those obtained 
from tests in the subcritical range. The general shape 
of the function 


S = 0.256/Cp = f(R) (24) 


obtained from Eq. (16) by using Heisenberg’s values 
for u/V seems to be similar in the subcritical range of 
Reynolds Number to the curve obtained from tests 
and given by Goldstein? for a circular cylinder, although 
values obtained from Eq. (16) are on the average higher 
than those given by Goldstein. The values given by 
Blenk are sometimes higher than those of Goldstein. 
Eq. (10) shows fair agreement, but only in the region 
below the critical Reynolds Number. 

In the range of the Reynolds Number higher than 
the critical, neither Eq. (16) nor Eq. (10) gives good 
values of S as compared with those given by Goldstein. 
According to Goldstein, in the range above the critical 
Reynolds Number the frequencies increase rapidly 
with R, which cannot be observed from Eq. (16) by 
using Heisenberg’s value of u/V’. 

From the above, one may conclude that for plates 
Heisenberg’s value of u/V gives the values of S in the 
whole range of Reynolds Number fairly close to values 
obtained from tests. For cylinders, Heisenberg’s value 
of u/V gives the values of S fairly close to the values 
obtained from tests, but only in the subcritical range. 
Rayleigh’s formula for the Strouhal Number may 
represent closely enough, from the practical standpoint, 
the true values of S, but only in the subcritical range. 


This conclusion is in accordance with that given by 
Tyler.’ 

One may approach this problem in still another way. 
The range of small values of the Reynolds Number 
will not be taken into consideration. For Reynolds 
Numbers below the critical, the geometric pattern of 
the wake behind a cylinder is similar to that behind a 
plate. The above given consideration and results for 
a plate are also valid in a first approximation for a 
circular cylinder. The difference is in the value of the 
ratio d/h. That is, many pictures and investigations 
of the Karman trail behind a circular cylinder justify 
the assumption that as a first approximation at a dis- 
tance behind the cylinder one may assume: 


d/h = 0.85 to 1.04 


(25) 


As is known the width of the Karman trail increases 
downstream. All measurements taken far enough 
from the body give also higher values of h. Tyler ob- 
tained the values shown in Table 3 for 4 in wind tunnel 
for various circular cylinders. 





TABLE 3 
Distance 
Behind 
Diameter Cylinder 

in Cm. Speed of Air in Cm. S d/h 
3.580 202.7 cm./sec. 11.50 0.177 0.944 
2.500 222.0 cm./sec. 10.00 0.169 0.835 
1.400 114.3 cm./sec. 10.00 0.184 0.824 
0.320 295.0 cm./sec. 1.00 0.197 0.930 
0.285 292.0 cm./sec. 1.30 0.197 0.803 
0.420 288.0 cm./sec. 2.00 0.197 1.013 
0.585 293.0 cm./sec. 2.50 0.195 1.054 





From Eggs. (2), (4), and (9): 
S = 0.281[1 — (u/V)] (d/h) 


Application of the value of d/h from Eq. (25) and of the 
value of u/V from Eq. (20) derived from the experi- 
mental value of S for plates leads to 


S ~ 0.163 to 0.199 


(26) 


(27) 


These values are within the limits of values given by 
von Karman, Blenk, and others. 

The picture is completely different when the Rey- 
nolds Number exceeds the critical value. Goldstein is 
of the opinion that in the range beyond the critical 








56 JOURNAL OF THE AERONAUTICAL SCIENCES—JANUARY, 


Reynolds Number R > 10° no definite periods can be 
measured behind a cylinder. The frequencies of the 
most prominent disturbances, however, could be re- 
corded, and there is no doubt that they increase rapidly 
with R. For the range below the critical’ Reynolds 
Number the flow in the wake is periodic; above the 
critical 1 Reynolds Number the flow is aperiodic. One 
must also assume that at the critical Reynolds Number 
there occur some basic changes in the wake. To obtain 
a better review of this phenomenon one probably has 
to look for a solution in the theory of turbulence. 

If one assumes that the eddy frequency in turbulent 
flow behind a body is related to the mean velocity of 
flow and the viscosity of the fluid by the formula* 


f = (1/K)(V*/y) (28) 


where K is a constant depending on the shape of the 
body, one obtains the relation: 


= (1/K)R (29) 


To find the constant K for a cylinder, the value of the 
Strouhal Number for a Reynolds Number of 500,000 
is taken as 0.2375 from Goldstein’s diagram (reference 
3, Volume II, page 419, Fig. 149). This gives: 

K = 2.11 X 10° (30) 


Fig. 1 shows a comparison of the present results with 
those of Goldstein. The agreement is fair. 


+ 


g % 
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Fic. 1. Svs. R for a circular cylinder. 


AIRFOIL IN Two-DIMENSIONAL FLOW 


As was explained before, some investigators tested 
airfoils at large angles of incidence in order to find the 
Strouhal Number. The conclusion was drawn that 
for angles of incidence between 20° and 90° the Strouhal 
Number is constant and equal to 0.15. But the same 
value was found for a plate, and, strictly speaking, 
an airfoil at these angles of incidence acts like a 
plate. 


* That is purely a guess. The author was guided by the results 
obtained by Schlichting* duriyg his investigation on flow along a 
flat plate. For indifferent (or neutral) oscillation Schlichting 
obtained the following expressions for the period of the disturbing 
flow: T; = 10.1 X 104 (y/V®) and Tz = 14.8 X 104 (y/V?). 
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But from the practical standpoint the most im- 
portant range of angles of incidence is that below and 
at the stalling point. For airfoils in water for 0° angle 
of attack at the speed of about 17.5 cm. per sec., Tyler 
obtained values of the Strouhal Number equal to 1.13 
and 0.915. These values are high and they decreased 
with the decrease of angle of attack. At about 20° 
angle of attack the Strouhal Number reached the value 
of 0.15 and was constant for larger angles. 

In the above-mentioned tests Tyler referred the value 
of S to the length of the chord. Later calculations per- 
formed by Tyler referred to the projection of the airfoil 
on the direction perpendicular to the direction of the 
flow, and as a result a fairly constant value of the 
Strouhal Number through the entire range of the angle 
of attack was obtained. 

Blenk* investigated airfoils in the water tunnel and 
came to the conclusion that the Strouhal Number for 
airfoils is equal to 0.21 and is independent of the angle 
of attack. 

Let it be assumed that there exists behind an airfoil 
a region of vortex rows through the full range of angle 
of attack from 0° to 90°. The above assumption 
permits one to speak about the dimensions a and h in 
the full range of angle of attack. When applying the 
vortex street characteristics measured during tests 
behind an airfoil, it is doubtful whether the form drag 
in Eqs. (6) and (7) can be identified with the total drag. 
In case of flat plate and cylinder the friction drag is 
small enough to be neglected. But in the case of 
elongated bodies the skin friction plays an important 
part and cannot be neglected. In the discussion below 
the approximate drag coefficient as the profile drag 
coefficient will be taken. 

Since Cp, is referred to the chord /, Eq. (15) becomes: 


l/h = [1.59(u/V) — 0.63(u/V)2]/0.281Cp, (31) 


The method of calculation of the Strouhal number is 
based on the following assumptions: 

(a) The shape of the wake behind airfoil will be 
taken from experimental data. 

(b) The distance between rows of vortexes will be 
assumed equal to the width of the wake. 

(c) The breadth of the lamina will be taken as the 
projection of the airfoil on the direction perpendicular 
to the direction of the stream according to Blenk’s 
suggestion. 

(d) GC), will be some function of the angle of attack. 

These assumptions will permit one to calculate the 
ratio u/V and the Strouhal Number. Each of these 
points will be discussed. 

Some investigators are of the opinion that the origin 
of the wake should be shifted to the point of 0.15) from 
the trailing edge because of the already finite boundary 
layer width at the wing trailing edge.!° The width of 
the wake may be given as:!° 


Ig = 21(0.68 Cp,“2)(X + 0.15)? (32) 
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TABLE 4 
The Calculated Wake Characteristics for an Airfoil of 15 Per Cent Thickness Ratio 





Cop, h/l, K = d/h, Average u/V, a f(l/V), 

a? a, rad. Eq. (44) Eq. (82) Eq. (45) Value, K Eq. (31) Eq. (13) Eq. (49) 
14.325° 0.250 0.030 0.452 0.870 0.006 0.243 0.618 
20° 0.349 0.180 1.105 0.437 0.014 0.122 0.251 
45° 0.785 0.830 2.372 0.343 0.391 0.062 0.091 0.111 
90° 1.570 2.000 3.694 0.278 0.116 0.069 0.067 
Coy, h/l, Average u/V, 4 f(l/ V), 

a? a, rad. Eq. (44) Eq. (47) K =d/h Value, K Eq. (31) Eq. (13) Eq. (49) 
14.325° 0.250 0.030 0.605 0.008 0.181 0.461 
20° 0.349 0.180 0.743 0.044 0.175 0.361 
45° 0.785 0.830 1.251 0.65 0.65 0.124 0.160 0.197 
90° 1.570 2.000 1.539 0.255 0.136 0.136 





where X is measured from the trailing edge of the airfoil 
and is expressed as a fraction of the chord: 
i See eS ln 
' wing chord 

Let it be assumed that the measurements are taken 
at a constant average distance behind the airfoil equal 
to three and one-half times the length of the chord. 


In that case: 
hy - (22) (0.68C),' '2)3.651/2 (34) 


Assuming that the wake is caused by a lamina, 
located in the place of the airfoil leads to the value of 
the distance between the rows of vortexes: 


h=h, (35) 


The ratio d/h for the present calculations will differ 
from value of this ratio behind flat plate and cylinder 
because the shape of the wake in case of airfoil differs 
from the shape of wake behind a flat plate. In some 
cases for small angles of attack and for angles 
of attack above stalling, it is possible to apply the value 
of d/h behind a flat plate to an airfoil, as a short caJ- 
culation may prove. 

Let Heisenberg’s value of 


d/h = 0.648 (36) 

be used. This gives, with Eq. (32), 
d = 0.648(21)(0.68Cp,”2)3.65"? (37) 

Assuming zero angle of attack and the value 

Cp, = 0.01 (38) 
for purposes of illustration leads to 

d = 0.1681 (39) 
Hence, 

l/h = 3.86 (40) 


This corresponds to the maximum thickness of an 
airfoil of 16.8 per cent thickness ratio, which may 
correspond approximately to the chosen value of Cp,. 


From Egs. (31) and (40) the ratio of velocities can be 
calculated: 


u/V = 0.0068 (41) 


The value of the Strouhal can be calculated from 
Eq. (13), giving 


S = 0.181 (42) 


The significance of this result should not be over- 
estimated, since the result depends almost entirely on 
the assumed value of d/h. 

The quantity «/V is small when Cp, is small. The 
values of Cp, will be chosen for purposes of illustration 
as Cp, = 0.01 for zero angle of attack and as Cp, = 0.03 
for angle of stalling equal to '/, rad. or 14.325°. Be- 
tween 0° and 14.325° the value of Cp, is a quadratic 
function of the angle of attack of the shape: 


Cop = 0.01 + 0.320? (43) 


For airfoils above the stalling point, tests generally 
show that the drag coefficient is a linear function of the 
angle of attack.!! For this reason the following rela- 
tionship is applied: 


Cop = 1.492a — 0.341 (44) 


It gives the value of Cp, equal to 0.03 for the angle of 
attack of '/, rad. and the value of 2.0—i.e., the same 
as for a plate in two-dimensional flow for the angle of 
attack of 90°. 

The procedure of calculations is as follows: 

(a) Substitution of Eq. (43) or (44) into Eq. (32) 
gives the ratio //l. 

(b) Application of Eq. (32) permits to calculate the 
ratio: 


d me Lsin a + tar. COS @ 
h = (21) 0.68 (1.492a — 0.341)”23.65'? 


where d represents the projection of the airfoil on the 
direction perpendicular to the direction of the flow. 
(c) Substitution of the ratio h/l into Eq. (31) 
permits the calculation of u/V. 
(d) Eq. (13) gives S. 


(45) 
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(e) For angles of attack above stalling instead of 
the value d/h from Eq. (45), the value d/h behind flat 
plate may be used. Strictly speaking, Eq. (32) should 
not be applied at great angles of attack. The values of 
the ratio u/V and S are too small at great angles of 
attack when Eq. (32) is used (see Table 4). 

(f) When applying the Heisenberg’s value for d/h, 
equal approximately to 0.65, the value of h// will be 
calculated from the equation: 


d = 0.65h = ] sin a + tne, COS a (46) 
For 15 per cent thickness ratio: 
h/l = (sin a + 0.15 cos a)/0.65 (47) 


(g) Frequency may be calculated from the for- 
mula: 
f = (V — u)/a = (V/) (l/h) [1 — (u/V)]0.281 (48) 
The value 
fU/V) = (/h)(L — (u/V)J0.281 (49) 


will be tabulated. As is seen, frequency is a linear 
function of velocity at a constant angle of incidence, 
and, in general, its value decreases with increase 
of angle of attack when the velocity is con- 
stant. 

The value u/V has to be calculated as explained in 
point (c). Heisenberg’s value u/V does not supply a 
good result. Substitution of this value into the above 
explained method gives values of S equal to 3.85 for 
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0°, 5.85 for 5°, 3.34 for 14.325°, 0.458 for 25°, 0.197 for 
60°, and 0.127 for 90°. 

For purposes of illustration the given method was at 
first applied to the range of angles of attack above 
stalling. The chosen thickness ratio was equal to 15 
per cent. The results of calculation for two cases 
i.e., for d/h from Eq. (45) and for d/h equal to 0.65 
are given in Table 4. 

Below stalling there exists behind an airfoil a wake 
different from double vortex street. The prominent 
disturbances in this wake were measured, as mentioned 
above, and the Strouhal Number was calculated for 
certain velocities. But one can introduce the idea of 
“equivalent vortex street with respect to the fre- 
quency.” This fictitious double vortex street should 
have the frequency and, consequently, the value of the 
Strouhal Number equal to the frequency of prominent 
disturbances and to the Strouhal Number in the real wake 
at least in the tested range of velocities and Reynolds 
Number if the dimensions of the fictitious vortex street 
are properly choosen. The calculation performed ac- 
cording to the schedule given above for thickness ratio 
equal to 15 per cent, with application of Eqs. (43) and 
(45) showed that the values of S and f(//V) are equal 
to 0.161 and 1.073 for 0°, to 0.206 and 1.024 for 3°, to 
0.241 and 0.841 for 8°, and to 0.243 and 0.618 for 
14.325°, relatively. 

For illustration purposes the above explained method 
was applied also to an airfoil with split flap. The 
values of S were in the limits between 0.104 and 0.169. 


WIND-TUNNEL TESTS 


GENERAL DESCRIPTION 


Some tests were performed in the wind tunnel of 
the Polytechnic Institute of Brooklyn. The wind tunnel 
of the closed-return type and of 42-in. square throat 
possesses a turbulence of 0.6 per cent. The aim of 
these tests was to measure the Strouhal Number behind 
the following bodies: (a) plain airfoil of infinite and 
finite length and (b) airfoil with flap of infinite and of 
finite length. 

Because of a decision to check the influence of the 
wake on a solid body, located behind the airfoil, a special 
device for measuring the frequency had to be ap- 
plied. , 

For this purpose a flat steel plate of dimensions 3.5 
by 3 in. was used, loosely supported by four wires. 
To measure the frequency of the plate three methods 
were tried: (a) stroboscope, (b) mechanical recorder, 
and (c) electric induction. 

As the best results were obtained by the third 
method,* it was used. Below the plate was attached a 


* The idea was suggested by John Margosian, B.E.E., Re- 
search Associate, Department of Aeronautical Engineering, 
Polytechnic Institute of Brooklyn. 





Mounting of the plate. 


Fic. 2. 


magnet on which a coil was wound. The oscillation of 
the plate induced changes of voltage which, through an 
amplifier, were transferred to an oscillograph. Pictures 
taken by a photographic apparatus permitted the cal- 
culation of frequency from the number of waves. For 
each point at least two pictures were taken. Figs. 2 
and 3 show the apparatus and Fig. 4 shows a typical 
example of the frequency curves. 
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Component apparatus. 


PLAIN AIRFOIL AND AIRFOIL WITH FLAP OF INFINITE 
LENGTH 


The airfoil used had the following characteristics: 
airfoil, Clark Y; span, 24 in.; chord, 8 in.; A.R., 3; 
shape, rectangular; thickness ratio, 11.3 per cent; 
maximum thickness, 0.9 in.; flap—type of flap, split 
flap; length, full span; width, 0.2c = 1.6 in. The 
maximum deflection of the flap with respect to the air- 
foil chord is 45°. 

When the airfoil with flap was tested, the full de- 
flection of the flap was applied. The center of the plate 
was located approximately 5 in. behind the trailing edge 
of the airfoil. The vertical position of the plate with 
respect to the plain airfoil was chosen at the level of 
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Oscillograms. 


Fic. 4. 


the upper edge of the airfoil. The results of tests by 
Duncan and Abdrashitov'* showed that the plane of 
the upper edge of the airfoil gives the maximum ampli- 
tude. The optimum vertical location of the plate 
with respect to the airfoil with flap was found by use of 
a silk thread. 

The conditions of the two-dimensional flow 
obtained by attaching flat plates at both ends of the 
airfoils. For the plain airfoil the value of d was cal- 
culated from the formula 


were 


d = 1sin a + tnar. COS @ (50) 


and for the airfoil with flap the value of d was calculated 
from the forrhula: 


dy = iii -+ Ch sin [45° oh a®] = 


Lsin a + tnaz, cos a + Cy, sin [45° + a®] (51) 


where Cy, = chord of the flap. 

The results of the tests carried out by the author are 
given in Table 5 and in Figs. 5 and 6. 

For plain airfoil below 10° angle of attack it was 
impossible to obtain good pictures of the frequency, 


TABLE 5 


The Values of the Strouhal Number in Two-Dimensional Flow 











— ——Full Flap Deflected, Two-Dimensional Flow————-——Y~ ———Plain Airfoil, Two-Dimensional Flow———— 
Angle of V, V, 
attack ft. per sec. d, in. f(1/sec.) Ss ft. per sec. d, in. f(1/sec.) S 
25° 56.2 5.70 20 0.169 55.7 4.20 23 0.145 
102.2 40 0.185 104.8 45 0.150 
132.0 54 0.194 124.0 ? ? 
141.8 58 0.195 144.3 65 0.157 
20° 44.6 5.03 20 0.188 48.0 3.58 24 0.149 
101.8 42 0.173 98.0 50 0.152 
130.4 52 0.168 124.2 62 0.149 
141.5 66 0.196 141.7 70 0.148 
15° 44.6 4.32 24 0.193 57.8 2.94 38 0.161 
104.0 45 0.156 98.0 60 0.150 
126.0 55 0.157 126.5 80 0.155 
140.8 70 0.179 143.0 90 0.154 
10° 48.6 3. 57 25 0.153 51.8 2.28 43 0.158 
100.4 48 0.143 99.1 80 0.153 
129.5 64 0.147 126.0 100 0.150 
143.3 72 0.150 141.2 120 0.161 
5 48.0 2.81 32 0.187 53.5 1.59 64 0.159 
98.0 60 0.144 ne aie pe 
.0 70 0.130 120.0 105? 0.116? 
2 80 0.159 144.1 115? 0.106? 
0° 49.9 2.02 45 0.153 feck 0.90 eee By: 
99.2 90 0.152 74.2 110? 0.111? 
126.5 110 0.146 117.4 135? 0.087? 
144.2 132 0.154 146.2 ? ? 
53.5 1.59 70 0.174 


—5° 
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Fic. 5. Frequency vs. V, full flap deflected, two-dimensional 
flow. 
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Fic. 6. Frequency vs. V, plain airfoil, two-dimensional flow. 


and as a result values included in the table are not 
certain. At high frequencies some discrepancies were 
obtained, possibly because of the fact that inertia 
forces are playing an important part at those fre- 
quencies. 

Blenk, in his investigation of the frequency behind 
a cylinder in the wind tunnel and behind airfoil in the 
water tunnel, obtained a linear function of the fre- 
quency with respect to the velocity, and those straight 
lines passed always through the origin of the system of 
coordinates. Abdrashitov, in his investigations, also 
obtained straight lines as the curves of frequency 
against velocity, but those straight lines did not pass 
through the origin of coordinates. Abdrashitov ex- 
pressed the opinion that at small velocities the law of 
variation of frequency with velocity will be different 
from that at a greater velocity. As may be seen from 
the diagrams, some of the straight lines, which are the 
averages of the points, tend slightly to pass through 
the origin of coordinates (Figs. 5, 6, 7, 8). 


PLAIN AIRFOIL AND AIRFOIL WITH FLAP OF FINITE 
LENGTH 


The aim of this part of tests was to find the values of 
the Strouhal Number in the plane of symmetry behind 
an airfoil of finite length. The same airfoil was used 
as in the first part of the tests. The results are given 
in Table 6 and in Figs. 7 and 8. 
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GENERAL CONCLUSIONS AND REMARKS 


From the above given considerations the following con- 
clusions can be drawn, referring to the two-dimensional 
flow: 

(1) In general, the Strouhal Number is not constant, 

(2) The Strouhal Number in the wake behind a 
body with sharp edges—i.e., a plate—is approximately 
constant and independent of the Reynolds Number. 
The calculation performed showed a fair agreement 
with various tests. 

(3) The Strouhal Number in the wake behind a 
circular cylinder is constant only in the range below 
the critical Reynolds Number. The calculation per- 
formed for this range of the Reynolds Number is in 
fair accordance with tests performed by various investi- 
gators. Regarding the range above the critical Rey- 
nolds Number, some assumptions made permit one to 
conclude that, as a first, rough approximation, the 
Strouhal Number in this range is a linear function of the 
Reynolds Number. 

(4) When there is a wake behind an airfoil con- 
sisting of vortexes, various methods applied in ‘cal- 
culating the value of the Strouhal Number appear to 
justify the conclusion that the Strouhal Number is a 
constant value, provided the Strouhal Number is re- 
ferred to the projection of the airfoil on the direction 
perpendicular to the direction of the flow, according to 
the suggestion made by Blenk and others. However, 
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Fic. 8. Frequency vs. V, plain airfoil, three-dimensional flow. 
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TABLE 6 
The Value of the Strouhal Number in Three-Dimensional Flow 





————Full Flap Deflected, Three-Dimensional Flow- 





— 





Plain Airfoil, Three-Dimensional Flow 





Angle of V, V, 
attack ft. per sec. d, in. f(1/sec.) Ss ft. per sec. d, in. f(1/sec.) Ss 
25° 47.4 5.70 20 0.201 47.4 4.20 20 0.148 
59.3 23 0.184 54.6 21 0.135 
65.0 23 0.168 102.2 45 0.154 
100.2 40 0.189 104.1 50 0.168 
102.2 38 0.176 126.0 53 0.147 
103.1 37 0.171 129.3 65 0.176 
130.0 52 0.190 143.5 70 0.17 
141.6 54 0.182 145.8 70 0.168 
144.0 60 0.198 
146.0 60 0.195 Radts abe —T 
20° 51.0 5.03 24 0.197 48.5 3.58 23 0.142 
52.8 25 0.199 51.2 23 0.134 
61.8 24 0.164 103.2 52 0.150 
95.2 45 0.199 104.1 46 0.132 
127.6 55 0.181 124.0 70 0.168 
129.0 60 0.195 128.0 65 0.152 
143.0 65 0.199 143.5 72 0.150 
143.4 68 0.191 145.0 77 0.158 
15° 51.7 4.32 26 0.182 49.2 2.94 34 0.163 
61.3 ? 56.8 34 0.147 
101.7 45 0.160 97.2 60 0.151 
102.2 50 0.176 100.1 60 0.147 
126.8 56 0.159 128.2 80 0.153 
129.0 60 0.167 128.5 80 0.152 
142.8 74 0.186 143.9 90 0.154 
143.4 72 0.181 144.0 90 0.151 
10° 57.7 3.57 2 0.166 50.3 2.28 50 0.189 
63.3 34 0.160 51.2 50 0.185 
102.7 50 0.144 100.1 78 0.148 
103.0 54 0.156 100.2 75 0.142 
127.6 62 0.145 144.0 110 0.145 
129.1 64 0.148 
144.8 72 0.148 as _ ism 
a 78.0 2.81 50 0.150 51.0 1.59 70 0.182 
102.2 59 0.133 52.8 66 0.166 
104.2 60 0.138 102.0 85? 0.110 
127.8 80 0.147 105.8 90? 0.113 
128.0 82 0.150 126.2 115? 0.121 
144.2 90 0.146 142.0 125? 0.117 
0° 51.7 2.02 52 0.169 51.7 0.90 90 | 0.131 
53.5 50 0.158 52.8 100 0.142 
101.6 90 0.144 86.1 145? 0.126? 
105.6 90 0.150 102.2 115? 0.084? 
125.2 110 0.148 
142.0 130 0.154 - ee — 
—5° 50.3 1.59 80 0.210 
102.2 95? 0.123? 
discrepancies exist between the calculation and the (6) The characteristic values of the wake behind 


tests because of lack of a method of calculating the wake 
characteristics in a purely theoretical way. 

(5) When, for angles below stalling instead of a 
wake different from double vortex street, one assumes a 
fictitious double vortex street equivalent to the real 
wake with respect to the frequency, the calculation 
performed for the chosen dimensions of the equivalent 
vortex street showed that the values of the Strouhal 
Number are within the limits given by other investi- 
gators, at least in the range of tested velocities. 


various bodies—such as width, breadth, and ratio 
u/V—depend on the shape of the body, and until now 
it is not possible to apply a general rule. 

(7) With regard to the value of the ratio u/V, it 
appears that the value given by Heisenberg or any value 
close to that may give fairly good results for flat plates 
and cylinders. For airfoils, the present assumptions 
showed that this ratio depends on the angle of attack. 
Whether these assumptions are right or not is an open 
question. 
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From the tests performed one may conclude: 

(1) When one refers the value of the Strouhal 
Number of any airfoil in two-dimensional flow with or 
without flap to the projection of the airfoil on the direc- 
tion perpendicular to the direction of the airflow, the 
values of the Strouhal Number are within the limits 
given by other investigators. 

(2) The above conclusion appears to prove that the 
suggestion of Blenk is entirely justified. 

(3) The value of the Strouhal Number behind 
airfoils may be assumed to be a constant value in the 
tested range of R. 

(4) The frequency in the wake behind the center 
part of a rectangular airfoil of finite length is not affected 
by the tip vortexes. 

(5) The function of frequency versus velocity ap- 
pears to be a straight line, but it is difficult to see 
whether it always passes through the origin of coordi- 
nates, although a slight tendency is visible. Blenk ob- 
tained straight lines passing through the origin, but 
his results do not agree with those obtained by Ab- 
drashitov. 

A few remarks will be given concerning the method 
used in measuring the frequency. The chief advan- 
tages of this method are that it is simple and easy to 
control. But in the course of the tests two disadvan- 
tages were quite evident: first, at high frequencies some 
discrepancies were obtained, probably due to the fact 
that inertia forces are playing, at those frequencies, 
an important part; second, the reading of pictures 
presented some difficulties, with reference to fractions* 
of waves, because the waves were often of irregular 


shapes. f 


* The exposure time of the camera was set at !/39 sec., con- 
sequently one cycle on the picture represented 10 cycles per sec. 

+ The author is indebted to Mr. John Margosian for his in- 
valuable help in the solution of the electrical part of the tests. 
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Analytic Investigation of Problems 
Concerning the Flow of Cooling 
Air in Light Airplane Engine Installations’ 


JOHN R. WESKEt 
Case School of Applied Science 


INTRODUCTION 


A’ ATTEMPT is made to define certain characteristics 
of the engine cooling systems in terms that may 
be related readily to the performance of the airplane as 
awhole. Particular consideration is given to submerged 
installations and to the problem of blower-induced cir- 
culation of the cooling air. The scope of the investiga- 
tion is confined to the establishment of theoretical rela- 
tions, from which a number of conclusions are derived 
pertaining to the design of cooling systems. For best 
performance it is found desirable that the cooling air 
blower be placed close to the air outlet. 

Previous published investigations of flow systems re- 
lated to the cooling system of light airplane engines, 
which include theoretical analysis, are those by Rokus 
and Troller' dealing with ventilating systems of airships 
and several papers dealing with the characteristics of 
condenser cooling water systems on ships by Schmidt,” * 
Weske,* ° and Hewins and Reilly.® 


TYPICAL SYSTEM 


For purposes of investigation of the flow of cooling 
air in light airplane engine installations, a typical 
ducted engine cooling system shown schematically in 
Fig. 1 is considered. The cooling system consists of the 
following basic elements: 


Flow resistance, 7. 
Heater, h. 

Fan, b. 

An air inlet, 7. 
An air outlet, o. 


An element @ representing the effect of propeller or 
boundary layer wake upon the cooling airflow upstream 


Presented at the National Light Aircraft Meeting, I.A.S., 
Detroit, April 27-28, 1944. 

*In reviewing the manuscript of the present paper, 
Dr. Th. Troller, Director, Daniel Guggenheim Airship Institute, 
drew attention to the fact that the axial-flow blower, which oper- 
ates in a casing and therefore is inherently less afflicted by 
induced drag than the propeller, has potentially, and in some 
instances actually higher, efficiency than the latter. For the case 
n/np>1, Dr. Troller pointed out that the blower-induced system 
has absolute superiority over the self-induced system with regard 
to efficiency. 

} Professor of Aerodynamics. 
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of the inlet. The engine e and the propeller p are shown 
merely to indicate the flow of mechanical energy. 

In applying the following analysis to a particular in- 
stallation, it may be necessary to eliminate one or more 
of these basic elements. In view of the operating condi- 
tions of light planes, it is permissible to neglect com- 
pressibility of the air, with the exception of the increase 
of specific volume produced in the heater. The actual 
installation is reduced to its correspondent ideal system 
by neglecting hydraulic losses, except insofar as they 
are accounted for explicitly. 


Theoretical Considerations 


For the purpose of securing a reference quantity for 
the analysis, consider an installation requiring a quan- 
tity M = Qp of cooling air where Q volume is the rate 
of flow and p is the mass density, both at undisturbed 
flow conditions. This quantity of air passes through an 
area F located in undisturbed flow and moving relative 
to the air at the flying speed of the airplane, V. 

The rate of momentum of the air far upstream of the 
intake is 


D = QOpV = FoV? = 2Fq 


where g = p(V?/2) velocity pressure of undisturbed 
flow. The corresponding rate of energy is E = DV = 
FpoV*. The area F may be referred to as ‘““momentum 
area,’ in analogy to momentum thickness. It was 
chosen as a reference quantity in preference to the 
equivalent parasite area f, which is exactly twice as 
large, f = 2F, for reasons that will appear later. 

The effect of the various basic elements of the cooling 
installation upon its performance has been defined 
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quantitatively and related to the quantity F whose 
value was chosen as unity. The equations are given 
in Table 1 and a graphic presentation has been pre- 
pared (Fig. 2). 


Quantities Derived 


The quantities derived for the most part are self- 
explanatory. The following comments are offered: 


(a) Wake Effect: The wake effect takes into ac- 
count the action of the propeller wake upon the air 
entering the intake or of the boundary layer wake. 
It may be represented adequately by an increase, 
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V; > V, or a decrease V; < V of the velocity of ap- 
proach, V, respectively. 

(b) Flow Resistance: On its passage through the 
fin area the cooling air suffers a loss of pressure and an 
increase of its temperature. The former is accounted 
for by a drop of total pressure AH,. 

(c) Heater Effect: The quantity of heat transferred 
for a temperature rise of 7” — T” degrees is 


QogC,(T” — T”’) 
The corresponding displacement work is 
QrgJ(Cy — C,)(T” — T’) = QpgR(T” — T") 


(d) The effect of the blower is taken into account 
by an increase of total pressure AH). 

(e) For the purpose of this investigation the losses 
of the inlet, being primarily of a hydraulic nature, are 
disregarded. The losses of the outlet, however, are ac- 
counted for by way of an efficiency to be defined in the 
next paragraph. 

Nondimensional power gain or loss ratios are es- 
tablished by relating the various rates of energy tabu- 
ulated in Column 2 of Table 1 to the power correspond- 
ing to the rate of momentum of the cooling air at un- 
disturbed flow conditions. These power gain or loss 
ratios may also be interpreted to represent ratios of 
momentum areas, the reference area being the momen- 
tum area of undisturbed flow, F. This manner of pres- 
entation has the advantage that the various efficiencies 
appear in the graphic presentation, Fig. 2, and their 
value may be read directly on the scale of ordinates. 


Efficiencies 


In defining efficiencies it is to be noted that the energy 
corresponding to the momentum drag at inlet is di- 
vided into two parts—namely, the energy relative to the 
airplane and, second, that part of the energy which the 
cooling air has relative to undisturbed flow by virtue 
of the fact that during its passage through the cooling 
air system it becomes a part of the airplane. This latter 
quantity Qgq consequently appears in the efficiencies, 
Column 4 of Table 1. 
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Comparison of Self-Induced and Blower-Induced Systems 


In carrying through the comparison the following 
simplifications have been made: 


The wake effect at inlet has been neglected, like- 
wise the heating effect. The efficiency of the inlet 
has been assumed to be unity. Hydraulic losses of 
the outlet are disregarded. Curves are drawn in 
Fig. 3 for the overall efficiency of a self-induced sys- 
tem against nondimensional pressures drop in the 
flow resistance as abscissa. Corresponding curves 
are plotted for the blower-induced system. 


The latter curves have been plotted for various ratios 
of blower output to loss in the resistance K = — AH,/ 
AH, and also for various values of blower efficiency 
to propulsive efficiency. 

This graph leads to the interesting result that for 
certain ranges of operation the efficiency of the blower- 
induced system is superior to that of the self-induced 
system. Fig. 4 may be used to determine which of the 
two systems is more efficient for a particular set of 
values AH,/q,/n,,and K = AH,/AH,. Points to the 
right of the curve representing a given value %/n, 
indicate superior efficiency for the blower-induced sys- 
tem, while points to the left of the curve indicate super- 
iority of the self-induced system. 

It may be concluded from the foregoing that choice 
of a low baffle pressure drop decreases the drag of a self- 
induced cooling system, whereas in a blower-induced 
system even high baffle pressure drops do not result 
in an appreciable increase of drag. In the latter case, 
however, it is essential that the blower characteristics 
be well matched to the characteristics of the cooling 
system, in particular to the baffle area in order to attain 
maximum efficiency. 

The investigation also brings out the fact that the 
airplane propeller, which in a self-induced system is the 
source of supply of the energy for the circulation of the 
cooling air, is a highly efficient device. It follows that if 


a blower-induced cooling system is to be employed in- 
stead of a self-induced system, requiring an additional 
item of engine equipment—namely, the blower—this 
blower of necessity must be designed for highest attain- 
able efficiency. 


BLOWER DESIGN 


The requirements in regard to the design of the’ 
blower are similar to the specifications for limit load 
units in turbine design. The principal requirements 
as applied to the blower are enumerated. 

(a) Optimum strength-weight ratio compatible 
with safety. 

(b) Minimum weight-power ratio. The weight 
power ratio of the blower may be taken into account 
by a correction to the efficiency of the blower as follows: 


V 
nm’ = w/|1 + (w — “TD | 
Pp 


where 7’ = corrected efficiency of the blower, and 
™ = measured efficiency of the blower. In this equa- 
tion the weight of the blower per horsepower is related 
to the weight of the propeller per horsepower w, by 
means of the L/D ratio of the airplane. 

(c) Minimum space-power ratio. This refers to the 
additional space in the engine compartment required 
by the blower. ' 

(d) Optimum noise level. 

(e) Optimum Mach Number. This requirement 
constitutes an upper limit of the tip speed of the 
blower. Considerations of the effect of Mach Number, 
however, are not likely to affect the blower design, since 
the tip speed probably is limited by noise level. 

(f) Optimum Reynolds Number. It is known that 
the efficiency of axial flow blowers decreases greatly as 
the Reynolds Number, based upon the chord of the 
blades, is less than 150,000. 

The relatively high efficiency of the propeller as an 
indirect source of energy for cooling air circulation may 
be attributed to the fact that the air, while flowing past 
the propeller blades, is accelerated. This is known to 
result in efficient interaction of the blades and the air 
stream. It is of interest to note that the operation of 
blower devices such as the Sirocco type of blower, 
which has been used for this purpose, and ejectors 
using the energy of exhaust, which have been pro- 
posed, is also based upon acceleration of the air during 
energy transfer. This would lead to the suggestion 
that in order to secure maximum efficiency axial flow 
blowers, if applied in engine cooling systems, should 
be designed to operate on the impulse principle by which 
energy is transferred to the air largely in the form of 
kinetic energy. This is the case in a particular design 
of axial flow blower—namely, the Schicht type.” A 
blower of this type preferably should be placed at a 
point in the system where acceleration of the air is 
beneficial—at the air outlet. 
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On theoretical grounds it may also be postulated 
that in order to secure minimum weight-power ratio 
the blower be located in the part of the cooling system 
where the highest velocity occurs. It may be seen 
from Fig. 2 that in blower-induced systems the highest 
uniform velocity occurs in the vicinity of the air outlet. 
While the recommendation of placing the blower near 
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the outlet appears to have general validity for power- 
plant installations of light airplanes for which compres- 
sibility effects may be neglected, some modification of 
this conclusion may possibly be necessary when ac- 
counting for temperature effects in high-speed air- 
planes. If a Schicht-type blower is applied, this blower 
would of necessity be followed by a diffuser. 


REFERENCES 


1 Rokus, F., and Troller, Th., Tests on Ventilating Openings for 
Aircraft, Journal of the Aeronautical Sciences, Vol. 3, pp. 203- 


208, April, 1936. 


2 Schmidt, H. F., Theoretical and Experimental Study of Con- 
denser Scoops, Journal of the American Society of Naval Engi- 
neers, Vol. 42, No. 2, pp. 1-38, February, 1930. 

3 Schmidt, H. F., Investigation of the Action of Condenser Scoops 
Based upon Model Tests, Discussion, Journal of the American 
Society of Naval Engineers, Vol. 51, No. 3, pp. 460-480, August, 


1939. 


4 Weske, J. R., Investigation of the Action of Condenser Scoops 
Based upon Model Tests, Journal of the American Society of Naval 
Engineers, Vol. 51, No. 2, pp. 191-213, May, 1939. 

5 Weske, J. R., Discussion of Paper by A. Métral, Proceedings 
of 5th International Congress of Applied Mechanics, Cambridge, 


1939, pp. 461-465. 


6 Hewins, S. F., and Reilly, J. R., Condenser Scoop Design; An- 
nual Meeting Paper, Society of Naval Architects and Marine 


Engineers, 1940. 


7Soerensen, E., Constant Pressure Fans, 


No. 927, January, 1940. 


NACA, T.M. 





(Continued from page 46) 


aim the attracting of air-minded youth to an active part 
in aviation. 
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Bearing Strength in Airplane Design 


ALBERT EPSTEIN* 
Republic Aviation Corporation 


ABSTRACT 


Allowable bearing stress is a value based on an arbitrary 
amount of deformation of a body subjected to a bearing pressure. 
There is no fixed value for a particular material, the value de- 
pending upon the degree of restraint of surrounding fiber$ to the 
flow of the material under the direct bearing pressure. The 
allowable stress for aluminum alloys is generally associated with 
the elongation of a hole in a plate subjected to uniform bearing 
pressure from a pin. The stress thus obtained is considerably 
less than the stress that may be used as the allowable bearing 
pressure on a rivet or on the wall of a tube in a socket joint. 

The bearing stress criteria for aluminum alloys, if applied to 
heat-treated steel, would permit allowable stresses as much as 
50 per cent greater than those used at present for steel. 

In bolted joints consideration should be given to the permanent 
elongation that may occur in the bolt hole after the joint is sub- 
jected to limit load. Appreciable set may reduce the service 
life of the joint, especially when the joint is subjected to shock or 
vibration. 

The allowable strength values for some single-rivet joints may 
be almost as high as the acting failing strength. In several ap- 
plications, described in this paper, it is desirable to use some 
factor or margin of safety with these values becaues of discrep- 
ancies between computed and actual rivet loads. 

The load-deflection characteristics of riveted joints are im- 
portant in themselves, and they, rather than the allowable 
strength, may be the controlling factor in some phases of the 
design. The greater the deflection, the poorer will be the tor- 
sional rigidity of a wing. High joint deflection may reduce to 
an appreciable degree the effectiveness of wing skin in carrying 
tension loads. 


INTRODUCTION 


Show SUBJECT OF BEARING STRENGTH in airplane 
structural design is one of considerable importance. 
Yet the behavior of a material subjected to a bearing 
load and the basic principles underlying the strength 
values that have been, or are now, in general use are not 
commonly known. In any riveted, bolted, or socket 
joint, the allowable bearing strength is a requisite item 
for design as is the shear strength of the bolt or the 
tensile strength of the sheet. The bearing strength 
values given in Government publications'~‘ have been 
used as required, but often without appreciation of the 
significance of the values. 

For a period of several years, the bearing strength 
for any particular material was a fixed value regard- 
less of application, and the relatively common mis- 
conception existed that bearing strength is a funda- 
mental property of a material as is tension or shear. 

Actually, bearing strength is based on arbitrary 
rules and has no absolute value for a specific material. 


Received March 3, 1944. 
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It is the purpose of this paper to explain the signifi- . 
cance of bearing strength in its various ramifications. 
The material used has been drawn largely from in- 
vestigations made by the author in his association, for 
many years, with the Matériel Command! cf the 
Army Air Forces and, more recently, with Republic 
Aviation Corporation. 

This paper is concerned only with isotropic ma- 
terials, and deals specifically with aluminum alloys 
and steel. 


FUNDAMENTALS 


Definition 


Bearing stress, strictly defined, is a purely hypo- 
thetical term, since there is no such thing as a bearing 
stress in the same sense that there may be a tensile 
stressina member. Bearing produces a localized stress 
condition that involves a complex stress pattern that 
varies widely with the bearing application involved. 
The term “‘bearing stress’’ denotes the value obtained 
by dividing the force acting between two surfaces by 
the component of the area of contact normal to the 
force. 

A localized stress condition may not be directly 
associated with failure. Thus the problem becomes: 
What does this stress condition, or bearing stress, 
signify, and how does it apply in design? Some parame- 
ter other than failure must be established to express 
the significance of bearing stress insofar as strength is 
concerned. Bearing involves elastic deformation or 
plastic flow of material; hence, a logical step becomes 
the establishment of some degree of deformation as 
the limiting value to be tolerated and terming the 
corresponding bearing stress the allowable stress. 

Taking the elementary bearing application shown in 
Fig. 1(a) as an example, the localized pressure on the 
rectangular block produces a localized strain that is 
relatively high at the area of contact and rapidly re- 
duces at points away from the immediate vicinity of 
application of the force. This condition is well il- 
lustrated by photoelastic photographs.5® The value 
of the deformation is a function not only of the com- 
pressive strain at the immediate area of contact but 
also of the strain pattern in the general vicinity. The 
predominant factor, at least for high loads, is the 
localized strain. There is elastic deformation, followed 
by plastic flow as the cylinder penetrates the surface 


of the rectangular block (the block being of a softer 


t Now Air Technical Service Command. 
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material than the cylinder). The allowable bearing 
stress may then be specified as the stress corresponding 
to some specific value of deformation. 


Bearing Load vs. Deflection Variations 


Unfortunately, there is no absolute amount of de- 
formation corresponding to a specific bearing pressure. 
The basic factor controlling differences in amount of 
deformation appears to be the restraint offered by 
adjacent fibers to the flow of material at the area of 
bearing pressure. Fig. 1 illustrates the divergence of 
stress-deflection characteristics that may occur. The 
cylinder was of hardened steel and had a diameter of 
0.421 in.; the rectangular block was 24S-T aluminum 
alloy with the dimensions 0.521 by 1.5 by 3.0 in. In 
curve l(a), the bearing was against the 1.5- by 3.0-in. 
face; in curve 1(b), the bearing was against the 0.521- 
by 3.0-in. face. The reason for the greater deforma- 
tion in the second case is the lower restraint of the 
fibers adjacent to the loaded area, resulting from the 
proximity of these fibers to the edge of the block. Ata 
bearing stress of 180,000 Ibs. per sq.in., the block had 
bulged in thickness in the plane of the bearing surface 
from 0.521 to 0.603 in. In test 1(a), at the same stress, 
there was a negligible change in the external dimen- 
sions of the block. In view of the disparity, an allow- 
able bearing stress for these applications must either 
be a variable or be selected arbitrarily on a conserva- 
tive basis. 


Basis of Allowable Bearing Stresses 


Since the major applications of bearing are in 
bolted and riveted joints, the common representation 
of bearing (the one used for many years as the sole 
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Bearing stress-deflection curves for steel block bearing 
on flat surface of 24S-T aluminum-alloy block. 
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¥ 
Fic. 2. Plate subjected to bearing load through pin in hole. 


basis of allowable bearing stress) is that of a pin acting 
on a hole in a plate. The deflection due to a specific 
bearing pressure between the pin and ,plate is taken 
as the relative movement between the pin and the plate 
when a load is applied as shown in Fig. 2. 


Strains in Elastic Range 


The strain condition is considerably more complex 
than in the cases already considered. The bearing 
pressure is nonuniform, having its maximum intensity 
at point M (Fig. 2) and decreasing to zero at point N. 
Another factor here is that there are tension strains 
tangent to the hole diameter due to tension stresses 
that reach a maximum at point NV. Assuming an 
infinitely rigid pin (all deformation taking place in the 
sheet), the hole elongation due to some average bearing 
pressure, taken with respect to the X-X axis (the ref- 
erence line generally used), is the summation in the 
Y-Y direction of the strains due to the varying com- 
pression forces in the immediate area of contact be- 
tween pin and plate, the strains due to tension forces 
tangent to the hole, and the strains due to the various 
other principal stresses involved in transmitting the 
pin load from the direct area of contact to tensile load 
through axis X-X. 

Frocht and Hill’ have investigated the problem of 
stress concentrations around a hole loaded by a pin. 
They used photoelasticity and made strain gauge meas- 
urements on a large aluminum-alloy plate. A few of 
their results, listed in Table 1, indicate the variety of 
strain conditions that may exist depending upon the 
ratio of hole diameter to plate width, or to edge dis- 
tance, and the type of fit. 

It is interesting to note the relatively minor degree 
of variation of the maximum tensile stress tangent to 
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TABLE 1 











1 2 3 4 5 6 
i pp? Concentration Maximum tensile stress** 
Joint 2r 2r Type of fitt factor Kt Average bearing stress 

1 1.35 1.33 0.0005 press fit 2.0 git 
2 2.38 2.38 0.0005 press fit 2.7 1.9 
3 1.35 2.38 0.0005 press fit 3.0 2.2 
+f 1.35 2.38 0.0185 clearance 3.4 2.5 
5 3.95 6.65 0.0005 press fit 6.3 1.1 
6 2.33 6.65 0.0005 press fit 7.2 1.3 





* The dimensions are as noted in Fig. 3. 
t The fit pertains to an 8-in. diameter pin in a 1-in. thick plate. 


t The concentration factor K is the ratio between the maximum tensile stress at the edge of the hole to the average tensile stress 


K = S,/[P/(D — 2r)t] 
** The last column is simply S;,/(P/2rt). 


tt This value is not comparable to those below since the specimen has much less tension area than bearing area. 


the hole, even for large differences in the ratio of plate 
width to hole diameter (column 3 vs. column 6). 
Thus, comparing joints 2 and 6, the ratio of tensile 
stress to bearing stress varies only from 1.9 to 1.3, while 
the plate width is almost tripled. Since the tensile 
strains represent only part of the total joint deforma- 
tion, it is natural to conclude that the hole elongation 
for a unit bearing pressure is relatively independent of 
the ratio of plate width to hole diameter (assuming 
the joint is not critical in tension). The data of 
Brown’s investigation® on bearing strength of aluminum 
alloys indicates no significant change in stress-deflection 
characteristics when the ratio of plate width to hole 
diameter varies from 10.6 to 5.3. Since dimensionally 
similar plates with holes will obviously have the same 
bearing stress-strain characteristics, with the strain 
measured in terms of hole diameter, a bearing value 
can thus be set for a particular material for the con- 
dition of uniform bearing across the thickness of a 
hole, provided that there is a reasonable distance from 
the hole to the sheet edge normal to the load and that 
the sheet does not buckle at low stresses. 

As the hole approaches the edge of the sheet, shearing 
forces and the consequent shearing deformation be- 
come increasingly significant. The segment of material 
between the edge of the hole and the edge of the sheet 
tends to act as a beam, the compression stress tangent 
to the hole at point M, Fig. 2, and the tension stress 
at point P, increasing as the edge distance decreases.’ 
Thus, less pin load is required per unit deforma- 
tion. 


Strains in the Plastic Range 


As noted in Table 1, the first material set may tend 
to result from tension rather than from compression, 
even when the average tensile stress is only about 20 
per cent of the average bearing stress. As soon as the 
proportional limit is exceeded, the tensile stress con- 
centration factor naturally is reduced. Unless the 
sheet is critical in tension, deformation due to localized 
compressive stresses represents the major part of .the 


total deformation at appreciable values of hole elonga- 
tion. 

Referring to Fig. 2 again, it should be noted that, if 
the direction of forces is reversed, the tensile stress 
tangent to the hole is virtually eliminated. The hole 
elongation per unit load should, therefore, be less in 
this case than in the case previously discussed. This 
strain condition is a common one in design, a particular 
example being the bearing of the pin on a wing hinge 
fitting with the fitting under a compression load. 


Behavior of Material Under Bearing Load 


With the ratios of bolt diameter to sheet thickness 
normally used in aircraft construction, a high bearing 
stress results in a thickening of that portion of the sheet 
subjected to this stress (the outside fibers bulging out- 
ward, in view of the lack of restraint to such flow). If 
the bearing stress were based on the actual thickness 
instead of the original thickness, an appreciably lower 
value would be obtained. When the distance of thebear- 
ing hole to the edge of the sheet is a minimum of a few 
diameters, the original thickness may more than double. 
In such cases the ultimate strength is obtained when 
the bulged metal under the bearing pin chips off. Com- 
plete failure finally results from tension or shear but 
resistance of the sheet to plastic flow under bearing 
pressure is the factor that establishes the maximum 
load that the joint can carry. The use of the original 
bearing area in computations yields a hypothetical 
bearing pressure in contrast to the true computed bear- 
ing pressure obtained throughout the loading in the 
case of Fig. 1. 

With high ratios of pin diameter to sheet thickness, 
the sheet may buckle under the pin pressure rather than 
thicken, as already described. An extreme case is il- 
lustrated in Fig. 3(a). An 0.020-in. thick Alclad 24S-T 
aluminum-alloy sheet was loaded by a */s-in. pin, with 
the outside sheets of the joint '/s-in. 24S-T. The maxi- 
mum bearing stress developed was only 43,300 Ibs. 
per sq.in. The rigidity of the outside sheets, or plates, 
in such tests is an important factor in controlling the 
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Fic. 3. Failures resulting from bearing pressure on thin sheet. 
(a) */s-in. pin and 0.020-in. sheet; maximum stress = 62,500 
Ibs. per sq.in. (b) 3/,6-in. pin and 0.014-in. sheet, with !/2-in. 
steel cover plates; maximum stress = 116,000 lbs. per sq.in. 


value of the bearing pressure that can be attained, in 
view of the restraint they offer to the buckling of the 
test sheet. The test sheet in Fig. 3(b) is 0.014-in. 
Alclad 24S-T, the pin used was */,, in. in diameter, and 
the outside plates were '/2-in. thick steel. The maxi- 
mum bearing stress developed in this case was 116,000 
Ibs. per sq.in. The metal in front of the pin alter- 
nately thickened and chipped off until the hole came 
sufficiently close to the edge so that the shearing 
strength of the material ahead of it equaled the applied 
load. 

Reference 10 gives further details on the behavior 
of sheet subjected to bearing pressure. 


PLATE BEARING—ALUMINUM ALLOY 


Standard of 4 Per Cent Hole Elongation 


The original concept of bearing strength in metal 
aircraft construction was involved with plate bearing. 
The author has no record of the source of the original 
allowables for bearing of aluminum alloys, but the 
figure of 75,000 Ibs. per. sq.in. for 17S-T is probably the 
value originally used for the material.!' Brown, in his 
investigation of bearing strength in 1933,° established 
the use of a hole elongation equal to 4 per cent of the 
hole diameter as the criterion for ultimate bearing 
strength. Brown recognized that any criterion for 
determining the allowable bearing stress was arbitrary 
and, therefore, based his deformation value on con- 
siderations of service experience. It was reasoned that, 
since 75,000 Ibs. per sq.in. bearing stress had proved 
satisfactory in service for 17S-T aluminum alloy, the 
hole elongation corresponding to this stress would be a 
reasonable criterion for other aluminum alloys. Curves 
of bearing stress versus hole deformation for a number 
of specimens indicated approximately 75,000 Ibs. per 
sq.in. at a deformation of 4 per cent of the pin diameter; 
therefore, this value was selected as the criterion. 

Brown also ran tests on 24S-T and 24S-RT in which 
he established a bearing strength value of 90,000 Ibs. 
per sq.in. for these materials on the basis of a 4 per cent 
hole elongation. Another item investigated was the 
effect of edge distance on bearing strength. The tests 
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on edge distance were carried to a minimum H/d dis- 
tance of 2, where // is the distance from the centerline 
of the hole to the edge of the sheet and d is the hole di- 
ameter Brown concluded that there was no change 
in bearing strength for H/d values of 2 or greater, the 
bearing value being that corresponding to a 4 per cent 
hole elongation. 


Shear-Out Formula 


The bearing strengths determined by Brown were 
generally considered as absolute values for aluminum 
alloys, regardless of the application involved. When a 
bolt or rivet was close to the edge of the sheet, an allow- 
able load was determined from a ‘“‘shear-out’’ formula. 
If this load was less than that corresponding to the 
allowable bearing stress, it was then used for the de- 
sign. 

The shear-out formula was P, = 2(H-r)tf,,! where 
P, is the shear-out strength, H is the distance 
from the center of the hole to the edge of the sheet, 7 
is the hole radius, ¢ is the thickness of the sheet, and f, 
is the allowable shearing strength. The theory be- 
hind the formula was that a bolt close to the sheet 
edge would tend to shear out a slug along two lines, the 
length of each shear line being conservatively taken as 
the distance from the edge of the hole to the edge of the 
sheet. Although the formula was intended speci- 
fically for use in the analysis of lugs, it has been ap- 
plied to all cases where shear-out strength is a factor. 
For 248-T aluminum-alloy sheet with a bearing 
strength of 90,000 Ibs. per sq.in. and a shear strength 
of 37,000 Ibs. per sq.in., the shear-out strength becomes 
equal to the bearing strength at a H//2r ratio of 1.71, 
which meant that the bearing strength of 90,000 Ibs. 
per sq.in. could be used to that particular ratio. 


Standard of 2 Per Cent Set 


The aluminum-alloy bearing strength values based 
upon a hole elongation of 4 per cent were superseded 
by the current strength values given in reference 4. 
Values are now listed for 1.5d and 2d edge distances 
and for yield and ultimate strength, in contrast to the 
corresponding single value previously used. The 
yield strength is based on a hole permanent set of 2 
per cent of the diameter; the ultimate strength, on 
actual failing strength, as compared to the former 4 per 
cent hole elongation. The term “bearing failure’’ is 
now used to describe any failure other than rivet of bolt 
shear and sheet tension normal to the load. 

Fig. 4 shows typical curves of bearing stress versus 
elongation of hole in per cent of diameter for 24S-RT, 
24S-T, and 17S-T, based on average material proper- 
ties. It will be noted that the 4 per cent hole elonga- 
tion points fall below the 2 per cent set points on all 
the curves. Thus, for these particular specimens, the 
ultimate bearing strength under the former criteria 
would be less than the yield bearing values under the 
current criteria. It might be noted that the set cri- 
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terion shows up more of a difference between 24S-RT 
and 24S-T than does the total elongation criterion. 
It should also be noted that, although there is no 
significant difference between the stresses corresponding 
to a 4 per cent hole elongation for edge distance of two 
and six times the hole diameter, a disparity exists for 
higher values of hole elongation. 

Current bearing strength values for aluminum alloys 
are appreciably higher than previous values. For 
24S-T aluminum alloy, the ultimate allowable stresses 
for 1.5d and 2d edge distances are 120,000 and 99,000 
lbs. per sq.in., respectively, as compared to the super- 
seded value of 90,000 Ibs. per sq.in. 

The shear-out formula, already given, was revised in 
reference 4 to permit the use of a greater effective shear 
area. The additional area equals 0.234dt when the 
edge normal to the direction of the load is straight. 
The computed shear-out strength for 24S-T sheet for 
the 1.5d edge condition corresponds to a bearing strength 
of 89,300 Ibs. per sq.in. (using the reference 4 allow- 
able shear strength value of 40,000 Ibs. per sq.in.). A 
discrepancy of almost 10,000 Ibs. per sq.in. thus exists 
between the two methods. Since the 99,000 Ibs. per 
sq.in. is based on actual tests, the shear-out formula 
should apparently be revised. Tests involving edge 
distances less than 1.5d may be used as a basis for such 
revision to cover the case of fittings having small edge 
distances. The edge distance to be used for stress 
analysis should, of course, be the minimum value con- 
sidering shop tolerance. 


Maximum Bearing Stress That May Be Developed 


A series of lap joints of l-in. wide strips of Alclad 
24S-T sheet with a single */;,-in. bolt, 1'/, in. from the 
edge, were tested to determine the maximum stresses 
that could be developed. The stresses, based on original 
sheet thickness, ranged from 148,000 to 174,000 Ibs. 
per sq.in. for sheet gauges from 0.032 to 0.081 in., with 
no specific variation with sheet gauge. Failure took 
place by the sheet tearing across the width, a result of 
stress concentration at the hole. The sheet thickened 
at the area of bearing contact by approximately 50 
per cent. It thus appears that the maximum true 
bearing stress is 115,000 Ibs. per sq.in. for the joints 
tested. 

A 2-in. wide lap joint with a */\s-in. bolt developed 
200,000 Ibs. per sq.in. in bearing (based on original 
thickness) before the sheet tore. In a double shear 
joint, a stress of 240,000 Ibs. per sq.in. was realized. 
However, the stress based on the thickened area was 
only 110,000 Ibs. per sq.in. 

The above data are, naturally, of academic con- 
sideration only. 


Discussion of Section 


A discussion of this section relative to its significance 
in airplane design will be limited to bolted joints, since 
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alloys, with pin bearing on hole in sheet. 


the subject of riveted joints is treated later in this 
paper. 

The hole elongation or set determined in plate bear- 
ing tests will be developed in bolted joints (designed as 
described below) only when the load per bolt is uni- 
form and when there is no significant friction among the 
plates of the joint to resist part of the load. When dif- 
ferent size bolts are used in a joint, the load will be 
proportioned according to the relative load-deforma- 
tion rates of each bolt in combination with the plate 
on which it bears. Thus, at limit load the deforma- 
tion of the plate bearing against the smallest bolts may 
be appreciably more than the allowable value (bolts may 
be loaded exclusively in shear) when the total joint 
strength is obtained by summing up the strength of 
each element of the joint. In many double-shear 
bolted joints and in all lap joints, the clamping action 
of the bolt head and the nut, due to the installation 
tension in the bolt, will tend to reduce the deflection 
rate from the value obtained in a bearing test. 

However, it is impractical to consider deviations in 
setting up a standard, and a value of allowable bearing 
stress based on a nominal amount of hole deformation 
appears to be a reasonable procedure in setting up such 
a standard. The actual amount of deformation to use 
is a matter of opinion, but one of the basic considera- 
tions is the amount of joint deflection or set that is to 
be tolerated. 

From Fig. 4 it will be noted that the hole elongation 
at limit load for 24S-T is increased from 1.8 to 3 per 
cent when the allowable limit bearing stress is increased 
from 60,000 to 80,000 Ibs. per sq.in. (former to present 
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allowable bearing stress). This change in elongation 
results in an appreciable loss in joint rigidity. However 
of more importance is the permanent elongation of the 
bolt hole of 2 per cent which may result when the 
joint is subjected to limit load. Thus, there would be a 
clearance of 0.01 in. in a !/2-in. bolt hole, which would 
nullify the advantage obtained from reaming holes 
(common !/3-in. hole tolerance, 0.500 (— 0.000 + 0.001)) 
and might considerably shorten the useful life of the 
joint, especially when there are shock or vibratory loads. 
The clearance would be increased appreciably if the 
joint were subjected to limit bearing stress several 
times. A joint that had a drive fit was made loose by 
ten loadings to limit bearing stress. 

It is the author’s opinion that it is undesirable to 
permit a significant permanent set in bolt holes at 
limit load in the important bolted joints of the air- 
plane. Such set may be avoided by using an ap- 
propriate fitting factor or margin of safety in conjunc- 
tion with the 120,000 Ibs. per sq.in. allowable bearing 
stress. 

The point may be raised that yield stresses are per- 
mitted at limit load and that permanent set results 
from these stresses. However, practically, the yield 
stress is seldom closely approached in a basic sheet or 
extrusion, since the maximum ultimate compression 
stress used is generally the yield stress and the average 
tensile yield strength of 24S-T is approximately 50,000 
Ibs. per sq.in. as compared to an ultimate design value I 
that is seldom in excess of 60,000 Ibs. per sq.in. The Fic. 5. Typical setup for plate bearing strength test. 
difference between yield and ultimate is less in the case 
of the artificially aged alloys. 

There are no requirements for using reduced bearing 
strength for the connecting elements of rigid joints, 
although these joints may be subjected to shock or 
vibratory loads. However, the use of some reduced 320 
strength is considered desirable where such loads are 
frequent and appreciable. Joints used for engine 
cowling may be subjected to severe vibratory loads in 
conjunction with a rather high static load. In these 
cases, the use of the bearing factor of 1.5 given in 
reference 2 for such applications may even be on the low 
side. 
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Since the allowable bearing strength values for heat- 
treated steel were established prior to the adoption of a 
4 per cent hole elongation as a standard, an in- 
vestigation’? was initiated to determine what strengths 
would be obtained if that standard were followed. ; » 
The setup used for this investigation was similar to 
that for aluminum-alloy sheet bearing tests. The jig ' | | 
plates (Fig. 5) were normalized X-4130 steel */, in. 
thick. The bearing pin was '/2 in. in diameter and was 
heat-treated to 280,000 Ibs. per sq.in. tensile strength Fic. 6. Bearing stress-deflection curves—X-4130 steel. 
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to minimize pin deformation as a factor in the joint 
deflection. The test specimen was X-4130 steel !/ in. 
thick and 3 in. wide, with the center of the bearing pin 
hole located 2 in. from the plate edge. 

The specimens were made in four tensile strength 
groups as follows: (a) normalized, (b) 125,000—140,000, 
(c) 150,000-170,000, and (d) 180,000—200,000. 

In each group four tensile coupons were taken, and 
the average of their strength values were used for the 
correlation with bearing strength. 

For determining the bearing hole elongation, a 
value of sheet deflection over the length between the 
lower arm of the dial gauge frame and the center of the 
bearing pin (Fig. 5) was computed by the formula 
PL/AE, and this value was subtracted from the hole 
elongation plus sheet deflection from an average of the 
two dial gauge readings. No correction was made for 
the bearing deflection of the pin relative to the jig 
plates. 


Results 


Fig. 6 shows the bearing stress versus hole elonga- 
tion results obtained for the normalized steel (102,000 
lbs. per sq.in.) and the highest strength sheet used 
(200,000 Ibs. per sq.in.). Fig. 7 shows the plot of bear- 
ing strength versus tensile strength, with the bearing 
strength based on a 4 per cent hole elongation. Allowa- 
ble values from reference 3 are included for com- 
parison. 

With the present bearing strength criterion of a 2 
per cent set at limit load and failing strength at ulti- 
mate load, the values given in Fig. 7 could be ap- 
preciably increased, provided that close edge distance 
or tensile strength is not the controlling factor. Ac- 
cording to the deflection curves of Fig. 6, the 2 per 
cent set points correspond approximately to the 4 per 
cent total elongation points, and thus the allowable 
ultimate values would be 50 per cent higher than those 
listed in Column 3 of Table 2, considering the set 
criteria. 

Miller’s investigation'® shows what maximum 
stress for various edge distances may be expected 
for 150,000 Ibs. per sq.in. tensile strength sheet. 
For an edge distance factor of 1.5, the bearing pressure 
at failure is given as 220,000 Ibs. per sq.in., while for a 
factor of 2.0, it is 290,000 Ibs. per sq.in. The failing 
strength values would thus apparently be lower than 
those based on set criteria. 

Table 2 lists the existing allowable bearing strength 
values, those based on a hole elongation of 4 per cent 
(with edge distance not critical), and the values for 
150,000 Ibs. per sq.in. tensile strength steel based on the 
present bearing strength criteria. 

The yield bearing strength values based upon 2 per 
cent set are, apparently, not critical for heat-treated 
steel, and the question of permanently elongated holes 
at limit load does not exist. 
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Fic. 7. Bearing strength (based on 4 per cent hole elongation) 
versus tensile strength—X-4130 steel. 


TABLE 2 


Bearing Strength Values for Heat-Treated Steel Using Differ- 
ent Standards 





1 2 3 4 5 
4% hole 
ANC-5 elongation 
Tensile bearing bearing Failing strength 
strength, values, values, values, 
Ibs. per Ibs. per lbs. per ——lbs. per sq.in.—— 
sq.in. sq.in. sq.in. Edge Distance 
125,000 175,000 200,000 2d 1.5d 
150,000 190,000 250,000 290,000 220,000 
180,000 200,000 285,000 
200,000 300,000 





The values given in columns 4 and 5 conflict with 
those based on the shear-out formula, although not to 
an appreciable degree. The bearing pressures for the 
1.5d and 2d edge distance conditions, assuming a 
straight edge normal to the direction of load, are 210,000 
and 300,000 Ibs. per sq.in., respectively, as compared 
to the 220,000 and 290,000 values given in the table. 
Thus, the shear-out formula gives approximately zero 
margins for these two edge distances. With an edge 
distance equal to the hole diameter, the margin is 15 
per cent. 

It appears that the shear-out formula is more ap- 
plicable to steel than to 24S-T and could take care of the 
allowable bearing strength values for heat-treated 
steel, with the maximum strength limited to a 2d edge 
condition and with a fitting factor or appropriate 
margin of safety used where there is a question of the 
accuracy of the design load or assumed load distribu- 
tion among the elements of a bolted joint or where 
other considerations, such as shock or vibration, are 
involved. 


RIVET BEARING 


General Description 


The bearing condition considered here is that of a 
plate bearing on a rivet made of a lower tensile strength 
material than that of the plate. If there were an ab- 
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solute bearing strength value for a material, the value’ 
would logically be expected to depend only upon some 
parameter, such as ultimate tensile strength or yield 
strength. However, since bearing values depend 
upon the application involved, an experimental in- 
vestigation must be made with each application and 
allowable strength criteria must be set up which may 
differ from those used in other cases. The bearing 
pressure produced by a rivet causes a cutting action, 
as compared to the thickening or buckling action of 
plate under edge pressure. The resistance to material 
flow under bearing pressure is greater in the case of 
the rivet than in the case of the plate, and, thus, less 
deformation may be expected under corresponding 
conditions. The plate fibers can bulge outwardly, 
whereas the rivet fibers under pressure are restrained 
by adjacent fibers. 


Experimental Investigations 


The problem of rivet bearing strength assumed im- 
portance with the general adoption of A17S-T alumi- 
num-alloy rivets several years ago, the Al7S-T ma- 
terial being rated at a tensile strength of 38,000 lbs. 
per sq.in. in contrast to the 62,000 value for 24S-T. 
A bearing strength of 60,000 Ibs. per sq.in., based on a 
4 per cent rivet-diameter joint elongation, was estab- 
lished by Warner! in 1935, with !/s- and °/39-in. 
diameter undriven A17S-T rivets acting on 24S-T 
sheet 0.051 in. thick. The 4 per cent elongation repre- 
sented the combined deformation of rivet and sheet. 
(At the time, there was no differentiation between the 
bearing strengths of 17S-T rivets and sheet.) 

With tests of riveted joints (using A17S-T rivets) 
showing failing strengths greatly in excess of allow- 
ables based on a 60,000 Ibs. per sq.in. bearing value, 
the author initiated an investigation’ in 1937 to de- 
termine if higher allowables could be used. 

The tests were made in a three-plate double shear 
jig of the type commonly used for shear tests on alumi- 
num-alloy rivets. The setup was similar to that in 
Fig. 5. The center bearing plate was made from steel 
heat-treated to 200,000 Ibs. per sq.in. tensile strength 
to eliminate plate deformation. These plates were 
varied in thickness, and !/s- and '!/4-in. undriven rivets 
of A17S-T and 17S-T aluminum alloy were used as the 
specimens. Deformations were measured with a 
Ewing extensometer attached to the two center plates. 
Fig. 8 shows some of the bearing stress deflection re- 
sults obtained for the rivets. Corresponding rivet 
shear stresses are also noted. 

The bearing strength of the rivet based on a 4 per 
cent deformation increases with a decrease in sheet 
thickness. The problem is not one of pure bearing 
but one of combined bearing and shear. Naturally, if 
a low ratio of rivet diameter to sheet thickness is used, 
the shear deformation will be more significant than the 
bearing deformation and the bearing stress correspond- 
ing to 4 per cent total deformation will be low. Thus, 
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Fic. 8. Bearing stress-deflection curves for !/,-in. Al7S-T and 
17S-T undriven rivets. 


the bearing stress for !/,-in. A17S-T rivets at a def- 
ormation of 4 per cent was found to vary from 70,000 
to 110,000 Ibs. per sq.in. for 0.080- to 0.026-in. sheet, 
respectively. 


Criteria for Establishing Bearing Strength 


It was planned originally to base the bearing strength 
of the rivet upon the stress corresponding to a deforma- 
tion (4 per cent) which agreed with the standard value 
being used for plate bearing strength, by the fallacy 
of such a procedure, shown by the discussion im- 
mediately above, soon became apparent. 

A check was then made of the deformation of rivets 
in which shear was the predominant stress. It was 
reasoned that the deformation of such rivets, when 
they were subjected to loads corresponding to two- 
thirds of the ultimate shearing strength (limit load), 
might indicate a deformation to use when bearing is 
critical. At a shear stress of 16,700 Ibs. per. sq.in. 
(two-thirds of ultimate value of 25,000), a !/4-in. rivet 
bearing against a '/,-in. plate deformed 3.2 per cent of 
its diameter, and a '/s-in. rivet tested with a '/3-in. 
plate deformed 2.5 per cent. Since such deformations 
corresponded to limit load design (ignoring shank ex- 
pansion due to upsetting and the restraining effect of 
the heads) when shear is critical, it appeared incon- 
sistent to restrict maximum bearing stresses for rivets 
to strain values much less than these. A comparison 
was made of these shear deformations and of the bear- 
ing deformations of the '/,-in. rivets when subjected 
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to 60,000 Ibs. per sq.in. bearing on the 0.026- up to 
the 0.080-in. sheet. The latter deformations were 
found to vary from 1.6 per cent of the diameter for the 
0.026-in. sheet to 2.8 per cent for the 0.080-in. sheet. 
It seemed logical and conservative, therefore, to allow 
60,000 Ibs. per sq.in. bearing stress for limit load and 
90,000 Ibs. per sq.in. for ultimate load, the same as for 
24S-T plate. Since 90,000 Ibs. per sq.in. was the 
maximum allowable bearing stress for aluminum 
alloys at that time, there was no need to establish a 
higher bearing value for 17S-T rivets, even though the 
deformation of a !/,-in. rivet in 0.060 plate at 60,000 
lbs. per sq.in. bearing stress was only 1.6 per cent—well 
within the proportional limit. Ninety thousand 
pounds per square inch thus became the ultimate bear- 
ing strength value for A17S-T and 17S-T rivets in 
reference 1. 


The maximum bearing stress developed in this 
investigation was 186,000 Ibs. per sq.in. The test 
specimen was a !/,-in. 17S-T rivet bearing on 0.026- 
in. sheet. This stress value is considerably in excess 
of the true bearing stress of approximately 115,000 Ibs. 
per sq.in. sustained by 24S-T sheet in a plate bearing 
test. 


Rivet Deformations 


A noteworthy characteristic of these tests was the 
manner in which shearing and bearing loads affect a 
rivet. Examination of failed rivets and of rivets re- 
moved from the testing machine at bearing stresses 
from 50,000 Ibs. per sq.in. to near failure indicates that 
the steel plate causes a flow of the rivet material, 
leaving a groove with smooth sides, until the applied 
load reaches the double shear strength of the uncut rivet 
portion, at which time failure occurs. The resulting 
sheared surface, in contrast to that left by the bearing 
groove, is rough and irregular. One of the !/;-in. rivets 
tested with 0.026 plate was removed just before failure, 
after having experienced a bearing pressure of 150,000 
Ibs. per sq.in. Approximately three-fifths of the rivet 
had been smoothly cut through. This rivet (shown in 
Fig. 9) failed under a load of 955 Ibs. compared with 
the double shear value of 2,640 Ibs. Another rivet 
failed at a shearing stress of 22,400 lbs. per sq.in. with 
the bearing stress 109,000 Ibs. per sq.in. In a third 
case, the failing shear stress was 27,000 Ibs. per sq.in., 
but the bearing stress was only 42,000 Ibs. per sq.in. 
When bearing is critical, only the material adjacent to 
the plate is affected, whereas in shear the entire ‘rivet 
section forward of the plate is deformed. 


When the sheet allowable bearing strengths were in- 
creased for reference 4, the values for rivets were also 


raised, a value three and one-third times the shear 


strength being used. The amount of rivet permanent 
set at limit load for the current rivet bearing values is 
still negligible compared to the 2 per cent set used for 
sheet bearing. 
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Fic. 9. Sections through !/,-in. undriven A1l7S-T rivets just 
prior to and after failure. Bearing stress = 150,000 Ibs. per sq.in.; 
shear stress = 9,800 Ibs. per sq.in. ; 


Bearing of Steel Bolts 


The value of bearing strength to use for steel bolts 
of 125,000 Ibs. per sq.in. tensile strength acting in steel 
fittings of 180,000 Ibs. per sq.in. tensile strength is a 
problem similar to that of the soft aluminum-alloy 
rivet bearing on a sheet of harder material. The 
author does not know of any investigation made to 
determine allowable values for the bolts, but it appears 
from the rivet investigation that it is safe to use the 
bearing strength value of the fitting material for the 
bolts. 


PIN-SOCKET JOINTS 


Definition 


The problem of pin-socket joints is somewhat of a 
departure from the usual applications of bearing 
strength. A pin-socket joint consists of a tube or rod 
telescoping in another tube or socket, through which a 
bending moment is transmitted. Such joints are com- 
mon in landing gear structures. 


Stress Analysis Methods 


Socket joints are generally analyzed as simple 
structural elements with bearing, socket-wall tear-out, 
and bending stresses determined according to ar- 
bitrary simplified distributions of stress and with 
allowable strengths taken as the commonly accepted 
values for the material.* 4 Such a procedure is highly 
conservative, since the computed stresses may be much 
higher than those actually induced. Also, the re- 
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sistance to bearing deformation is greater than that of 
a plate in a bolted joint, and therefore the use of higher 
allowable stresses would be justified. The simple stress 
formulas are convenient to use in the absence of a 
rational procedure for accurately analyzing socket 
joints, but with them must be associated fictitious 
values of allowable stress, these values being deter- 
mined by substituting test results in the formulas. 
However, these fictitious values are not constant; 
they are functions of such elements as the degree of 
embedment of the pin in the socket, the fit of the pin, 
the distance between socket faces, and the ratio of 
beam to socket diameter. It would be advisable, there- 
fore, to use a test specimen dimensionally similar to the 
structure being considered. The tests herewith re- 
ported indicate hypothetical stress values that may be 
attained with some types of joints. 

The usual method of stress analysis arbitrarily as- 
sumes that the bending moment of the pin is trans- 
mitted to the socket through a triangular. distribution 
of bearing pressure (shown in Fig. 10(b)), the maxi- 
mum bearing pressure in such a case being determined 
by the formula 


for = 6M/dC? 


(the symbols are defined in the figure). Values of 
bearing stresses given in this section are based on this 
formula. Actually, at higher loads the distribution 
tends to depart from a linear condition, and, further- 
more, an appreciable part of the moment is resisted by 
frictional resistance of the pin in the socket. 
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(a) 


(a) Setup for pin-socket joint test. 
resisting forces on pin. 


(b) Assumed 


Test Procedure and Results 


The test specimen’ consisted of two X-4130 steel 
rods with holes drilled to accommodate the pin. The 
basic variable was the degree of embedment or the 
ratio of the length of pin inserted in the socket to the 
diameter of the pin. The fit of the pin in the sockets 
was snug, the clearance approximating 0.001 in. The 
rods and pins were heat-treated to a nominal value 
of 160,000 Ibs. per sq.in. Deflection readings were 
taken at the face of one of the sockets to determine the 
moment at which elastic behavior ceased. Fig. 10(a) 
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shows the setup used. The loading for each of the 
specimens was carried to the point where the load 
dropped off because of pin bending, pin slippage, or 
socket-wall tearing. Fig. 11 shows load-deflection 
curves for two of the specimens and includes descrip- 
tions of them. In the first of these, the proportional 
limit corresponds to a bearing stress of 217,000 lbs. 
per sq.in. In the second, which pertains to an ap- 
preciably larger degree of embedment, the bearing 
stress is 230,000 Ibs. per sq.in. The maximum bearing 
stresses were 522,000 and 417,000 Ibs. per sq.in., 
respectively, with the pin slipping out of the socket 
in the first case and with the wall of the socket ruptur- 
ing in the second case. The pin of the second speci- 
men, with a tensile strength of 155,000 Ibs. per sq.in., 
was subjected to a hypothetical bending stress of 525,000 
Ibs. per sq.in. (using the formula f, = My/I). This 
high computed stress is possible because of the short- 
ness of the beam. 
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DEFLECTION AT CENTER OF PIN@- IN. 

Fic. 11. Bearing stress-deflection curves for pin-socket joints. 
These bearing values are based upon the original 
degree of embedment. As the pin gradually slipped 
from the socket, the embedment decreased and the 
stress correspondingly increased. In the test of Speci- 
men 15 the pin was scratched at the entrance plane 
of the socket to determine the final degree of embed- 
ment corresponding to maximum load. The bearing - 
stress computed in this case was 755,000 lbs. per sq.in. 
Fig. 12 shows the bearing deformation of a pin that had 
been subjected to a bearing stress of 436,000 Ibs. per 
sq.in. (based on original embedment). It is note- 
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Fic. 12. Bearing deformation of pin edge after being subjected to 
computed bearing stress of 436,000 Ibs. per sq.in. in socket test. 


worthy that in that part of the joint of Specimen 15 in 
which the original pin embedment was maintained (in 
all the tests, the pin maintained its original embed- 
ment in one of the sockets, slipping only from the 
other), and in which the hypothetical stress of 522,000 
Ibs. per sq.in. might have some significance, there was 
no perceptible deformation of either the pin or sockets. 
Since the bearing stress is determined from an assumed 
stress distribution, the true maximum bearing stress 
developed could not be determined. 

Using the formula 617/C*(2/) for socket wall stress, 
a value of 530,000 Ibs. per sq.in. was obtained for 
Specimen 20. With the actual degree of embedment 
at maximum load, a computed stress of 950,000 Ibs. 
per sq.in. was obtained for Specimen 15. 


Conclusion 


It would appear from this investigation that an 
ultimate bearing stress equal to twice the tensile 
strength of the material is a safe value to-use in this 
type of joint when the joint is analyzed under the as- 
sumptions of load distribution made herein. This 
statement (which presupposes that the socket wall 
will not rupture) is based on the use of an ultimate 
stress 50 per cent higher than the proportional limit 
as determined in the socket test. The proportional 
limit of Specimen 15 (Fig. 11) is 217,000 Ibs. per sq.in., 
whereas the tensile strength is 155,000 Ibs. per sq.in. 


PROTRUDING-HEAD RIVETED JOINTS 


Foreword 


The subject of riveted joints, both the protruding- 
head type and the flush type, is covered from the 


general standpoint of strength rather than from a 
bearing consideration specifically, since there often is 
not a clearly defined distinction between bearing, rivet 
shear, and other factors that affect the ultimate 
strength of a joint. 

Only lap joints are discussed, in view of the rela- 
tive infrequency with which double sheag riveted joints 
are used. 


Distinctive Characteristics 


Basically, a protruding-head riveted lap joint (Fig. 
13(a)) acts according to the principles discussed for 
plate bearing. There is bearing of the rivet shank 
against the plate (with the corresponding tendency 
of the plate to deform the rivet in bearing) and there is 
shear stress on the shank, which has a maximum value 
through the plane between the two sheets. However, 
there are other important factors that represent a de- 
parture from the basic conditions that apply to a double- 
shear type of bolted joint and which are stimulated in a 
plate bearing test. First there is an expansion of the 
shank, caused by the riveting process, which increases 
the effective shear area and, to a smaller extent, the 
bearing area. Second, the driving process alters the 
shear strength of the rivet material. A third effect is 
that of the clamping action of the rivet ends, which 
helps to resist part of the load. (This effect may also 
exist in a bolted joint, as already noted.) Finally, 
the eccentric loading causes a nonuniform bearing of 
the rivet on the sheet. 


(2) 


(6) 


(C) 
(d) 


Fic. 13. Four types of riveted joints. 


Rivet Expansion 


The expansion of the shank is a function of the hole 
size, since the shank will normally expand until the 
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TABLE 3 
Characteristics of Protruding-Head Riveted Joints 
1 2 3 4 5 6 af 8 9 10 
Set at 
Load at limit bear- Allowable Allowable 
Spec. Rivet Sheet 4% set, 1.5 X col. Load at ing stress, from ref. from ref. Col. 6 
No. dia., in. thick., in. Ibs. 4, lbs. failure, lbs. % of col. 2 3, lbs. 4, Ibs. Col. 9 
0.032 
1 3/ 0.091 250 375 267 186 217 1.23 
0.032 
2 1/g 0.032 400 600 485 0.2 328 389 1.24 
0.040 
3 1/3 0.040 475 713 505 0.8 331 389 1.30 
0.040 
4 1/3 0.091 370 555 422 aA 328 389 1.08 
0.032 
5 5/30 0.032 640 960 720 0.0 449 509 1.41 
0.040 
6 5/30 0.040 615 924 670 0.0 518 596 1.13 
0.051 
i 5/39 0.156 530 795 620 518 596 1.04 
0.064 
8 5/50 0.064 595 894 670 518 596 1.12 
0.051 
9 3/16 0.051 1,000 1,500 1,180 0.1 784 974 1.21 
0.064 
10 3/16 0.064 1,100 1,650 1,190 2.2 828 974 1.22 
0.091 
11 3/16 0.250 890 1,335 1,045 828 974 1.07 
0.091 
12 V/, 0.091 1,920 1,472 1,764 1.09 
0.081 
13 1/, 0.250 1,610 2,415 1,810 1,472 1,764 1.02 
Notes: (1) Sheet material up through 0.091 inch gauge is Alclad 24S-T. (2) %/32, !/s, and 5/32 in. rivets are A17S-T; 3/1 
rivets, 17S-T. (3) Values for equal gauge joints are averages of two or three specimens; other values are averages of five specimens, 
(4) Limit bearing stress is 76,000 Ibs. per sq.in. for gauges 0.051 and less; 78,000 Ibs. per sq.in. for heavier gauges. 


sheet hole is completely filled. The degree of ex- 
pansion will tend to be less for the larger rivets, since 
the clearance between the hole and the rivet does not 
increase in a linear proportion to the rivet diameter. 
Thus, a No. 30 drill (0.1285) may be used for a '/s-in. 
rivet and a No. 11 (0.191) for a 3/,.-in. rivet. The drill 
tolerance, as for example +0.004 — 0.000 for a */,-in. 
rivet, may considerably affect these basic condi- 
tions. 


Material Property Change 

Material property change due to upsetting is a 
function of the rivet temper—W (as quenched) or T 
condition—just prior to upsetting. There is an ap- 
preciable drop in the shearing strength (in pounds per 
square inch) of 17S-T wire when it is upset in the W con- 
dition and allowed to age, the strength being based on 
actual rather than nominal area. Brueggeman" shows 
a drop from 37,500 to 34,000 Ibs. per sq.in. when the 
wire is upset 8 per cent. If the wire is driven in the 7 
condition, a small increase in strength will result. 
Thus, Al7S-T rivets that are driven in the aged con- 
dition are not appreciably inferior to 17S-T rivets 
driven in the W condition. 


Clamping Action 


The effect of rivet head clamping action for a flush 
joint would be difficult to determine. An attempt was 
made by the writer to obtain a general value of clamp- 
ing action for a joint of 0.040-in. sheet with a */3o-in. 
flat-head rivet. Slotted holes were cut in the sheet, 
and washers were placed against the rivet heads. 
The maximum load obtained was 25 Ibs. 


Rivet Canting 


The eccentric loading causes rivet rotation (canting) 
in the joint, which in turn induces a tensile load on 
the rivet. If failure does not eventually result from 
rivet shear or tearing of the sheet (for high ratios of 
rivet diameter to sheet thickness), the rivet may fail 
in tension with the manufactured head coming off, or 
the driven head may pull out of the sheet. Thus, the 
tensile strength of the rivet head may be a factor in 
the strength of a lap joint. Appreciable bearing 
deformation is not likely to occur in lap joints, since 
a small degree of deformation will allow the rivet to 
cant and induce the aforementioned tensile load. 
Thus, an appreciable thickening of the sheet under 
bearing pressure is rare in these joints. However, 
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BEARING 


resistance to bearing deformation is a primary factor 
in joint strength, since it controls the load at which 
canting takes place. 


Criteria for Allowable Strength 


Until reference 4 was issued, the values used for 
uniform bolt bearing on plates and the basic shear 
values of the rivet material were used for protruding- 
head riveted joints, with no consideration for the shank 
expansion and the change in material strength due 
to upsetting (except for the increase of A17S-T design 
shear strength from 25,000 to 27,000 Ibs. per sq.in. a few 
years ago”). For the current allowables, higher basic 
shear values are used in conjunction with areas based 
upon upset rivet diameter instead of nominal diame- 
ter. For the large size 24S-T rivets, the increase in 
strength over previous values is as much as 25 per cent. 


Experimental Results 


Table 3 gives representative strength character- 
istics of protruding(flat)-head riveted lap joints having 
one rivet each. The specimen width was '/j¢ in. and 
the edge distance was approximately 1 in. These 
specimens were made at different times in the Republic 
Aviation company shop as part of a general rivet in- 
vestigation. No measurements were made of the size 
of hole drilled and no attempt was made to obtain 
consistent degrees of upsetting. 

The limit load bearing strength for a protruding- 
head riveted joint is based on a 2 per cent set in plate 
bearing tests. Therefore, it might be expected that 
the set at limit bearing stress for a joint of two equal- 
gauge sheets would be at least 4 per cent, with the added 
rivet deformation. Column 7 of Table 3 is included 
to show the actual set realized at this stress. The dis- 
crepancy between the values of this column and 4 per 
cent is mainly due to the difference between the sheet 
material properties, and those upon which the allowa- 
ble bearing strength is based, and the large edge dis- 
tance of the specimens (the 2 per cent set stress is based 
on a 2d edge distance, and generally the amount of set 
for the same load reduces as the edge distance increases). 
The effect of clamping action probably accounts for 
the remainder. 

A comparison between columns 5 and 6 indicates 
that, if the flush-riveted-joint allowable strength 
criteria (described later) were applied to protruding- 
head riveted’ joints, the yield load would not even 
come close to being critical. However, the difference 
in values in the two columns would be reduced to some 
extent if a 2d edge distance had been used for the speci- 
mens. 

There is an appreciable scatter in the ratios of failing 
Strength to allowable strength, but the trend is to- 
ward a lowering of the ratio-with an increase in the 
combined thickness of the joint sheets. ‘The reason 
for this is, probably, the increased eccentricity. In 
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this respect, notice the 2 per cent margin shown in 
column 10. 


Materials Factor of Safety 


The exact value of materials factor of safety to con- 
sider is open to question. In joints where the load per 
tivet is accurately known, a value of a few per cent may 
be satisfactory. However, there are often appreciable 
variations between assumed distributions among rivets 
and actual distributions. For example, shear lag may 
cause a considerable difference in the rivet loading 
across a skin splice as compared to the common as- 
sumption of uniform load. Also, departures of the 
neutral axis of a spar cap from a straight line may 
have a pronounced effect on the loading of rivets 
attaching the cap to the web. Another case ‘is the 
transferring of load from a fitting to another structural 
element through a line of rivets in the direction of the 
load. The relative deflection of the sheet, as com- 
pared to the joint deformation, controls the degree of 
uniformity of the loads among the rivets. Thus, in a 
long joint, large sheet deflections will cause the end 
rivets to be more highly loaded than the center rivets. 
The following test data indicate the unconservatism in 
assuming a uniform load distribution. 





Lap Joint 1 


Sheet—0.064 in. thick, 2'/2in. wide; Alclad 24S-T. 
Rivets—5/3:-in. A17S-T; Spacing—2 in. 
Average load per rivet, based on two specimens each. 
3 rivet splice—705 Ibs. 
8 rivet splice—687 Ibs. 
13 rivet splice—622 Ibs. 
Lap Joint 2 
Sheet—*/j, in. thick, 27/s in. wide; 24S-T. 
Rivets—'/,-in. 17S-T; Spacing—2 in. 
Average load per rivet, based on two specimens each. 
3 rivet splice—1980 Ibs. 
8 rivet splice—2030 Ibs. 
13 rivet splice—1760 Ibs. 





No specific materials factor of safety can be recom- 
mended for any particular application, but some factor 
would appear advisable where there may be a ques- 
tion of the accuracy of the computed loads on the 
individual rivets of multi-rivet joint. There is fur- 
ther discussion of this subject later in this paper. 


Rivet Bearing Strength in Joints 


In the section of this paper on rivet bearing, it was 
noted that under high bearing pressure a steel plate 
will cut into the rivet, thereby reducing the effective 
shear area. When the bearing stress was 42,000 Ibs. 
per sq.in., an undriven A17S-T rivet failed in shear at 
a stress of 27,000 Ibs. per sq.in, whereas with a bearing 
stress of 108,000 Ibs. per sq.in. the rivet sheared at a 
stress of 22,400 Ibs. per sq.in. (based on nominal area). 
Therefore, with an allowable ultimate bearing pressure 








of 100,000 Ibs. per sq.in. for A17S-T rivets,‘ it would 
appear unconservative to use the full expanded area 
of the rivet in obtaining an allowable load. Tests were 
run to ascertain whether lap riveted joints showed the 
same trend of reduced strength. Joints were made 
with Alclad 24S-T 2-in. wide sheet and °/3-in. A17S-T 
rivets. Each joint was in triplicate and had three 
rivets, spaced | in. apart, in line with the load. The 
values obtained for failing loads per rivet, and the cor- 
responding shear and bearing stresses (based on nom- 
inal upset shank diameter of 0.159 in.) are given in 
Table 4. 


TABLE 4 
Effect of Bearing Stress Value on Ultimate Shear Strength 





Load Shear Bearing 
Sheet per stress, stress, 
thickness, _ rivet, Ibs. per lbs. per Allowable 
in. Ibs. sq.in. sq.in. load, Ibs. 
0.064 687 34,500 67,400 596 
0.051 698 35,000 86,000 596 
0.040 726 36,400 114,000 596 
0.032 726 36,400 143,000 509 
0.025 506 25,400 127,000* 





* Sheet tore. 


It appears from these tests that the reduced shear 
values obtained with the use of steel bearing plates 
have little significance in lap joints of Alclad 24S-T 
sheet. The probable reasons are that the thickening 
of the sheet under bearing pressure results in a bearing 
stress lower than the computed value and that the high 
degree of canting (in the case of the thinner sheets) 
results in a greater effective shear plane through the 
shank. 

In a double shear joint, lower values of shear may 
be obtained. In a joint of 0.032-in. Alclad 24S-T sheet 
and a °/3:-in. Al7S-T rivet, the double shear load at 
failure was only 850 Ibs., as compared to the allowable 
shear value of 596 X 2 = 1,192 Ibs. With the higher 
yield strength aluminum alloys, this effect may be 
more pronounced because of the smaller degree of thick- 
ening of the sheet under the rivet pressure. 


FLuSH-RIVET JOINTS 


General Description 


Flush-riveted joints represent much more of a de- 
parture from the basic bearing conditions than do 
protruding-head riveted joints. In the dimpled joint, 
Fig. 13(b), the overlap of the two sheets contributes 
appreciably to the strength of the joint, and a value of 
bearing strength based on sheet thickness has little 
significance, since the rivet does not bear against the 
sheet edge. The rivet of a lap joint rotates under load, 
and failure generally takes place by cracking of the 
dimple on the side of the formed head, by cracking of 
the manufactured head of the rivet, or by tearing of the 
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sheet (starting from the dimple) on the side of the 
manufactured head. It should be apparent that the 
failing strength of the joint will increase with the 
amount of overlap of the two sheets. Thus, a dimpled 
joint using a 78°-head rivet will tend to be stronger 
than a joint using a 115°-head rivet. It should also 
be apparent that bearing, in its fundamental sense, 
plays little part in the strength of the joint. 

A machine countersunk joint, Fig. 13(c), has the 
rivet head and part of the shank bearing against the 
sheet in which the countersink exists, thus apparently 
providing a large bearing area. However, under the 
eccentric load that a lap joint sustains, the rivet tends 
to bear only against the sheet area nearest the shear 
plane. If the countersink extends through the sheet, 
there may be bearing only against the sharp edge of 
the sheet (at the shear plane) which will readily collapse, 
permitting greatly increased joint deformation and 
further rotation of the rivet. If failure does not ulti- 
mately occur by rivet shear, the sheet will generally 
tear from the countersunk hole. The undesirability 
of the usual type of machine countersunk joints for 
thin sheets arises from the poor deflection character- 
istics caused by the ‘feather’ edge at the inner face 
of the countersink. The bearing strength (or re 
sistance of the sheet to deformation caused by a bear. 
ing force) has direct significance in this type of joint 
in contrast to its small importance in the case of a 
dimpled joint. 

The flush joint in which one sheet is dimpled and 
the other is countersunk, Fig. 13(d), tends to du- 
plicate the behavior of the dimpled joint. The overlap 
of the dimple into the second sheet is effective in re- 
sisting part of the shear, and, although there is direct 
bearing action on the countersunk sheet, that sheet is 
normally heavier than the dimpled sheet and is, there- 
fore, not critical. 


Allowable Strength Criteria 


With regard to allowable strengths for flush-riveted 
joints, the 4 per cent hole elongation criterion for 
bearing upon nominal rivet diameters was in effect 
until reference 3 was issued. There was no discrimina- 
tion as to the flush-riveting process used. The author 
had pointed out in 1939 that comprehensive tests of 
riveted lap joints appeared to be a more rational pro- 
cedure of determining the bearing strengths of these 
joints than did plate bearing tests. The following 
year he reviewed the results of the available riveted 
joint tests and found a fairly constant margin of 35 per 
cent between failing and allowable loads! for A17S-T 
protruding-head riveted joints."* There did not ap 
pear to be any logical way of evaluating that margin, 
but an appreciable value seemed desirable because d 
the uncertainty of individual rivet loads (discussed it 
the previotfs section), of the difference between average 
and minimum properties, and of the possibility d 
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loose or ineffective rivets (often a result of oversize 
drilling used to make parts of an assembly matcl.). 

The failing stresses for the flush-riveted joints were 
found to vary over a wide range as compared to existing 
allowables.2, Same dimpled joints attained hypo- 
thetical bearing stresses (based upon sheet thickness) 
of more than twice the allowable and hypothetical 
shear stresses (based upon the nominal area of the rivet 
shank) of almost three times the allowable, whereas 
the failing strengths of some of the machine counter- 
sunk joints were even less than the allowables. Not 
only the rivet head angle but the dimpling technique 
appeared to be a parameter for joint strength. 

Another point noted was that for d/t ratios greater 
than 5.5 the use of fixed bearing strength values for 
protruding-head riveted joints appeared unwarranted, 
since buckling of the sheet against the rivet started to 
become critical at about this value. This 5.5 limit 
was set for the protruding-head rivet allowable load 
tables of reference 3, which reference also established 
the allowables for flush ‘joints on a rational basis. 
These latter allowables are based on a joint set of 4 
per cent of the nominal rivet diameter for yield load 
and on the actual. failing strength for ultimate load, 
a materials factor of safety of 1.15 being used in con- 
junction with these strengths. 

However, no values are given for the frequently used 
flush joint where one sheet is dimpled into the counter- 
sunk hole of the second sheet. 

Fig. 14 illustrates the marked difference that may 
exist between machine-countersunk and dimpled joints, 
both from the standpoints of failing load and rigidity. 
The same allowable strengths were used for these joints 
prior to the issuance of reference 3. This figure also 
shows elongation characteristics of four joints having 
0.051-in. sheet as one part of the joint and 0.051- to 
0.250-in. sheet as the other part. The failing loads 
are all about the same; however, when the second, 
heavier, sheet is machine-countersunk, the joints have 
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Fic. 14. Comparative load-deflection curves. (a) Dimpled 


and machine countersunk riveted joints—*/;, 17S-T 115°— 
head rivets, 0.051 Alclad 24S-T sheet. (b) Varying thickness 
of one sheet in riveted joints using 5/32 Al7S-T rivets. 


more rigidity at lower loads but greater permanent set 
at high loads. 


Tabulated Values of Strength 


Tables 5, 6, and 7 give representative strength 
characteristics of dimpled, dimpled-machine-counter- 
sunk, and machine-countersunk single rivet joints, 
respectively, as made by Republic Aviation Corpora- 
tion. The specimens were '/,. in. wide, and the rivet 
edge distance was approximately 1 in. The joints 
were prepared in the shop and not under laboratory 
conditions. Comparing Columns 5 and 6 of Table 5, 
it will be noted that one and one-half times the load 
at 4 per cent set is in every case considerably higher 
than the load at failure. It thus appears that the 
failure load controls the allowable strength of these 
115° dimpled riveted joints. The margins given in 
Column 9 are all above the minimum of 15 per cent, 
thus indicating that the allowables for dimpled joints 
can take care of considerably greater discrepancies 
between computed and actual loads per rivet than 





TABLE 5 
Characteristics of Dimpled Riveted Joints 











1 2 3 4 5 6 7 8 9 
Allowable 

Spec. Rivet Sheet Load at 1.5 X col. 4, Load at Col. 6 load from Col. 6 

No. dia., in. thick., in. 4% set, Ibs. Ibs. failure, lbs. 1.15 ref. 3, Ibs. Col. 8 
1 1/g 0.025 338 507 455 396 315 1.45 
2 1/g 0.032 371 557 441 384 380 1.16 
3 1/g 0.040 390 585 510 443 420 1.21 
4 5/39 0.040 613 920 732 636 560 1.31 
5 5/3 0.051 603 905 770 670 640 1.20 
6 5/3 0.032 565 848 633 550 500 1.27 
7 5/32 0.064 695 1,040 855 745 675 1.27 
8 */1 0.051 900 1,350 1,070 930 890 1.20 
9 3/16 0.064 1,000 1,500 1,209 1,050 1,040 1.16 





NoTEs: 
Rivet head angle is 115°. 
of two specimens. 


(1) Sheet is Alclad 24S-T in equal gauges for each joint. (2) 
(3) Values for joints 2, 4, 5, 6 are averages of at least five specimens. 


1/g- and °/39-in. rivets are A17S-T; */1. rivets are 17S-T. 
Values for other joints are averages 
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TABLE 6 
Characteristics of Dimpled-Machine-Countersunk Riveted Joints 
1 2 3 4 5 6 7 8 9 
Spec. Rivet Load at 1.5 X col. 4, Load at Col. 6 Allowable Col. 6 
No dia.,in. Sheet thick.,in. 4% set, lbs. lbs. failure, lbs. 1.15 from ref. 3 Col. 8 
1 5/30 0.040-0.040 400 600 75 586 560 1.07* 
2 5/30 0.040-0. 064 630 945 792 689 560 1.41 
3 5/32 0.040-0.125 650 975 810 704 560 1.44 
4 5/32 0.051-0.064 640 960 812 705 640 1.27 
5 5/32 0.051-0.125 630 945 925 804 640 1.45 
6 5/ss 0.051-0.250 665 997 875 760 640 1.37 
7 5/32 0.064—0.064 575 862 750 650 675 1.11 
8 5/s9 0.064-0.125 650 975 920 842 675 1.36 
9 5/30 0.064—0. 250 715 1,070 920 842 675 1.36 
10 3/16 0.051-0.125 910 1,365 1,215 1,055 890 1.37 
11 3/16 0.051-0. 250 870 1,300 1,140 992 890 1.28 
12 3/16 0.064-0. 064 780 1,170 1,100 957 1,040 1.06 
13 3/16 0.064—0. 125 1,000 1,500 1,350 1,175 1,040 1.30 
14 3/16 0.064—0. 250 900 1,350 1,350 1,175 1,040 1.30 





* Column 5 value used. 
Notes: (1) All sheet 0.064 and lighter is Alclad 24S-T. (2) 5/s: rivets are A17S-T; */16 rivets are 17S-T with head angle of 


115°. (3) First sheet listed for joint is dimpled; second sheet is countersunk. (4) Allowables given are for dimpled joints of 
the lighter gauge of Column 3. (5) Values given are averages of two or three specimens. 











TABLE 7 
Characteristics of Machine-Countersunk Riveted Joints 
1 2 3 4+ 5 6 7 8 9 10 
Spec. Rivet Loadat4% 1.5 X col. Load at Col. 5 Col. 6 Allowable Col. 5 or 6 
No dia., in. Sheet thick., in. set, lbs. 4, Ibs. failure, lbs. 1.15 1.15 from ref. 3 Col. 9 

1 1/g 0.051-0.051 279 418 420 365 365 261 1.60 
2 5/39 0.032-0.032 169 254 390 221 339 230 1.11 
3 5/s0 0.051-0.051 350 525 480 456 417 367 1.31 
4 5/s9 0.051-0. 125 370 555 590 482 512 367 1.61 
5 5/s2 0.064—0. 064 481 722 597 628 519 460 1.30 
6 5/55 0.081-0.081 531 797 617 693 537 518 1.19 
7 3/16 0.051-0.051 420 630 640 548 556 452 1.39 
8 3/16 0.051-0. 125 1 465 697 720 607 626 452 1.55 





Norges: (1) All sheet 0.081 and lighter is Alclad 24S-T. (2) 1/s and 5/3: rivets are A17S-T; #/,, rivets are 17S-T, with head 
angle of 115°. (3) First sheet listed for joint is countersunk. (4) The lower values of Columns 5 and 6 are used to obtain the 


margins in Column 10. (5) Values given are averages of two or three specimens. 


can the protruding-head rivet joint allowables. Omit- (c) From the standpoints of failing strength and of 
ting Specimen 1, the scatter of the Column 9 values is_ strength based on a 4 per cent set, joints of dimpled 
not appreciable. This fact might-be suspected, since the sheets are superior to joints of identical gauges with one 


allowables? are based on tests of riveted joints. sheet dimpled and the other machine-countersunk. 
From Table 6 the following significant points are The two significant points of Table 7 are the in- 
indicated: crease in the allowable and in the ratio of yield to 


(a) The strength of a joint having one sheet dimpled ultimate load, with the diminution in the ratio of coun- 
and a heavier sheet machine-countersunk is at least tersink depth to sheet thickness. These follow natu- 
as great as that of a dimpled joint having sheets of the rally from the behavior of a lap machine-countersunk 
the same gauge as the dimpled sheet of the first joint. joint under load, as already described. In joint 2, 
Thus, the values in reference 3 for dimpled joints should where the countersink extends into the second sheet 
be applicable to the dimpled-machine-countersunk (head depth for °/j-in. rivet is 0.045), the failing 
joints of unequal gauge. If the gauges are equal, the strength and yield load are particularly low. ’ 
strength values are not appreciably less than reference According to the results for Specimens 4 and 8, 
3 values. machine-countersunk joint allowable strengths for 

(b) With the exception of Specimen 1, the strength equal gauge combinations appear applicable to un- 
at yield load is at least two-thirds the failing strength, equal gauge combinations. 
which means that the latter controls the ‘value of the In considering the above comments, it must be 
allowable strength the same as it does in the case of remembered that the number of specimens tested is 
joints in which both sheets are dimpled. hardly sufficient to determine reasonably accurate 
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averageS, that the technique of dimpling is an important 
parameter insofar as joint strength is concerned, that 
the flushness of the head of a machine-countersunk joint 
is also an important parameter, and that expanded 
rivet shank dimeters may vary considerably with con- 
sequent effect on strength. 


RIVETED JOINTS—SUMMARY 


Joint Deflection 


As may be concluded from the two previous sections, 
the establishment of rational criteria for riveted joint 
bearing strengths which would be universally applicable 
does not appear possible. There are three parameters 
that may be used: overall deflection, set, and failing 
strength. Fixed joint deflection bears no relation 
to the yield parameter used for basic stresses, such as 
tension, but it has some significance in that it limits 
the loss in rigidity which a joint causes in a structure. 
The loss in rigidity caused by machine-countersunk 
joints joining a section of wing skin to front and rear 
spar caps may be equivalent to a large percentage of 
the loss caused by dropping to the next lower skin 
gauge. 

Joint deflection characteristics may play an im- 
portant part in wing skin chordwise splices. If the 
joint is relatively flexible, the effectiveness of the skin 
in carrying tension loads may be appreciably reduced. 
If the joint rigidity were zero, to take an extreme case, 
all the skin tension load would be transferred at the 
joint to continuous spars and stringers. More rivets 
than are required from a strength consideration alone 
may thus be desirable. 

The amount of total elongation that should be al- 
lowed is a function of the loss in rigidity that will be 
accepted, and no reasonable criterion can be set. When 
skin gauges are selected on the basis of flutter considera- 
tions, it is believed highly desirable to consider joint 
rigidity, even though the allowable strength of the 
joint is an independent item. 


Joint Permanent Set’ 


Set, as a parameter, is related to yield and controls 
the maximum permissible permanent distortion in 
the joint at limit load. However, the value of set to 
use for design is a matter of opinion. In the case of 
dimpled, protruding-head, and most dimpled-machine- 
countersunk joints, the failing strength appears to be 
lower than allowable loads, based on the 4 per cent 
permanent set rule, and, therefore, the set value, un- 
less it is reduced, would appear to be only an academic 
consideration for these joints. 

The set criteria, however, will often establish the 
allowable loads for machine-countersunk joints. The 
considerably lower failing strength of a thin-sheet- 
gauge machine-countersunk joint, as compared to a 
dimpled joint, should discourage its use in highly loaded 


sections; the lower value corresponding to a 4 per cent 
set should be a further deterrent. 

The objection to a significant value of permanent 
set at limit load, already given for bolted joints, applies 
also to riveted joints. The shortcoming of the failing 
strength criterion is that it does not recognize this 
set, which thay be highly undesirable in a machine- 
countersunk joint. The use of a materials factor of 
1.15 appreciably reduces below 4 per cent the amount 
of set that may be obtained at limit load, an advantage 
that may not exist for bolted joints. A check of the 
load-deflection curves of the various machine-counter- 
sunk joints made at Republic Aviation Corporation, 
on the basis of the allowable loads of reference 3, re- 
veals an insignificant amount of set for limit load. 
However, this is not a general rule and the likely amount 
of set for important joints should still be checked. 


Comparison of Criteria 


The criteria in effect for flush joints appear more 
satisfactory than those for protruding-head joints. A 
definite minimum materials factor of safety is estab- 
lished for the first. case; whereas, in the second, the 
factor will vary considerably and may approach zero. 
Also, the bearing strength values for the protruding 
head joints appear to have little relationship to the 
actual joints. However, regardless of the criteria used, 
if the significance of the allowable strengths is ap- 
preciated, appropriate margins may be provided in 
accordance with the type of joint under considera- 
tion. 

Although there is no provision for reducing bearing 
strengths of riveted joints, it should be cautioned that 
reduced values will be found desirable in locations sub- 
jected to severe vibratory loads. This factor has al- 
ready been discussed for the case of bolted joints. 


Conclusion 


This paper was prepared to describe the physical 
significance of bearing pressure rather than to set de- 
sign values. 

Specific values must, obviously, be established for 
stress analysis purposes. However, it is hoped that 
the material of this paper will permit more judicious 
use of these values. 
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(Continued from page 30) 


range, the problem of pure bending in the plastic range 
can be solved rigorously by the introduction of a gen- 
eralized stress and a reduced or transformed cross sec- 
tion in terms of which the problem reduces to the 
linear type. 

At present, no test results are available to the author 
so that no comparison between theory and experiment 
could be made. The theoretical calculations seem to 
give reasonable results. Should this theory be verified 
by experimental results, it would mean that the hypothe- 
sis of least work in the plastic range is justified, a result 
that would be far reaching. Finally, the theory should 


prove to be of interest if for no other reason than the 
mathematical elegance of the results and their physical 
interpretation. 
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Lag Determination of Altimeter Systems 


RICHARD M. HEAD* 
Lockheed Aircraft Corporation 


INTRODUCTION 


KNOWLEDGE of the true altitude of an airplane in 

flight is essential before the true speed can be de- 
termined; hence, in any maneuver in which the rate 
of change of pressure is appreciable, the lag of the altime- 
ter must be known in order to correct the indicated 
reading of the altimeter. 

The altimeter system is composed of two separate 
coupled systems, acoustical and mechanical. The 
acoustical system is made up of tubing, additional 
volumes, and, occasionally, restrictions to damp out 
vibrations. Because of the presence of these elements, 
any pressure change out at the static holes will be de- 
layed in reaching the altimeter. The altimeter itself 
comprises the mechanical system. Because of the 
inertia of the moving parts, viscous and Coulomb damp- 
ing, a further delay results. The combined lag of these 
two systems becomes appreciable for high rates of 
change of pressure, such as experienced in a dive, and, 
hence, must be corrected for in order to obtain the true 
altitude. 

The existing methods for correcting for this lag in- 
volve only the acoustical system, that of the instrument 
being considered negligible. This assumption un- 
doubtedly holds for small rates of change of pressure; 
however, for high rates, this quantity can no longer be 
neglected. It is the purpose of this paper to consider 
the total lag of altimeter systems and to present curves 
that will permit a direct and simple determination of 
the correction term. 


NOTATION 


m = mass coefficient (Ibs. per ft. per sec.?) 

c damping coefficient (Ibs. per ft. per sec.) 

k spring coefficient (Ibs. per ft.) 

F = maximum Coulomb friction force (lbs.) (occurring 
while there is motion) 

t = damping ratio, or the ratio of the actual damping coef- 
ficient to the critical damping coefficient 

T = characteristic time, or the time to drop from the initial 
point to 1/e times that value when a step function is 
applied (sec.) 


a = peak number 

Pem = F/k (ft. of altitude) 

t = time (sec.) 

p = pressure altitude as indicated on the altimeter (ft.) 


Presented at the Summer Annual Meeting, I.A.S., Los Angeles, 
July 27-28, 1944. 
* Research Engineer, Flight Test Group. 


pi(t) = indicated pressure altitude at the back of the alti- 
meter or the altimeter reading if there were no lag in 
instrument itself (ft.) 


p:(t) = pressure altitude at the static head or the true altitude 
(ft.) 

on = Vk/m = undamped natural circular frequency (rad. 
per sec.) 

w = V1 —fivn = natural circular frequency (rad. per sec.) 


6 = ont /V1 — ¢? 2 2xt (for ¢ small) = logarithmic de- 
crement 

D = Coulomb friction term or the constant difference be- 
tween the double amplitude curve for pure viscous 
damping and that of the experimental curve when 
plotted semilogarithmically (ft.) 

K = ee fenn/w 


= e—t/wr 


> 
! 


STATEMENT OF THE PROBLEM 


Photographic data on the altimeter are obtained in 
flight, and the problem is to obtain the actual pressure 
altitude from the indicated at any instant. In order 
to realize a solution, certain characteristics of the par- 
ticular system in question must be determined. As 
will be brought out in subsequent sections, these char- 
acteristics consist of the characteristic time of the sys- 
tem—or the time required for the instrument to drop 
from its initially applied pressure to 1/e times that value 
when a step function is applied out at the static holes; 
the ratio of the actual damping coefficient to the criti- 
cal damping coefficient, ¢, for the instrument alone; 
the natural frequency of the system when a step func- 
tion is applied, w,; and the Coulomb friction term, 
Pm, of the particular altimeter involved. All four of 
these characteristics are necessary for an accurate de- 
termination of the lag in the altimeter during a particu- 
lar maneuver; however, the last three are practically 
negligible for small rates of change of pressure but be- 
come more appreciable as the rate of change becomes 
greater. 

Methods for determining these quantities and for de- 
veloping curves that will give the lag directly are pre- 
sented and may be applied to any altimeter sys- 
tem. 


STEP FUNCTION RESPONSE OF AN ALTIMETER 


A step function is the easiest type of function to 
analyze as well as to perform experimentally; conse- 
quently, it is the response of the altimeter to this kind 
of forcing function that will first be considered. 
The following analysis is similar to that of Ken- 
nedy.! 
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The equation of motion of an altimeter when a step 
function is applied to it is 


mp +cp+kp = +F 


where p equals the reading of the altimeter in feet and 
F equals Coulomb friction force; or 


b + (c/m)p + (k/m)p = + (k/m)(F/k) 


Since F/k equals distance the constant Coulomb fric- 
tion force could stretch the spring of stiffness k equals 


Poms 
Bn gg yi 
2 km m 


p + wap + Wn" = £07"P om (1) 
The complementary equation is ° 


P + Wonp + wp = 0 


w= V1 — f%, 





t= 


then 


having the general solution 
p = Ce + Cre 
where 
A = —fon + V 942 — w,”? = —fw, + iw 
weary tae ee ° 
de = —Son — V Pen? — wy? = —Se_ — tw 
p off Ce torrent 4 cere 
or 
p = Ae~**" cos (wt — ¢) 
For the particular solution, assume an equation of the 
form 


p a 
p=0 
p=0 


KOLLSMAN SENSITIVE ALTIMETER 


TYPE NO. 642 K-oO5 
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therefore, a = +P,» is the particular solution, and 
the complete solution is 


p = Ae~*" cos (wt — gy) + Pem (2) 


Solving for the peak values of this damped oscillatory 
motion by means of difference equations: 


Po = A cos (—¢) + Pom (att = 0, p = po) 
pi = —AK cos (—¢g) + Pem 
= —BK — P., for K = e~/* 
bs = BK? — Pep 
Pa +1 ie ~iP. a (—1)*P em] + (—1)*Pem 
Pa+it Kpy on (—-1*°R + 1) Pom 
where a = peak number. Solving the complementary 
equation 
Pa +1 + Kp. = 0 
we have 
Pa = A"(—K)* 
For the particular solution, assume p, = —(— 1)* D; 
then 
(—1)*(1 — K)D = (—1)*01 +, K)Pem 
D = [(1 + K)/(1 — K)]Pem 
therefore 


p, = A"(—K)* — (—1)*D 
at a = 0, p = po; therefore, p = A’ — D, A’ = pot 
D, and 

Pa = (bo + D)(—K)* — (—1)*D (3) 


The experimental step function response of an alti- 
meter alone is shown in Fig. 1. When the double am- 
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Fic. 1. Step function response record for a sensitive altimeter. 
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TADDITION OF 2D=480 FT. 


) 


DOUBLE AMPLITUDE — 100 FT. 






° 2 ' 4 6 8 Ls) 12 
PEAK NUMBER & 


Fic. 2. Semilog plot of Fig. 1. 


plitude is plotted against the peak number on semi- 
logarithmic paper (Fig. 2), it is found that both viscous 
damping and Coulomb friction are present. Coulomb 
friction is constant and independent of velocity while 
there is motion, the double amplitude decreasing con- 
stantly at the rate of 8P., per cycle. However, if the 
double amplitude is plotted against the peak number, it 
curves downward, approaching a vertical asymptote at 
the peak number where the double amplitude is zero. 
In pure viscous damping proportional to velocity, the 
double amplitude versus a is a pure exponential curve 
giving a straight line on semilog paper; hence, it can 
be separated from Coulomb friction in the present 
analysis by finding the amount 2D, by trial and error, 
which must be added to the curve to obtain a straight 
line. From Fig. 2, it is seen that 2D = 480 ft. Using 
this curve in conjunction with Fig. 3, the damping ratio, 
f, is found to be 0.0395. Using ¢ = 0.0395 and a = 1 
in the latter curve gives e~*/? = 0.881, where 6 = loga- 
rithmic decrement. 


Poem = [(1 — e~*”)/(1 + e~”)D 


then P.m = [(1 — 0.881)/1.881] (240) = 15.18 ft. 
Because of the fact that the Coulomb friction be- 
comes predominant as the velocity approaches zero, 
the slope of the line through the peaks approaches the 
value it would have if only Coulomb friction were 
present. Therefore, by drawing the final tangents in 
Fig. 1 and finding that the double amplitude decreases 
from 863 ft. to zero in 14 semicycles or at the rate of 
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Fic. 3. Peak displacement ratios of oscillatory transients as a 
function of damping ratio.! 


863(2/14) = 123.3 ft. per cycle, P.m, is found to be 
123.3/8 = 15.40 ft., since the double amplitude for pure 
Coulomb friction decreases constantly at the rate of 
8P.m per cycle. The difference between these two 
values is slightly greater than 1 per cent, but the un- 
certainty in the drawing of the final tangents precludes 
any greater accuracy. 

Using the values for ¢ and P,, determined in Eq. 
(3), the different peak values are directly obtainable, 
and the correlation between these theoretical values 
and the experimental ones is shown on Fig. 1. These 
values are close enough to justify extending the the- 
oretic analysis to the complete altimeter system. 

Two electrical pressure indicating units, consisting of 
a metallic bellows linked to a thin Dural beam on 
which are cemented electrical strain gages (Fig. 4), are 
installed in the system of a test airplane with a nose 
pitot—one replacing the altimeter and the other con- 
nected to the static head. The natural frequency of 
these units is 100 cycles per sec. From the oscillo- 


. graph record of these units when a step function is ap- 


plied at the static holes, it is seen that the pressure at 
the altimeter follows closely an exponential, while the 





Fic. 4. Oscillograph pressure recording unit. 
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Fic. 5. Oscillograph record of response of oscillograph pressure 
unit installed at altimeter to step function applied at static head. 


pressure at the static head is actually a step function 
(Figs. 5 and 6). 

Hence, proceeding to the theoretic analysis with an 
exponential forcing function applied to the altimeter 
alone, the equation of motion is 


p + Wvanp + wn?) = *an?Pem + wn®pye /* (4) 


The complementary and first particular solutions 
are identical to the case of an applied step function. 
The second solution may be obtained as follows: 

Assume an equation for p of the form p = a + be" 


p = —(b/r)e"” 

p = (b/s)e~"" 
(2)e-# i (2) "eon + on2(a + be~"") = wn*poe 
S- af 
Therefore a = 0 and 

b= po/ [1 Si (25/Tw») - (1/77w,”)] 
Therefore, the complete solution of the equation of 
motion of an altimeter with an exponential forcing func- 
tion applied is 
p = Ae!" cos (wt — y) + 
poe!" - 
1 — (2¢/rw_) + (1/709?) 





Pun (5) 


STATIC HEAD UNIT 


AO. UNIT 


STEP FUNCTION APPLIED AT 
AN ALTITUDE OF FT. 








° os Lo 6 20 


TIME — SEC. 
Fic. 6. Response of two oscillograph pressure units to step 
function applied at static head. 
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Again applying difference equations to solve for the 
peak values: ’ 





Po ray 
— (2¢/twn) + (1/r?%n_?) 


Dob 
(25/rwn) + (1/r*w,”) 


bo = A cos (—¢) + ; 


+ Pom 





fi = —AKcos (— ¢) + 




















where 
K = @ufeo’*; 65 = etl 
Nor ee mse aaa 
ibs meet ane 
Pes -*p ~~ mits = “(1/r%_2) 
(“Pen | +5 = wears jae a 
ee ee Tra) fra + OF 


(1 + K)(— 1)*Pem 
Solving the complementary equation: 
Pa+i + Kp, = 0 
gives 
ba = A(—K)* 
For the first particular solution assume 


ba = — (-1'D 
(—1)*(1 — K)D = (—1)*(1 + K)Pem 


For the second particular solution assume 





ba = Biot 
B’(b + K)b* = ne) ee 
( ) a (2¢/Tw,) + (1/r?w,”) ( 2 , 
Therefore 


B’ = po/[1 — (2¢/twn) + (1/7?w,?)] 
then 


" 
1 — (2¢/rw,) + (1/7?w,,?) 





ba = A'(—K)* + —(—1)"D 


Therefore 


Po er * 
nr (2¢/Tw,) + (1/r?w,”) 


(at a = 0, p ="pr) 





po = A’ + 
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CALCULATED CURVE BASED ON EXPONENTIAL FUNCTION 


APPLIED AT ALTIMETER : 


PRESSURE ALTITUDE — 100 FT. 
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Fic. 7. Response of altimeter to step function applied at static head. 











1 
AY = ‘0 1 — D 
n( 1 — (2¢/Tw_,) + as) * 
and 
1 
a = Po 1 — —K)* + 
p po 1 — (2¢/Tw,) + aes) 
al +(—1)"D(K*— 1) (6) 


— (2¢/rw,) + (1/7?w,_") 


This equation may be used to obtain the peak values. 
However, it is more desirable in this case to see how 
closely the solution follows the experimental data 
through its complete transient state; hence, in compar- 
ing the two in the following sections, the complete 
curve as obtained from Eq. (5) will be used instead of 


Eq. (6). 


Experimental Response 


The experimental response of a sensitive altimeter in 
the automatic observer panel of the test airplane when 
a step function is applied at the pitot static head is 
shown in Fig. 7. From the previously obtained data 
on the altimeter alone, together with the values of the 
characteristic time, 7, and natural frequency, w,, ob- 
tained from Fig. 7, Eq. (5) can be solved completely 
for the same value of the step function if the boundary 
conditions are applied. This calculated response curve 
is also shown in Fig. 7, the discrepancy between the 
two being due to the fact that a constant mean fre- 


quency was used in the calculated curve; whereas, ex- 
perimentally, it is not a constant. This experimental 
variation in frequency also affects the amplitude of the 
oscillations, as can easily be seen from an examination 
of Eq. (5). However, even with the amplitude and fre- 
quency differing from this cause, the maximum devia- 
tion is only about 40 in 1,000 or about 4 per cent, but 
it may be considerably diminished by expressing the 
natural frequency as a function of the time (obtainable 
from the experimental curve) in Eq. (5). 

Because of the fact that all maneuvers in which al- 
timeter lag becomes noticeable cover quite a range of al- 
titudes, the effect of altitude on the various quantities 
in Eq. (5) must be considered. Since the characteris- 
tics of the altimeter are constants, independent of 
altitude, the only quantities that need be considered 
are 7 and wa. 

7, the characteristic time, is defined as being the time 
required for the altimeter to drop from its initial value 
to 1/e times that value. However, since the resistance 
of the tubing through which the air is flowing varies 
with the rate of flow, 7 will vary with the step function 
applied, since it is equal to RC, the product of the re- 
sistance and the capacitance of the system. This is 
further borne out by Fig. 8, where r is determined ex- 
perimentally for different values of step function. The 
rate of change of pressure when a step function is ap- 
plied is much greater than occurs during even the fast- 
est dives; hence, if a curve of r versus step function is 
plotted as in Fig. 8 and extrapolated to zero step func- 
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Effect of magnitude of step function on characteristic 
time. 


tion, the value of + so obtained gives a truer value for 
the system than existing methods. This value of r is 
compared with that obtained from the product, RC, of 
the resistance and capacitance in the appendix. 


Effect of Altitude 


In order to find the variation of 7 with altitude, a 50- 
gal. drum was connected to the static head with a solen- 
oid-operated valve and manometer connection in be- 
tween. This drum could be evacuated to any pressure 
altitude by means of a suction pump. The altimeter 
line, with the solenoid valve closed, was then evacuated 
a given amount above the barrel pressure and the valve 
opened to give the step function at altitude. The effect 
of altitude on the step function response of the alti- 
meter is shown in Fig. 9. This method determines r 
accurately at altitude; however, it may be found fairly 
accurately by multiplying the 7 at the ground by p/p». 
From Fig. 10 it is seen that this holds approximately 
up to 25,000 ft., with a maximum error of about 5 per 
cent at 12,000 ft. 

With regard to the variation of w, with altitude, it 
was found experimentally, in the manner just described, 
that the frequency remains practically constant up to 
20,000 ft. and then gradually decreases. No simple 
equation relating this decrease with altitude was found 
because of the many variables involved, with the result 
that until an equation is developed it will be necessary 
to determine this variation of frequency experimentally 
in a manner similar to that described. However, unless 


© 690 FT. 
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Fic. 9. Effect of altitude on step function response of an altimeter. 
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ilue for Then 
Ay prlt) = (1/u%)P + (2/on)p +P Pom (7) 
RC, of 
For the pressure at the static head, from p(t) 
' pi(t) + (1/r)Pi(t) = (1/7) pal?) 
J alien ed CALCULATED where /2(¢) equals actual pressure at the static head; 
a 50- |g (T=T%E) ee 
: solen- ° P “, 
in be- \ pot) = rpilt) + pilt) (8) 
ressure ° : : 
Siveter 2 Thus, this analysis precludes a knowledge of the equa- 
cuated tion of the indicated pressure as a function of time 
+ winbows throughout a dive or climb. Applying this method to 
| linet 3 a particular case in which a cosine curve closely approxi- 
© Me. a mates the dive curve, with a maximum deviation of 
late be 1.6 per cent (Fig. 11), we have p(t) = 8,250 cos Qt = 
| fairly & equation of indicated pressure altitude curve. 
r p/bo The solution for a cosine curve in the general form is: 
nately p(t) = A cos 2 
| 5 per ; : 
pit) = —(1/w,2)AQ? cos Qt — (2¢/w_,)AQ sin Qt + 
ide, it A cos Qt = Pom 
ribed, A ; ; i 
up to po(t) = (7/a,_?)AQ*® sin Qt — (2t7r/w_,)AQ? cos Qt — 
simple TAQ sin Qt — (1/w,?)AQ? cos Qt — (2¢/u,)AQ sin Qt + 
found 
result 4 08 12 ie 20 2.4 , tay ali 
essary . T - SEC. or i 
ntally Fic. 10. Effect of altitude on characteristic time. ; 
unless 
extreme accuracy is desired, it is sufficient to use the ' 
— value of w, determined at field altitude throughout the K 
biel altitude range considered. 
ss GENERALIZED SOLUTION APPLIED TO AN AIRPLANE IN 
fait FLIGHT P= 6250 Cos wt 
ry In Eq. (5) p(t) represents the indicated altitude when ,. F = PERO = 58SEC. 
ca a step function is applied at the static head. The prob- C 
— lem of an airplane in flight, undergoing rapid changes 3 
in pressure, is to determine the pressure at the static | q 
/ head corresponding to the altimeter reading at the 4 
— same instant. Since a step function applied at the head Fad 
— results in an exponential forcing function being applied 
to the instrument itself, this problem may be solved in < 
two steps: by finding the pressure as a function of 4 
time at the back of the instrument from the altimeter 2 
reading and, from these values, finding the pressureas 
a function of time at the static head as follows: = 
= For the pressure at the back of the instrument from 
_ altimeter reading: 
ae: p+ Wwnp T W_"p = +077P om + wn? (t) 
* where 
ii Pp = altimeter reading 
=] pit) = pressure at back of altimeter, or indicated ake 
: : . ME~— SEC. 
owe if there were no lag in the altime- Fic. 11. Actua] dive curve of test airplane and cosine approxi- 
ter itself mation. 
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Fic. 12. Correction to be subtracted from altimeter reading to 
obtain true altitude for particular dive (Fig. 11). 


palt) = A cos 21 [1 — (9/2) (2hren + 1)] + 
A (Q/wp?) sin Qt[r(Q? — we?) — Won] F Pom 


or the correction term to be added to the indicated pres- 
sure altitude in order to obtain the true pressure alti- 
tude is 


po(t) = p(t) = —A cos Q4(2?/wn?) (Aorwp + 1) + 
(AQ/wn?) sin Qt[7(Q? — wp?) — Won] = Pom (9) 


Applying this equation to our particular case (Fig. 11) 
gives the correction term to be subtracted from the alti- 
meter reading at a given instant. This correction as a 
function of time to be applied to the altimeter reading 
is plotted on Fig. 12. 

Although this method gives the lag correction term, 
it does require a determination of the equation of the 
particular curve in question, which, in many cases, is an 
approximation and, furthermore, may entail a consider- 
able amount of work obtaining the correct equation. 
As a result, this same dive curve will be treated in small 
increments of time, considering the rate of change of 
altitude constant and comparing the correction term 
obtained in this manner with the previous one. 

The solution for the pressure altitude at the static 
head with a linear rate of change of pressure altitude 
at the altimeter is, in the general case: 











1945 
p(t) = at + B 
Pit) = (2f/un)a + at + B Poem 
pot) = ar + (2f/mn)a + at + B * Pom 


or 
po(t) = (at + B) + alt + (2¢/w9)] = Pom 


Therefore, the correction term to be added to the al- 
timeter reading to obtain the true pressure altitude is: 


pr(t) as p(t) _ a[r + (25/wn)] = Pom (10) 


Applying this to our particular case (a is negative in 
a dive) we have: 


pt) — p(t) =a {r + [2 (0.0395)/13.20]} + 15.18 


In Fig. 13 are developed curves giving the correction 
term to be applied to the altimeter reading for a given 
rate of change of altitude at a given indicated altitude 
for the test airplane. These curves are only applicable 
to this ship, since they are based on the characteristic 
time of this particular system and the characteristics 
of the altimeter used. It is relatively simple, however, 
to develop similar curves for any ship once these char- 
acteristics have been determined. 

Since 7 at altitude is based on the true altitude, which 
is unknown, a method of successive approximations 
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Fic. 138. Correction to be subtracted from altimeter to obtain 
true altitude for constant-speed dives 
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must be used so that the indicated altitude may be 
used. This is accomplished by taking the value of r 
for a given altitude from the experimentally determined 
curve and, with rate-of-climb as a parameter, deter- 
mining the correction term to be added to the indicated 
reading from Eq. (10). A new value of + is obtained 
corresponding to this new altitude and the process re- 
peated, two approximations generally sufficing. The 
correction term as a function of altitude is then plotted 
with rate of climb or dive as a parameter (Fig. 13). 
If the airplane is in a climb where a is positive, the cor- 
rection term is added to the indicated pressure altitude, 
while if it is in a dive, a being negative, the correction 
term is subtracted. 

Applying these curves to Fig. 11, the correction terms 
for different points on the curve are obtained from the 
slope of the curve at that point, and the correction curve 
for the complete dive is also plotted on Fig. 12. This 
curve shows that the maximum deviation of this method 
from the other is about 4 ft., which is more accurate 
than necessary but shows that this simpler method is 
perfectly satisfactory. 


CONCLUSIONS 


The treatment of the lag in altimeter systems is not 
new but has been ably dealt with by Wiedemann* and 
others. However, in practically all cases, the instru- 
ment lag is considered negligible. Furthermore, the 
variation of the characteristic time of the system with 
the magnitude of the applied step function is appar- 
ently not considered. This paper incorporates the in- 
strument lag with that due to the line, since, with 
the increasingly faster rates of climb and diving speeds 
of present-day airplanes, this quantity can no longer be 
neglected. In addition, an attempt is made to arrive 
at a truer value of 7 than that obtained by existing 
methods. 

From the equations presented, a family of curves 
similar to that of Fig. 13 may be developed for any al- 
timeter system, once the constants of the system have 
been determined by the simple experimental method 
outlined. Such a family of curves will enable the easy 
and accurate determination of the lag at any instant 
in a climb or dive for the given airplane. 

A knowledge of the true altitude will result in a more 
accurate knowledge of true speed, Mach Number, etc., 
with the resulting increased accuracy in flight-test data. 


APPENDIX 


The value of the characteristic time of the system 
may be determined by a method other than that de- 
scribed in the main body of the paper—that is, by find- 
ing the resistance and capacitance of the system, 7 
being the product of RC.* § 

The resistance of the altimeter system of the test 
airplane was determined experimentally in the following 


manner: An oxygen bottle equipped with a flow regu- 
lator valve was connected to a fitting that enclosed the 
static head. To this fitting was also attached a pres- 
sure line leading from one side of a water U-tube. An 
altimeter case—no parts inside—with a metal face was 
connected in place of the sensitive altimeter in the auto- 
matic observer’s compartment. Two air hoses led 
from this metal face: one to the other side of the U- 
tube for measuring the pressure differential between the 
static head and the altimeter, and the other to a 1,000- 
cu.cm. flask filled with water and inverted in a pail of 
water. This latter arrangement was used to determine 
the rate of flow for a given pressure drop. The curve of 
AP versus g (volume rate of flow) was plotted, and 
the slope for zero pressure drop was taken as the value 
of Ro. This value was found to be 3.384 * 10%Gm./ 
cm.4/sec. when Ry was multiplied by the ratio of the 
viscosity of air to that of oxygen. The capacitance was 


determined from the relation C = , where V = 


V 
p(a’)? 
volume of the system, p = density of air under the 
atmospheric conditions occurring at the time, and a’ 
= velocity of sound in the tubing of the system. The 
volume was found by a simple pressure differential 
process to be 1,235 cu.cm. The value of a’ was deter- 
mined from the equation‘ 


, , 2 Uy 3 
a’ =a1l— y+ (_)'-(_)'+...] 
rV 2n rV2n rV2n 


where 





a = velocity of sound in air 
y= V 2/0 + 0.338+/» 
r = radius of tube 
n = frequency 
thus 
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ni = = 
(12.26 & 10-*)(284.05 X 102)? 


1.248 x 19-8 SSE 
Gm. 


or 


tT = RoC = (3.384 X 107)(1.248 XK 10-*) = 0.422 sec. 


This corresponds closely enough .to the previously de- 
termined value (7) = 0.41 sec.) to form a good check. 
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INTRODUCTION 


Ee EFFECTS OF ELASTIC DEFORMATION of wings and 
tail on the air loads imposed upon them has been 
studied in the past by a number of investigators.'~‘ 
These previous investigations have been mainly con- 
cerned with the occurrence of instability conditions, 
such as divergence, or loss of control, such as aileron 
reversal. Much of the previous work has been done on 
the basis of simplified equivalent two-dimensional wings 
or on the basis of the semirigid wing, commonly used in 
British reports on flutter and aero-elastic effects. Also, 
the effects of induced down-wash have usually been 
treated in a rough manner or neglected. 

It is proposed here to include the effects of induced 
down-wash and to consider the wing as a three-di- 
mensional structure. The analysis made will treat 
not only the criteria for divergent instability and 
other critical conditions but also the aerodynamic char- 
acteristics, including spanwise lift distribution, for 
speeds below divergence. 

The subject can best be introduced by consideration 
of a simplified model, as shown in Fig. 1. This consists 
of a wing of infinite span deriving its torsional stiffness 
from two springs of such configuration that the elastic 
center lies a distance ec behind the aerodynamic center. 
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Fic. 1. 
DEFINITIONS 
¢ = chord 
ao = (OC,/0a).. slope of the lift curve for aspect 
ratio = © 
6 = initial angle of attack 
6, = angle of attack increment due to twist 
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dynamic pressure pV?/2 
spring stiffness in torsion ft.lbs. per rad. per 
unit length 


q 
K 


Then, writing the equation for equilibrium of the wing, 
[Cusp + ae(8 + 6:)] gc? — KO, = 0 
This may be solved for 4, to give 
6, = (Cy + aoboe)gc?/(K — acegc?) (1) 


Divergence occurs when 4, approaches as the de. 


nominator of this expression approaches zero. This 
leads to the g for divergence 
Yer = K/a,ec? (2) 


Dividing Eq. (1) by A in numerator and denominator 
= (Cur + aye6y)qc?/K [1 oa (4/Qer)] (3) 


The expression for the torsional deflection of the wing 
in the case where the structural twist introduces no ad- 
ditional load (static test condition) is 


6,’ = (Cu + ae) qc? /K (4) 
Thus the formula for 6; becomes 
0 = .6:'/[1 — (¢/dcr)] (5) 


Thus, deflection of the wing under air loads for a given 
attitude of the wing is seen to increase rapidly as 4,, is 
approached. In fact, for g = q.,/2 the deflection under 
air load will be twice what it is under static load cor- 
responding to the given initial flight conditions, the 
load being increased accordingly. It should be noted 
that Eq. (5) corresponds in form to Southwell’s equa- 
tion for the deflection of a column as the buckling load 
is approached. 

Pugsley has found empirically that the simple rela- 
tionship (Eq. (5)) seems to apply to complicated actual 
wing structures. Casting Eq. 5 in a slightly different 
form, 


(Cu + cee (5a) 


1 
1/q — 1/der = i & 
. /4 6 K 


This expression indicates that a plot of 1/q versus 1/6 
should be a straight line. A plot of 1/gq versus 1/0 was 
made for a typical wing subjected to a given aileron de- 
flection at various speeds, and this plot is shown in Fig. 
2. The calculated points shown were obtained by suc- 
cessive approximation involving repeated cycles of 
twist and spanwise load computation for each value of 
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TIP TWISTING DEFLECTIONS OF 
AN ELASTIC WING SUBJECT TO 
A GIVEN AILERON DEFLECTION 








g. It is seen that the points fall reasonably near a 
straight line. This relationship may be quite valuable 
in studying aero-elastic problems. 

An examination of Eq. (2) shows that g,, is independ- 
ent of the initial loading and initial angle of attack. 
On the other hand, the equation also shows that marked 
increases in aerodynamic loads may occur considerably 
below the divergence g. This increase must be taken 
into account in computing the aerodynamic loads for 
design. It is an important fact that, if this is properly 
done and finite deflections are obtained, it is auto- 
matically checked that the divergence speed lies above 
the design g investigated. This indicates that deter- 
mination of g,, is a secondary problem. 


FINITE WING 


Next the problem of twist and spanwise distribution 
for a wing of finite span and varying properties will be 
considered. Considering the torsional equilibrium of an 
element of wing of length dx, the fundamental differen- 
tial equation for the problem is obtained as: 


d/dx(GJ(d0@/dx)| + q(Cu, + Cree? = 0 (6) 


' where GJ is the torsional stiffness and Cy,, Cz, e, and @ 


vary along the span. This equation may be written 


for convenience 
d/dx|GJ(d0/dx)| + M,(x, @) = 0 


where M, represents the applied aerodynamic moments 
including effects of down-wash. This means that M, 
at any station is a function not only of the angle of 
twist at that station but also of the angle of twist at 
every other station. Since a direct solution of this 
equation is difficult, a physical approach to the prob- 
lem is desirable. The principle of virtual work may be 
utilized. The total internal energy may first be set 
down, as well as the work done by the external forces: 


i : ea ._ - if Madi dx (8) 


The principle of virtual work states that if the wing be 
given a virtual displacement such that the new angle 


O’ is given by 6’ = @ + en(x), where 7 is an arbitrary 
deflection function satisfying the boundary conditions 
and ¢ is an infinitesimal quantity approaching zero. 
Then the variation of the energy difference 6(W, — W,) 
to the first order of magnitude will vanish. Thus, the 
virtual work equation becomes: 


Le eia-f [uae]-o © 


By Euler’s equation of the Calculus of Variations,’ it 
may easily be verified that the value of 6, which mini- 
mizes Eq. (9), is that function which exactly satisfies 
the differential Eq. (7). 

Employing the Rayleigh-Ritz method for solution 
of such problems, @ may be expressed as a sequence of 
form: 


-- > Onfn (10) 


a= 
where the a’s are arbitrary constants and the f’s are 
arbitrary functions that satisfy the boundary conditions 
of the problem; j is merely the number of terms, 
Gnfn, employed. Eq. (9) may then be replaced by the 


condition : 
2 (Z)(Aye- Si sat arf = 
(11) 


Thus, j simultaneous linear equations may be 
obtained for solution of the 7 unknowns @), 2, d3, a4..... a 
Eq. (1 es may be differentiated to give 


ES EN alae) | ~ J gas 
2d Oa, \dx 0 Od, ) 
ba, = 0 (12) 
It is to be noted that in the partial differentiation 
M, is regarded as a constant over the range of virtual 
displacement. Using the 7th equation and substituting 
Eq. (10) for 8, 


S'GIf! ¥ anfa'dx — J,'Miafdx = 0 (13) 


Substituting for /, from Eq. (6), 
j 
S'GI Yan fa'fi'dx — gS,’ (Cun + Crelefdx = 0 (14) 


Now C; may be regarded as being composed of an 
initial value C,,, because of the initial attitude of the 
wing, and a series of incremental lift distributions de- 
pending on the elastic twist. Then 


Colt, 8) = Cag + SteCral®) (15) 


n=1 
where each C,,, gives the lift distribution for the wing 
twisted through the angle @ = (1)f,(x) spanwise. There 
will be as many C,,’s as there are f,’s in Eq. (10) or, 
in other words, 7. The C,, and C,,’s are computed 
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tail on the air loads imposed upon them has been 
studied in the past by a number of investigators.!~‘ 
These previous investigations have been mainly con- 
cerned with the occurrence of instability conditions, 
such as divergence, or loss of control, such as aileron 
reversal. Much of the previous work has been done on 
the basis of simplified equivalent two-dimensional wings 
or on the basis of the semirigid wing, commonly used in 
British reports on flutter and aero-elastic effects. Also, 
the effects of induced down-wash have usually been 
treated in a rough manner or neglected. 

It is proposed here to include the effects of induced 
down-wash and to consider the wing as a three-di- 
mensional structure. The analysis made will treat 
not only the criteria for divergent instability and 
other critical conditions but also the aerodynamic char- 
acteristics, including spanwise lift distribution, for 
speeds below divergence. 

The subject can best be introduced by consideration 
of a simplified model, as shown in Fig. 1. This consists 
of a wing of infinite span deriving its torsional stiffness 
from two springs of such configuration that the elastic 
center lies a distance ec behind the aerodynamic center. 
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= dynamic pressure pV?/2 
spring stiffness in torsion ft.lbs. per rad. per 
unit length 


q 
K 


Then, writing the equation for equilibrium of the wing, 
[Cary + a0€(8. + 6:)] gc? — KO, = 0 
This may be solved for 6; to give 
0, = (Crp + aoboe)gce?/(K — aegc?) (1) 


Divergence occurs when 4, approaches as the de. 


nominator of this expression approaches zero. This 
leads to the gq for divergence 
Qer = K/aec? (2) 


Dividing Eq. (1) by A in numerator and denominator 
A: = (Cx + aoebo)ge?/K[1 — (9/Qer)] (3) 


The expression for the torsional deflection of the wing 
in the case where the structural twist introduces no ad- 
ditional load (static test condition) is 


6,’ = (Cu + aoebo)gc?/K (4) 
Thus the formula for 6; becomes 
A; = 6,’/[1 rae (¢/er)] (5) 


Thus, deflection of the wing under air loads for a given 
attitude of the wing is seen to increase rapidly as q,, is 
approached. In fact, for g = q,,/2 the deflection under 
air load will be twice what it is under static load cor- 
responding to the given initial flight conditions, the 
load being increased accordingly. It should be noted 
that Eq. (5) corresponds in form to Southwell’s equa- 
tion for the deflection of a column as the buckling load 
is approached. 

Pugsley has found empirically that the simple rela- 
tionship (Eq. (5)) seems to apply to complicated actual 
wing structures. Casting Eq. 5 in a slightly different 


form, 
1 (Cur + ae) 
] ao 1 cr =- > ii se A es 
/q — 1/q if x 

This expression indicates that a plot of 1/g versus 1/6 
should be a straight line. A plot of 1/g versus 1/0 was 
made for a typical wing subjected to a given aileron de- 
flection at various speeds, and this plot is shown in Fig. 
2. The calculated points shown were obtained by suc- 
cessive approximation involving repeated cycles of 
twist and spanwise load computation for each value of 
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g. It is seen that the points fall reasonably near a 
straight line. This relationship may be quite valuable 
in studying aero-elastic problems. 

An examination of Eq. (2) shows that g,, is independ- 
ent of the initial loading and initial angle of attack. 
On the other hand, the equation also shows that marked 
increases in aerodynamic loads may occur considerably 
below the divergence g. This increase must be taken 
into account in computing the aerodynamic loads for 
design. It is an important fact that, if this is properly 
done and finite deflections are obtained, it is auto- 
matically checked that the divergence speed lies above 
the design g investigated. This indicates that deter- 
mination of g,, is a secondary problem. 


FINITE WING 


Next the problem of twist and spanwise distribution 
for a wing of finite span and varying properties will be 
considered. Considering the torsional equilibrium of an 
element of wing of length dx, the fundamental differen- 
tial equation for the problem is obtained as: 


d/dx(GJ(d0/dx)] + q(Cu, + Cre)c? =0 (6) 


' where GJ is the torsional stiffness and Cy,, C,, e, and @ 


vary along the span. This equation may be written 


for convenience 
d/dx|(GJ(d6/dx)| + M,(x, 6) = 


where M/, represents the applied aerodynamic moments 
including effects of down-wash. This means that M, 
at any station is a function not only of the angle of 
twist at that station but also of the angle of twist at 
every other station. Since a direct solution of this 
equation is difficult, a physical approach to the prob- 
lem is desirable. The principle of virtual work may be 
utilized. The total internal energy may first be set 
down, as well as the work done by the external forces: 


_— fF GJ (2) dx; W.= ti fs Mb dx (8) 


The principle of virtual work states that if the wing be 
given a virtual displacement such that the new angle 


O’ is given by 6’ = @ + en(x), where 7 is an arbitrary 
deflection function satisfying the boundary conditions 
and ¢ is an infinitesimal quantity approaching zero. 
Then the variation of the energy difference 6(W, — W,) 
to the first order of magnitude will vanish. Thus, the 
virtual work equation becomes: 


LLeahu-f fmsra]=0 0 


By Euler’s equation of the Calculus of Variations,’* it 
may easily be verified that the value of @, which mini- 
mizes Eq. (9), is that function which exactly satisfies 
the differential Eq. (7). 

Employing the Rayleigh-Ritz method for solution 
of such problems, 6 may be expressed as a sequence of 
form: 

j 
= »» Onfn (10) 
where the a’s are arbitrary constants and the f’s are 
arbitrary functions that satisfy the boundary conditions 
of the problem; j is merely the number of terms, 
Anfn, employed. Eq. (9) may then be replaced by the 


condition: 

ae) GJ i 

rel Sf (z 9 Ge 2 as -f[f M,d6 ax fa = 0 
(11) 


Thus, j simultaneous linear equations may be 
obtained for solution of the 7 unknowns @), @2, @3, Q4..... a 
Eq. (11) may be differentiated to give 


XA (Z) aeGe) | — J seep 


ba, = O (12) 





It is to be noted that in the partial differentiation 
M, is regarded as a constant over the range of virtual 


displacement. Using the ith equation and substituting 
Eq. (10) for 8, 
S'GIf, ¥ anfa'dx — S,'Mifdx = 0 (13) 
n=1 


Substituting for /, from Eq. (6), 
j 
SU'GI Dan fa'fi'dx — GS,’ (Cu + Crele*fidx = 0 (14) 


Now C; may be regarded as being composed of an 
initial value C,,, because of the initial attitude of the 
wing, and a series of incremental lift distributions de- 
pending on the elastic twist. Then 
j 
Cr(x, 0) = Cry + Do OnCra(x) (15) 
n=l 

where each C;,, gives the lift distribution for the wing 
twisted through the angle 6 = (1)f,(x) spanwise. There 


will be as many C,,’s as there are f,’s in Eq. (10) or, 
in other words, 7. The C,, and C;,’s are computed 
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taking into account induced down-wash, either by the 
method of ANC-1* or by the simpler approximation of 
0 (Schrenk’). Substituting Eq. (15) into Eq. (14), 


j ; To j 
Pt GJ Pideld fi ’dx — 9 So \ Cary + Cre + eS anCin) x 
1 . 


n=1 


f2dx = 0 (16) 


Regrouping terms, 


Val S;! GIfa'fiide — ¢ Si! eCinfedx) = 


n=1 


QS’ (Cato + Crce)fictdx (17) 


If we let 7 take on values from 0 to j, we obtain 7 simul- 
taneous equations of this type which will enable us to 


solve for the 7 unknowns (qa, @2, d3,..... a,;). These 
equations will be of the form: 
Cyd; + Cid2 + Cyd3 +..... + Cya; = By 
CryQ, + Crode + Cr3d3 +..... + Cya; = Bz (18) 
Cas + Coda + Cots +..... + Cya, = B; 
Where 

Cy = Sy’ GSfi'fy'dx — 9 Sy! eCryfucrdx (19) 
and 

B, = @ Jy! (Caro + Crcelficrdx (20) 


The solution of this system of equations in determinant 
form is 








nth 
Column 
Se 9 A \. a ae Ci; 
> er MRS iccsg C2; 
ae esas Cy 
a, = (21) 
CuCy oer ee C. ene ¢. e.8 Cy 
Co Core a oo Con ye eae Co; 
A Gis + os C45 
Or simplifying notation, 
a, = A,/A (22) 


The divergence speed in the classic sense is given by 
the condition A = 0, since by Eq. (22) all the a’s will 
then become infinite. It should be noted that this 
condition for divergence (in a manner similar to Eq. 
(2) is independent of initial loading and attitude of 
the wing, since the B’s that contain all of the initial 
conditions do not appear in A. The C coefficients that 
do appear in A are dependent only upon the wing stiff- 
ness and the slopes of the aerodynamic coefficients. 
For speeds in the compressibility range, the slopes of 
the aerodynamic constants will vary with Mach Num- 
ber so that the solution will become a bit more compli- 
cated. In this case, it would be necessary to substitute 
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into the equation } = A values of the elements of 4 
corresponding to several different speeds with proper 
Mach Number corrections to the aerodynamic coef- 
ficients. Values of \ versus V could then be plotted and, 
where A = 0, divergence would occur. If the procedure 
of checking wing loadings, including structural twist, 
for various flight conditions is employed, this difficulty 
does not arise. It is then only necessary to use values 
of the aerodynamic coefficients corresponding to the 
Mach Number of the given flight condition, both in the 
A’s and in the A,’s. Once the a,’s are determined, the 
lift distribution may be determined from Eq. (15). 

In the solution of the problem of load distribution 
on an elastic wing, the method of successive approxima- 
tions has also proved to be satisfactory. This is done 
by computing the load distribution on the undeformed 
wing, determining the structural twist due to this load, 
and recomputing the load on the twisted wing. This 
process is repeated until the load at the start of a cycle 
of computation is in agreement with the load obtained 
at the end of the cycle. The disadvantage of this 
method is that, as the divergence speed is approached, 
the convergence of the process becomes slow, necessi- 
tating a large number of repeated approximations. 

In the solution of the determinant A = 0 for the 
classic divergence speed, it is of interest to note that the 
problem is mathematically equivalent to the frequency 
equation for a dynamically coupled system as discussed 
by von Karman and Biot. The dynamic pressure, gq, 
corresponds in this analogy to the frequency squared, 
w*, All of the methods discussed by von Karman and 
Biot for solution of dynamically coupled systems may 
thus be applied to the solution of the determinant A = 
0, including the matrix solution involving influence 
coefficients. 

Large structural twists are objectionable from several 
standpoints, even if the margin of safety against diver- 
gence is adequate. First, the twist causes the lift 
to shift toward the tip, thereby increasing the bend- 
ing moments on the wing. Also, larger angles of attack 
near the tip may lead to tip stalling in sharply banked 
turns. Further, a flexible wing causes an appreciable 
reduction in the rolling moments attainable, as well as 
a reduction in longitudinal dynamic stability at high 
speeds. 

Because of the usefulness of Eq. (5) in indicating the 
effects of flexibility, it is desirable to have an approxi- 
mate formula for the estimation of q,,. If the flexibility 
seems serious, as indicated by Eq. (5), then a more de- 
tailed analysis is called for. 

An approximate formula of the type required may 
be derived along the lines indicated by Pugsley and 
Naylor by assuming a linear torsional deflection of the 
wing. The calculation here differs from that of Pugs- 
ley and Naylor in that the energy concepts of Eq. (17) 
are used rather than the semirigid wing. This elimi- 
nates the artificial device of choosing the torsional stiff- 
ness at an arbitrary reference section. It should be 
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noted that g,, represents the characteristic value of the 
differential Eq. (6). In this respect g,, bears a position 
in the aero-elastic problem corresponding to the posi- 
tions of critical load and critical frequency in the 
buckling and vibration problems, respectively. In 
these problems it has been found that use of rather 
arbitrary deflection forms in conjunction with the en- 
ergy method usually leads to a satisfactory determina- 
tion of the critical value. 

If in the series (10) for @ only one term is used corre- 
sponding to linear twist, then 


6 = afi = 4(x/l) 


where , is the twist at the wing tip and / is the wing 
semispan. The vanishing of Cy, as defined by Eq. (19), 
is the condition for divergence. Then 


l 1 2 x 
x= foor(j)ae af ec,(F)ed = 0 es 


or 


(23) 


Ger = (1/l)(S;' GIdx/ S;' Cr,exc*dx) (25) 


It is assumed that C,, = (OC,/0a)4,0 where (OC,/O0a),4 
is the value of OC,/0a for the wing of finite aspect ratio, 
thus roughly taking account of induced down-wash. 
To evaluate the integral in the denominator, it may be 
noted that for linearly tapered wings 


C = Call — (1 — A)@/D) (26) 


where \ = Cr/Cpr, Cr is the chord at the tip, and Cz 
is the root chord. Further C, the mean chord of the 
wing is given by 
C = (Cr oo Cr) /2 
c? = c*[(1 + d)/4]? 
The integral may then be evaluated as 
2(1 + 3d + 6A?) 





'C,exc’dx = c?(0C,/0a) sel? 27 
fA Ly EXC "UX (0C,/O@)4 15(1 +d)? (27) 

The divergence formula is now written: 
de = JS,' GIdx/(OC,/da),c*l*eK (28) 


where 
« = 2(1 + 3d + 6A?)/15(1 + A)? 


A curve of x versus taper ratio d is in Fig. 3. 


ROLLING MOMENTS OF A FLEXIBLE WING 


It is well known that the maneuverability of the air- 
plane in roll may be seriously diminished by the struc- 
tural deformation accompanying the operation of the 
aileron. This is due to the fact that deflection of the 


ailerons produces not only the desired rolling moment 
but also a pitching moment which twists the wing. 
This antisymmetrical wing twist causes a rolling mo- 
ment that opposes the rolling moment of the ailerons. 
This effect becomes worse as the speed increases, until 
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at the aileron reversal speed all lateral control is 
lost. 

The problem may be treated by determining the span- 
wise load distribution in a manner similar to that al- 
ready used to determine symmetrical distributions. 
The value of C;, may be given as 


C, = 5 A, sin md 


C n=i1 


(29) 


where the m = dC,/da and the subscript s denotes 
values at the plane of symmetry. Only antisymmetrical 
distributions of C, need be considered, so that the 
equation for C, at any point on the span may be writ- 
ten: 


CG = Cr; 6 + > Cann 


where C;, is the distribution due to unit 6, and a, is de- 
fined by saying that the antisymmetrical twist is 
given by 


(30) 


0 = > Onfn(x) 


n=1 


Here again, as before, the f,’s are a set of arbitrary de- 
flection functions satisfying boundary conditions. The 
values of a, are given by 

a, = A,/A 


as in the symmetrical case, with the exception that in- 
stead of Eq. (20), 


U l 
B,=49 Af Cabefetan + ow f OM fctds (31) 
0 0 
The value of C;,,, is 
Cog = Aam Sin mB (32) 


Cc m=1 
so that the total value of C, (for antisymmetrical dis- 
tributions) is 


j 
Cr = C6 + a >> YS anAmn sin mé 
C n=ilm=1 
The rolling moment coefficient is given by reference 
8 as 


C,;’ = rolling moment/gsb 
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where SS is the wing area and d is the span. The value 
of C,’ in terms of loads is 


C! = (x/4)(mc,/4S)A, (33) 


where A is the aspect ratio, b?/S. Then 


. t\{ MsCs j 
a (Soa + Ba 


LA 
C! = =)(™)(4 5 **An) 34 
: (: as \Ax® + x A sated 


Reversal of aileron effect occurs when the rolling mo- 
ment coefficient vanishes. This occurs when 





or 





j 
AC,’ + 5 A,Am = 0 (35) 


SIMPLIFIED FORMULA FOR REVERSAL SPEED 


To obtain a rapid estimate of the reversal speed, 
only one term of Eq. (10) is used, so that 


0 = afi (36) 


Then 


H 1 
a( f GJ(fi')? — af eCasfic'd) = 
) 0 
i 1 
( [ ecuafcas + [ Hapcdr ) 


_ gh [eCr, + (OCu/26)) 5f,c%dx 
QQ = - 
Si’ GI(fr')*dx — ¢ Sy eCinfic*dx 


From Eq. (34), the condition for aileron reversal is 


gi S,' [eCz,; + (OCx/085)] frc2dx 


or 


(37) 








Ao,6 A = 0 (38 
25 + TS'GI(fi)*dx x gS i eCrpfycrdx ( ) 
Noting that 
SGI fi)'dx] S eCifictdx = Ger 
the equation for reversal, g, g, becomes 
A23/A21) er 
(A25/An)g (39) 








4 Any [eCig + (Cu/28)) S' fctdx 
An eS,' Ci ficrdx 
Assuming linear deformation and neglecting induced 
down-wash, 
uCz, be As, e. Si) Crs xed 
(OC,/de) An . f'' (0C,/da)(x*/Dedx 


where the aileron span is y/. For a linearly tapered 
wing, this integral may be evaluated using Eq. (26) 


i [1 — (1 — y)?/2] — [(1 — A)/3] [1 — (1 — v)¥ 
[4 — 3(1 — d)]/12 








(40) 
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A curve of uw is provided in Fig. 7 for various values 
of y and X. Also, there is the parameter ¢ described 


by 
f= Sil, (x/Detdx/ fh" (x/l)*cdx = 


Lie fiw«w. i... sla a 
afi = = 9 “(1 — [1 — = 9) F 


(1 — »)? 
oe n-a-9}/atato (41) 





A curve of ¢ versus y and \X is provided in Fig. 8. 
Eq. (39) then becomes 


q = Mer 
uw — [1 + (0Cy/08)/eC,,] ¢ 


If this formula indicates a low reversal speed, then 
an investigation of rolling moments at high speeds 
should be made. An indication of the manner in which 
the rolling moment drops off as the reversal spéed is ap- 
proached, curves of moment due to aileron and moment 
due to twist are shown in Fig. 4. This problem of re- 


(42) 
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Fic. 7. 


duction of rolling moments by twist is one that may 
be critical in design of high-speed fighters where ma- 
neuverability in roll is desired. 


MIXED DEFORMATION AND INSTABILITY 


Up to this point, only twist has been considered as 
important in influencing aerodynamic loading and in- 
stability. This is not always true, since wing bending 
deflection may be large enough to give drag forces ap- 
preciable moment about the elastic axis, thereby in- 
creasing the torsional moments as indicated in Fig. 6. 

This problem of bending torsion instability has been 
treated by Viola,’ but the solution is highly involved 
and does not lend itself to routine problems. 

Aileron deflection may also affect the deformation of 
the wing, particularly if the aileron has a high degree of 
aerodynamic balance. This may be illustrated by a 
simple system similar to that used in the earlier part 
of this paper. Referring to Fig. 5 and writing the equa- 
tion of equilibrium about the aileron hinge, 


[(Oc,/0a)(a + Aa) + (0¢/08)6]gSEc = K,8 
Solving for 8 


(0C,/0a)(ao + Aa)gsEc 
(0C,/08)gSEc — Ka 


When the denominator of this expression vanishes, 
aileron divergence occurs. It is seen that the denomi- 
nator will vanish only when dC,/d,8 is positive or, in 
other words, when the control surface is overbalanced. 
Assuming that this does not occur, the influence of 
aileron deflection on the wing deformation may be de- 
termined. Eq. (43) may be written 


- [Seer lit aewol 


sa (43) 





(44) 





Writing the equation for equilibrium of the wing about 
the elastic axis, 














oc, 
¥ ¥ ce(ap + Aa)gS + ao D8 Ci gas 4 ~e BgSc = K Aa 
(45) 
Substituting Eq. (44) into Eq. (45), 
0, 
ny, 
oC, ea + (2S. 7. 2G) Oa Ls 
a leds (3 , ES 
Aa = » g 
20; 
oc; (26 OC, , OC, =) Oa 1 K 
a_i Cale ce Pastel an uae 
0a og og oc, 1 — Yer gsc 
op q 
(46) 
Divergence occurs when the denominator van- 


ishes. 

The second term in the denominator indicates the 
effect of the aileron. Since 0Cy/08 is usually greater 
than 0C,/08 in absolute value and negative, the effect of 
the aileron is to lower the divergence speed. In fact, 
by analogy to Eq. (2) the effect of the aileron may be 
represented by an equivalent slope of the lift curve 
(OC,/%a)’. 

The value of this 
by 


equivalent slope is given 





Fic. 8. 








100 


(262) = 26. _ (264 
-\0a Oa 0B 





ag Ga Ee 
(——) ri 


From this relationship, it may be seen that if q is close 
tO Qerq the aileron effect is intensified. 

To study the effects of bending and aileron deflection 
on the torsional deformation of an actual wing, the 
equations must be set up in differential form, since 


wing properties vary from station to station. The 
following equations are obtained: 
(Torsion) 
Es 4% *) + g(Cu + Cree? + 0. = 0 
Ne 
(48) 


a2 2. 
(Bending) — Ere —q : 
dx*\ dx? 


2 
5 (0) — aCe = 0 


(Aileron) K,8 + fr," qEcC, = 0 


where 


K, is the stiffness of the aileron control system 

GJ is the torsional stiffness 

EI is the bending stiffness . 

E is the aileron chord ratio 

Q, is the chordwise moment of tlie drag forces out- 
board of the section 

vil is the X coordinate of the inboard end of the ail- 


eron 
yol is the X coordinate of the outboard end of the 


aileron 


Using the principle of virtual work, these equations 
may be converted to energy relationships to give, after 
partial integrations of several terms: 


Z 
f o( 2): ae f (Cur + Cre)o*dx + 





179 
9 f 79 O.dx = 0 
dx? 
i 2,,\ 2 U 2 
J ex( #2) dx —q f 0,07 dx a (49) 
0 dx? 0 dx? 
é i 
q J Crcydx = 0 


K.8? + Si BCgEcdx = 0 
The force coefficients may now be expressed in terms 
of the deformations. 
Cr = Cig + (OC, /0a)0 + (06z/08) 8) 
Cu = Cu + (0Cy/08) 8 ( 
C, = (0C,/0a)a + (0C,/08)8 


(50) 


The drag is assumed constant in this investigation, 
although it is obvious that it is a function of @ and 8. 
Treatment of the drag as a variable would make the 
differential equations nonlinear, thereby greatly com- 
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plicating the problem. The assumption of constant 
drag amounts to making a study of the stability of the 
wing in beam bending and torsion under a constant 
chordwise loading. For small angles of attack such as 
are encountered at high speeds, the variation of drag 
with angle of attack should not be great. This might 
not be the case at high Mach Number, so that for such 
conditions several values of drag coefficient would have 
to be tried. 
Using a single function to describe each deflection, 


y = hf, 
0 = Of2 
2 = 6 from y = yl tox = yl 
= Ofrom x = 0tox = yl 


where h, and 8, represent tip values. Eqs. (49) may 


now be rewritten as 


lf Ga pide ~ 4 [ Ci 7) %ede |- qo X 
0Cy oC,\ , , . 
f; & a ae weston an ff f2Q.dx = 


af [Cup +Crele*fadx (51) 


t i "OC, 
— 6g O:fi"fidx — 4 fifedx |—gB, X 
0 c fo4 
yh : , 
f Baars nf EI(f,")*dx = af Crchidx (52) 


Yel 
oa f oct + ak I x, + f” pede | = 0 


(53) | 
These equations may be written 
Ab, + BBo + Ch, =L 
Dé, + EBo + Fh, = | (54) 
G6, + HBo = 0 


Instability occurs when the determinant of the coef- 
ficients vanishes and 6, h, and 8) may be found as in 


Eq. (22). For instability 
ABC 

A=|DE Fi\=0 (55) 
GHO 


This investigation of mixed instability should be 
made only when the simple torsional instability critical 
q is found to be low and where aileron aerodynamic bal- 
ance and low bending stiffness make mixed instability 
likely. For wings of large dihedral, Eq. (51) is easily 
modified to account for the initial relative displacement 
of the sections. 

It is obvious from this discussion of mixed instability 
that there are many possible modes of aerd-elastic in- 
stability just as there are many possible modes of 
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flutter. One rough check for various instability speeds 
js to solve the flutter determinant’ for V/bw = 0. 
This is not always entirely satisfactory. For instance, 
in the case of bending-torsion aileron deflection above, 
the flutter equations would not include the effects of 
drag. In considering whether flexibility of a particu- 
lar structural component is likely to require considera- 
tion, a backlog of statistical data on past airplanes is 
the most valuable asset. General rules are difficult to 
state. If something looks doubtful a rough check is 
easily made. This is usually sufficient to indicate 
whether further analysis is necessary. 


EFFECTS OF FLEXIBILITY ON DyNAMIC STABILITY 


Wing and tail flexibility may be detrimental to longi- 
tudinal stability of the airplane at high speeds. This 
will be dangerous in certain flight conditions. Pugsley® 
has already investigated the influences of wing flexi- 
bility, but the tail may be of equal importance. The 
notation employed will be that used by Diehl.® The in- 
fluence of the tail on the X and Z derivatives will be 
neglected. Thus, Pugsley’s expression for the X and Z 
derivatives may be used directly, with changes only in 
notation 


(56) 
(57) 


Xy = —Cp —(V/2)(0C,/0V) 
Xv» = +(C,/2 — bC,(0C,/da) 


where it is assumed that C, may be satisfactorily ex- 
pressed as Cp = a + bC;,?; also 


Z, = —C, — (V/2)(0C,/da) 
Zo = — 1/2(0C;,/2a) 


(58) 
(59) 


The moment derivatives are strongly influenced by 
the tail, and these are next derived: 


M = Cu(0/2)SV?Cn 


and 


Cu ar Cu + X Cy ra (2C,,/ Cm) (60) 


where X is the distance from the center of gravity to the 
wing aerodynamic center in terms of the mean chord 
C,, and / is the distance from the center of gravity to 
the tail. 





m= MPV _ [x26 _ 1 (8) 2G ]Ca¥ og 
pSVIn OV Cnr\Sy/ OV SL 2n 
Similarly 
"i 1 ee +0C, l (=P) 
= ——| X— —— —| — — 62 
4 2 Sl a. toh ie -m 
and 


(63) 


mM, = 


ENE) 


where 


S, = area of tail 

S» = area of wing 

n = B/mi? 

B = moment of inertia of the airplane about the 
c.g. 

k, = radius of gyration of the airplane 

-K = a factor to allow for wing damping 

n, = tail efficiency factor 

a = airplane angle of attack 

a, = tail angle of attack (referred to root section) 


m = airplane mass 


The changes in derivatives due to flexibility may be 
represented as increments added to the derivatives for a 


rigid airplane. Thus 
AX, = —V(0C,/0V) (64) 
AX» = —bC,[(0C,/0a)z — (OC;/Oa)e] (65) 
AZ, = —(V/2)(0C,/oV) (66) 
AZ» = —1/2[(0C,/0a)z — (OC,/0a)x] (67) 


In considering the moment derivatives, the influence of 
the wing twist on tail down-wash must be considered. 
Thus 


a, = all — (d€/0a)] — a;(0€e/Oa;) 
where a; is the wing angle of attack due to twist. The 


tip twist angle may be used as a reference value for a. 
Then 


Oa,/Oa = [1 — (O€e/Oa)] — (Oai/Oa)(Oe/Oa;) (68) 
This may now be used to calculate Am,. 
OC;,/Oa = (OC,/00%)(Oa,/ Oa) 
(0-8) (2 2)] 
Oa, Oa 0a /\Oa, 


Then 
m= 2Gaf ee — (1)S26f(, _ 2) _ 
2n | Oa C.J Se Om Oa 


(SNse) Ir 


(ma n= 2 Se} X(t ~ 3 5(2) (: * a) 
2n l Oa R Gude Oa; R da 














ite, 2 Shea) y 2 8 (eee Sade 
2n | Oa Cm Sw\ Oa /x 0a Oay 
18 22 (1-2)-23(2)]} om 
Cate “Os Oa 0a \0a 
where 
A(OC,/0a) = (OC,/Oa)p — (OC,/0a), 
Further 
Am, = Soll yee nL 5 26x (71) 
Ll QnL OV Cu Se-O 
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since m,, will normally be zero for a rigid wing, and 


rc \s 
2 kp i Oa, 
To evaluate A(OC,/Oa) and OC,/OV, consider the 


case of a wing or tail where the torsional deflection is 
given by a single term or 


6 = arf, 


(72) 





Then by Eq. (17) 

a, — Flan + WGr/daecfei _¢__Ta 
Sv GI(fr')*dx (1 — (9/er)] 

The total lift coefficient for such an elastic wing or tail 

may be written 


Cre = (OC, /O0a) pa + (0C,/0a;)ay 





(74) 

Then 

(OC, /Oa), = (OC,/Oa)p + (OC,/0a1)(Oa;/Oa) (75) 

or using Eq. (73) 

a(262) vs a ed | q | 
da Oa S'GI(fr’)?dx 1 — (q/4cr) 

(76) 








e oC, 
26, (24) Fem t parity 
OV On/t of" GI(f,!)%dx \ 


Vi ae om 


The phugoid roots of the stability quartic are given 
approximately, according to Diehl, by 


A? + [D,/Ci) — (Bi E,/C,?)] i ok (E,/C,) = 0 (78) 
where | 


By = —m, — (Xu + Zw) 

C, - m (Xx + Zw) os (XuZy “a XZ) — pM, 
Dy = m(XwZy — XyZw) + wm, [(Cz/2) — Xv) 
Ey a(C,/2)(myZy i M,Z w) 


and where 


ph = m/psl (79) 


The solution to Eq. (78) is 
i, ‘in (26 on 2) te (74 aa Aes’ ie Ey (80) 
2 C,? 2C? C; 


Pugsley® has concluded that the major effects of wing 
elasticity on stability may be traced through the change 
in Fi. 


AR = 





(my) 2 4Z, 7 
(81) 


[(mMw)zAZy, + (Z,)pAmy 
(Zw) p Amy] u(Cr/2) 
Terms involving A(0C,/0a) for wing or tail may change 


in magnitude but not in sign from (OC,/0a),. These 
terms are My, 2, X», M,. On the other hand, terms in- 
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volving OC,/OV do not exist in the rigid case. These 
terms may be either positive or negative in sign de- 
pending on the initial torque on the surface. This may 
be seen from Eq. (77). A positive 0C,/O0V on the wing 
and a negative 0C,/OV on the tail give conditions of 
increasing stability, while a negative value on the wing 
and a positive value on the tail give decreasing stability. 
AE may then undergo changes in sign due to the 
changes in m, and z,. From Eq. (86) it may be seen 
that if E, becomes negative, the roots of the stability 
equation may become real, indicating divergent in- 
stability. Eqs. (76) and (77) indicate that the magni- 
tude of the flexibility corrections to the stability deriva- 
tives is dependent on proximity to g,;. Thus, the cor- 
rection may be minimized by stiff structures. OC,/O0V 
for the wing is difficult to change by changing the ini- 
tial torque, since this is fixed by the C, required. How- 
ever, wings of small Cy, are desirable. OC,/OV for the 
tail may readily be made favorable by a nose down 
change in initial stabilizer setting. For flexible struc- 
tures, a complete stability check, using derivatives cor- 
rected for flexibility as above, is probably necessary. 
It should be noted that large changes in trim with speed 
may be expected at high speed for flexible structure due 
to oC, /ov. 


CONCLUSION 


Other changes in airplane characteristics not treated 
in this paper may be treated by the methods outlined 
herein. Obviously, loss of elevator control may result 
in a manner similar to loss of aileron control if the 
stabilizer is flexible. Also, deformations of the control 
surfaces may be important for flexible surfaces. 

Aero-elastic effects are likely to be serious not only 
in high-speed airplanes but also in large heavy air- 
planes. For dimensional reasons it is difficult to main- 
tain rigidity in large airplanes, even though strength 
may be adequate. Furthermore, the design load fac- 
tors on large airplanes are lower than on small airplanes, 
so that the structures required for strength become 
relatively lighter. Such airplanes are then subject to 
changes in aerodynamic characteristics due to flexa- 
bility. Since the present trends in design are toward 
higher speeds and larger airplanes, aero-elastic effect 
are likely to become increasingly important in the next 
few years. 
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A Simplified Analysis of Hollow Beams with 
Longitudinal Webs Subjected to 


Torsional Loads 


ERYK KOSKO* 
Ecole Polytechnique de Montreal 


ABSTRACT 


The Maxwell-Mohr method, in general use in connection with 
statically indeterminate trusses, is applied here to the problem 
of the prismatic thin-walled beam with internal longitudinal 
webs, subjected to a constant torque. In comparison with other 
methods known to the author, the analysis outlined in the paper 
presents the advantage of involving fewer unknown quantities 
and of being easily adaptable to tabular work. 


INTRODUCTION 


Dre DISTRIBUTION OF SHEAR STRESSES in a prismatic 
thin-walled multi-cell wing beam when subjected 
to a constant torque has been extensively studied in 
the past decade. The results of the theoretical analysis 
have been fairly well confirmed by experiment, at least 
for moderate loads which do not cause buckling of the 
thin-sheet walls of the section. An approximate treat- 
ment for larger loads is also possible under certain 
assumptions, which correspond to the diagonal-tension 
field theory. As far as the distribution of shear 
stresses is coricerned, it is sufficient to assume a reduced 
modulus of elasticity or, better still, an effective wall 
thickness. 

The assumptions generally made, and also underlying 
the present treatment, are the same as those on which 
the well-known Bredt-Batho formulas for torsion of a 
thin-walled tube are based. It seems, however, that 
in the case of a multi-cell beam the methods developed 
to date could still be simplified and the computation 
shortened without any loss in exactitude. These 
known methods will first be shortly discussed and the 
proposed method will then be presented. 

Although no claim is made of bringing any funda- 
mentally new relations, the author feels that his method 
will have an appeal to the engineer conversant with 
statically indeterminate structures. It is, in fact, but 
an adaptation of the widely used Maxwell-Mohr 
method. 


REVIEW OF KNOWN METHODS 


The usual way of approaching the problem, as de- 
veloped by Atkin,! Duncan? and Kuhn,’ and suggested 
with some modifications in textbooks‘, 5, ° as a standard 
method, consists in considering the beam as composed 
of a number of “‘cells’ some of which have common 
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boundaries. A three-cell section will thus have two 
internal webs forming the common boundary between 
adjacent cells. Under a torsional load, a shear flow of 
constant intensity is developed in the perimeter of each 
cell; the actual shear flow in the common boundary of 
two cells is equal to the algebraic sum of the shear flows 
corresponding to those cells. The resultant of the 
shear flow developed in the perimeter of any cell is a 
torque equal to the double product of the corresponding 
shear flow by the cross-sectional area enclosed by the 
median line of the perimeter. 

An equation of equilibrium expresses the applied 
external torque as balanced by the sum of the torsional 
couples developed by the individual cells. Further, an 
equation of deformation expressing the angle of twist 
per unit length of span in terms of the shear flow and of 
the elastic properties of the walls (thickness, length and 
modulus of rigidity) is written down for each cell. 
This angle of twist must, of course, be the same for all 
the cells and for the entire section, if, as assumed, there 
is no distortion of the cross-sectional shape. (Warping 
in longitudinal direction out of the cross-sectional plane 
is not considered here.) For a section consisting of 
cells there are » + 1 unknowns, i.e., the » cell shear 
flows and the angle of twist; and as many equations, 
linear with respect to the unknowns, are available, thus 
making the problem determinate. Upon solving the 
equations the unknown shear flows can be expressed in 
terms of the applied torque. 

Von K4rma4n and Christensen’ proceed in a some- 
what different way. They suppose first the angle of 
twist a known quantity and use only m equations of 
continuity for the » unknown shear flows. To express 
these in terms of the applied torque (which is the prob- 
lem usually confronting the engineer) requires an addi- 
tional computation, which amounts to the determina- 
tion of the torsional stiffness of the beam. Although 
this additional work does not present any special diffi- 
culty it is felt that the procedure is less convenient than 
the more direct method presented here. 

Successive approximations have been suggested by 
Baron*® as a means of solving the same problem. 
The procedure is similar to that developed by Hardy 
Cross for the analysis of flow in networks of conduits. 
It seems, however, that for a low degree of redundancy 
such as is the rule in aircraft structures, successive 
approximations do not present any distinct advantage 
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over the solution of the ‘‘exact’’ system of linear equa- 
tions. Working out a sample problem given by Baron 
has actually shown that by the method outlined here 
the time necessary for the computation was consider- 
ably reduced. 


DERIVATION OF FORMULAS 


Under the assumptions made, a simple tube under 
torsional load can be considered as a statically deter- 
minate structure; the stress distribution under an 
applied torque T is given by the equilibrium condition 
alone 


» (1) 


where g denotes the shear flow (or shear intensity per 
unit length of wall), and A the area enclosed by the 
median line of the tube wall. 

An interior web can then be considered as a redundant 
member and the stress in this member can be deter- 
mined as it is in other cases of statical indetermination, 
i.e., by consideration of the minimum strain energy, or 
by the Maxwell-Mohr method (which practically 
amounts to the same thing) of writing an equation of 
continuity for each of the points of application of re- 
dundant forces. 

As is well known, the selection of the statically deter- 
minate included structure or basic system, as it is also 
called, is a matter of judgment. The most obvious 
choice would seem to be that of the outer perimeter of 
the shell, i.e., considering the interior webs as redundant 
members. The shear flow in the thus defined basic 
structure will be called “‘basic shear flow’’ and denoted 
by the subscript ‘0.’ Thus we have 


q = 1/2A (2) 


2gA = T 


In many cases this basic shear flow is already a good 
approximation to the actual shear flow. The stresses 
’ in the interior webs being equal to differences between 
shear flows in adjacent cells will in most cases be small 
compared to the basic flow and may be considered as 
correction quantities expressed as fractions of the basic 
flow. 

Let us take the case of two interior webs. The sign 
convention shall be as follows (Fig. 1). Looking upon 
the end of the beam, the shear flow in the external walls 
is considered as positive when directed counterclock- 
wise {i.e., balancing a clockwise acting torque). Shear 
flow in an internal wall is positive when acting upwards. 
Portions of the external walls are denoted by a sub- 
script corresponding to the cell the outer boundary of 
which they form. Interior webs are indicated by a 
double subscript referring to both neighboring cells. 

“Removing” the redundant members means the 
same as effecting a longitudinal cut in each web (Fig. 2). 
Under the external torque 7 corresponding points like A 
and A’ on the edges of the cut at the place X will be 
longitudinally displaced by a certain amount d,. 








Fic. 1. Notations and sign convention. 
(r) 
A } 1 sriler Ty 
a fo 
yt ~x*—y---- --7-----7 
Oe — a : J 
Z =< 
fo J I / “/ 4 
AlZg ” 4 4. / 
\ micy i . 
AN i] 
ii. I t=: | J 
—_ . ee | | 7 | 7 
9. SS ————= Y 
J dx%e 4 dyo 
Fic. 2. Basic system under external torque. 
ee 
roi TID 
| 
A ré | 
Spa J | 
il x2 Tar Dea, 
=| St 3/ / 
Z I fy Se y 
fo X= Wa . eA 
i f ages 
\ = 4) ' A 
a ee |S / Lf 
— i, ea 
as ¥ 4x2 A 4x3 
4 Axx 4 dyx 


Fic. 3. Basic system under unit web shear force. 





Fic. 4. 


Equilibrium at wall junction. 


If the basic structure is now submitted to a statically 
indeterminate force X applied along the edges of the 
cut of the first web, the relative displacements of the 
cuts will be as shown in Fig. 3. By superposing the 
action of the external torque on the actions of the 
redundant forces X¥ and Y of convenient magnitude, it 
is possible to obtain at each cut a resulting relative dis- 
placement equal to zero. This condition can be used 
to calculate the magnitudes of X and Y. 
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ANALYSIS OF HOLLOW BEAMS 


To keep a rectangular element of web in equilibrium, 
the longitudinal shear force per unit length X must also 
appear in the cross-sectional plane in the same direction 
on both sides of the cut. The shear configuration in 
the cross-sectional plane under an applied unit shear 
force X = 1 is then easily determined by means of a 
simple equilibrium consideration. It consists of a unit 
shear force gi2 = 1 in the internal web, which at junction 
points K and L ramifies into two circuits, left (KML) 
and right (KPSQL) of the web. The hydrodynamic 
analogy may be used for better visualization. The 
longitudinal equilibrium of an isolated junction such as 
K (Fig. 4) in general requires ° 


a1 — 92> Qe (3) 
which in the present case reduces to 
Qxi — Ix2 = 1 (4) 


The subscript X is used to indicate that the shear flow 
in question is due to X = 1. At the junction P, since 
in the present case we have q23 = 0, we must have also 
Qx2 = Wxs- 

On the other hand, there being no external torque 
acting now on the basic structure, the torsional resultant 
of the “‘left’’ shear flow (around circuit ‘‘1””) must be 
equal and opposite to that of the “right” shear flow 
(around circuits “2” and ‘‘3’’), i.e. 


2Aigx1 + 2(A2 + As)qx2 = 0 (5) 


A,, A2, Az denote the areas included in the perimeters 
of the corresponding cells; we have A; + A, + A, = A. 
Solving Eqs. (4) and (5) we find 


Qxi1 = (Az + As)/A Qx2 = Qxs = —A;/A (6a) 
Similarly, if a unit shear force Y = 1 is applied at the 


cut in the web ‘‘23,’’ the shear configuration will consist 
of the web shear flow g23 = 1 and of two circuits 


Qvi = Qy2 = A,/A gy, = —(Ai + A2)/A (6b) 


Supposing the magnitudes of the forces X and Y to 
be known, the resultant shear flow in any part of the 
section may be expressed as 


q=Xqx + Yat+q (7) 


For an element of thin wall having a length ds 
measured along the perimeter (the length in axial 
direction being taken equal to unity), the elastic energy 
of shear is expressed by 


dW = rydst/2 = r*tds/2G 


7 = g/t being the shear stress, G the modulus of rigidity 
and y = 7/G the angle of shear deformation; this may 
be written 


dW = (1/2G)(q?/t)ds 


The total work of the shear forces is equal to the in- 
tegral extended over the whole section including outer 
perimeter and internal webs. As in each portion of the 
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section between two junctions the shear flow remains 
constant (even if there is some change in wall thick- 
ness), the integral may be replaced by a sum 


Ly be 


= S on. o> 2 8 
2G Lud 1, % xG adi (8) 

where the quantities 
a, = L/t, (a = 1, 2, 3, 12, 23) (9) 


are taken for each part of the section. 

The condition equations of minimum shear strain 
energy take the form (assuming G = const. over the 
whole section) 


oW/eX = 0 = Vagax (10) 


or, substituting for g, its value from Eq. (7), 
XVagx? + YUagxarn + Lage = 0 (11) 

which many be written 
Xxx + Yoxsy + bx0 = 0 


A similar equation of condition for the displacement 
corresponding to the force Y can be written 


Xbyx + Yory + dy0 = 0 


The quantities 5,y,, 5x0, etc., are respectively propor- 
tional to the relative displacements dy, dyo, etc., such 
as shown in Fig. 2 and Fig. 3. The equations of elas- 
ticity, Eqs. (12a) and (12b), derived from the condition 
of minimum strain energy may thus be interpreted as 
equations of continuity at the cuts. For the sake of 
simplicity the quantities 6 will be called ‘‘quantities of 
displacement.”” They are computed by the formulas 


(12a) 


(12b) 


5x0 = 24:9 x190 
dxx = ags? 


by0 = Dagrigo 


dyy = Laan? (13) 


Oxy = Oyy = ZagxQvi 


These expréssions are analogous to those encountered 
in the theory of redundant frames and could equally 
have been obtained by the method of “dummy unit 
loading.” They are most conveniently computed in a 
tabular form (see example), and their values are then 
to be substituted into the equations of elasticity, Eqs. 
(12). 

After solving these equations for X and Y, the resul- 
tant shear flow in each portion of the section is found by 
Eq. (7). In all these operations it is convenient to ex- 
press all shear flows in terms of a unit basic shear flow 
go = 1; the results have then to be multiplied by the 
appropriate value of go as given by Eq. (2). 

It is to be noted that in the presently discussed case 
of two internal webs there are only ‘wo simultaneous 
linear equations to be solved, as against four when the 
standard method is applied, or three by the Von Kar- 
m4n-Christensen method (an additional computation 
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of the torsional rigidity being needed in the last case). 
In the general case of more than two interior webs the 
procedure is in principle the same as above outlined. 
There will be as many equations of elasticity to be 
solved as there are interior webs, which is always two 
less than in the standard solution by means of cell 
flows. In the case of m webs there will be in general 
n(n + 3)/2 different quantities of displacement to be 
computed and introduced as coefficients into the equa- 
tions of elasticity. The most cumbersome part of the 
whole procedure which consists in the solution of the 
set of linear equations is thus considerably reduced and 
simplified. 

The single-web (or double-cell) section is simply 
statically indeterminate; although the general method 
is also applicable in this case, the most expedient way 
of dealing with it appears to be the use of explicit 
formulas for all the shear flows involved. Such 
formulas are easily developed; they may also be found 
in the literature of the subject.® 

The angle of twist now remains to be determined, 
although in many practical cases it is not required at 
all. Its calculation does not present any difficulties. 
Taking any of the closed circuits (which may be either 
the basic outer circuit or any of the partial circuits 
surrounding one or even more cells), the torsional 
angle per unit length of span is given by 


0 = (1/2GA¢) vag (14) 
c 

where the subscript C indicates the circuit in question, 

and where the summation has to be extended to all 

the walls of the chosen circuit. The torsional rigidity 

of the sectiort is expressed by 


C = T/G6 (15) 
Substituting for @ its value from Eq. (14), we find 
C = 2AcT/Soaq (16) 
s 
This may be put in the form 
(17) 


C= 44 Ao/ (204/40) 


by use of Eq. (2). The ratios g/go are independent of 
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independent of the choice of a particular closed cir- 
cuit. 


EXAMPLE 


In order that a comparison may be made with the 
standard method, the same section has been chosen as 
an illustration as that discussed by Kuhn.* Cols. | 
and 2 of Table 1 contain the data of the various portions 
of the section. The areas enclosed by the partial cir- 
cuits are 


A; = 89.3; Az = 250; As = 125; total A = 4643 
sq.in. 


Col. 3 gives the factors a; calculated by Eq. (9). The 
next three columns indicate the distribution of shear 
flow in the basic system under unit basic shear flow and 
under unit web shear flows according to Eqs. (2), (6a) 
and (6b). The products of these quantities are then 
written in cols. 7 to 11; the summation of each of these 
columns yields one of the quantities of displacement 6 


(Eq. (13)). The equations of elasticity (12) can now 
be written 

X736.6 + Y744.8 = 947q 

X744.8 + Y3272.4 = 3145q0 


The solution is X = 0.389q) and Y = 0.87390. 

After multiplying cols. 5 and 6 by these values, cols. 
12 and 13 are obtained. The resultant shear flow (col. 
14) is then found as indicated by Eq. (7) by adding the 
corresponding values from cols. 4,12 and 13. The shear 
stresses for a unit torque (col. 15) are obtained by 
dividing the values of col. 14 by the wall thickness 
(col. 2) and by 2A = 928.6. The values thus found 
agree very closely with those given by Kuhn. 

To determine the angle of torsion let the outer circuit 
be taken. We have 


Yag= gids + gede + Qsas 
= (1.549 X 514.4 + 1.160 X 1,875 + 0.287 X 


5,193)qo 
= 4,460q = 4.80T 
The torsional rigidity of the section is then, by Eq. 
(17) 























the torque; they are, in fact, constants of the section. 4A? 4 X (464.3)? 
Eqs. (14) to (17) afford heck of the whol C= = —— = 193 in.‘ 
qs. o (17) afford an easy check of the whole Tie) 4.460 
‘ a 
computation, as the values of 6 and of C should be 0 4/40 ; 
TABLE 1 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
Unit shear flow 
Member L t - A 
No. in. in. a % @x dy @7y%q =I y% 0 Gys §=— Ay? dyt@y «= XG Yay a@/a ‘17/T 
1 25.72 0.050 514.4 1.0 0.8077 0.2695 415 139 335 37.6 112.3 0.314 0.235 1.549 0.0333 
2 25.0 0.040 1875 1.0 0.1923 0.2695 — 362 506 69.6 136.5 —97.5 -—0.075 0.235 1.160 0.03125 
2’ 25.0 0.020 0.0625 
3 «551.926 0.010 5193 1.0 0.1923 —0.7305 -—1000 ~3790 192.3 2765 730 -~0.075 —0.638 0.287 0.0311 
12 10 0.060 166.7 0 1.0 0 0 0 166.7 0 0 0.389 0 0.389 0.0069 
23 10 0.030 333.3 0 0 1.0 0 0 OO 333.3 0° 0 0.873 0.873 0.0313 
Total — 947 -—3145 763.6 3272.4 744.8 
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Letter to the Editor 


Dear Sir: 





The accuracy of the analysis demonstrated by Donald A. 
duPlantier (JOURNAL OF THE AERONAUTICAL SCIENCES, April, 
1944) depends not only on the number of stations, as stated on 
page 141 of the paper, but much more on the method of calculat- 
ing angular displacements and the corresponding centers of rota- 
tion, as may be seen in Problem 1—-Unsymmetrical Ring, page 
140. A continuity check shows the degree of accuracy: 

Slope in member AB = (+3.88 — 2.54) X 

10 — 3.75 X 10 + 13.4 — 37.5 
Slope in ntember BC = (3.88 + 2.46) XK 10 + 63.4 
Slope in member CD = (2.46 + 4.63) X 


20 — (75/8) X 10 +141.8  —187.5 
Slope in member DA = (4.63 — 2.54) X 
14.14 + 29.55 





+248.15 —225.0 


The positive and negative values should be equal. 

For the elements 1 and 6 the angular displacements are: 
AW, = AW, = 12.5 and not zero as calculated by the author 
(because the ordinate of the moment diagram for the base struc- 
ture at the center of elements 1 and 6 is equal to zero). 

The correct values* are: DAW = 525 (520); C, = 0.4301 
(0.429); C, = 0.0756 (0.071); I, = (2000/3) (39 + 14./2)/(4 + 
\/2) = 7,240.0787 (6,835); I, = (2000/3)(71 + 58 /2/(4 + 
/2) = 18,842.3041 (18,104); I,, = [2000/3(4 + +/2)*](100 + 
39 1/2) = 3,528.5955(3,290). The corner moments result: 

M, = —2.6928 (—2.54), accuracy +6 per cent 
Mg = +3.7049 (—3.88), accuracy —4.6 per cent 
Me +2.1926 (+2.46), accuracy —11 per cent 
Mp +4.3973 (+4.63), accuracy —5 per cent 


J. J. POLIVKA 
Berkeley, Calif. 


* The author’s values are indicated in parentheses. 











Vibrations of Composite Structures 


H. SERBIN* 
Fairchild Engine & Airplane Corporation 


INTRODUCTION 


C IS PRIMARILY for reasons of expediency that the 
highly redundant structure that skeletonizes the 
airplane is regarded as the union of several simpler 
structures that are to a large extent independent of one 
another. The wing, the tail group, power plant, and 
so on are instances of such basic structures to which the 
airplane is reducible. 

This simplification has generally proved to be satis- 
factory. However, when a closer analysis is required 
it becomes necessary to investigate the interrelation 
between the basic substructures. 


STRUCTURAL INTERRELATION 


An example of structural interrelation exists in the 
practice of vibration isolation of engines. A widely 
adopted method for radial engines is to design the 
mountings so that the engine modes of translation and 
rotation about the centroid would be uncoupled. Then 
the frequencies of the power plant are to be reduced 
to below the range of forcing frequencies which occur 
in normal flight. In general, this is done for all fre- 
quencies except the fore and aft, which remains in the 
operating range where it will do little harm provided 
that it cannot be excited—or at least to a negligible 
degree—by the normal forcing impulses. On the other 
hand, if the structure supporting the engine ring is such 
that translation of the engine is coupled with pitching, 
then one can expect that rough engine operation will 
exist within the operating range—this despite the fact 
that the design procedure followed may have been 
perfectly satisfactory according to present-day practice. 

Interrelations such as these are, of course, familiar 
to the engineer. But the difficulty of estimating these 
effects appears frequently to be formidable and time- 
consuming. This is especially so during a flight-test 
program when it may be desired to locate the source 
of undesirable vibrations. The “‘energy’’ methods that 
are now widely used and are, in fact, successful for 
simple continuous structures are cumbersome for com- 
posite structures. Frequently, they are improperly 
applied. 

For the analysis of static loads on composite struc- 
tures, a method is available—that of ‘‘Consistent De- 
formations” or “Minimum Energy of Deformation.’’ 
The purpose of the present paper is to show how it 
may be applied to solve vibration problems. It will 
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be seen that, although the underlying approach is the 
same, in application of the method the details will 
differ because of the dynamic nature of the problem. 


CONSISTENT DEFORMATIONS 


Consider an elastic structure S and assume it to be 
in static equilibrium under a certain loading L. Bya 
series of cuts disconnect S into a set of substructures, 
Introduce at each cut the local stresses prevailing before 
the cut was made so that each substructure is in equili- 
brium. On both sides of the cut, the stresses will be 
of equal but opposite sign. According to Saint 
Venant’s principle, a system of stresses at a cut may be 
replaced by a statically equivalent set of forces without 
affecting the distribution of internal stress at “large” 
distances. For instance, it is customary in the technical 
theory, when it is a case of transverse bending of beams, 
to choose the equivalent system that consists of a 
bending moment And a transverse shear. In a similar 
way, each set of stresses at a cut may be replaced. 
This is to be done on both sides of the cut in a com- 
pletely antisymmetrical way, so that for every force P 
acting on one side of the cut there is a numerically equal 
but oppositely directed one acting on the other side, 

Now use subscripts to denote the pairs of forces that 
have been introduced (Fig 1.): 


P; = each of the forces of pair j 

A, = structural displacement at the pair P; in the 
direction of forces P, due to the external 
loading L 

6,, = structural displacement at the pair P,; due to 


the unit pair P, 

















Fic. 1. Interaction forces and displacements. 


Then the total relative displacement at 7 due to forces 
P, and loading L is ; 


EP bes + A; 


where the summation is carried out over all pairs of 
forces. In order to preserve the continuity of the 
structure, the following equation of continuity must 
hold: 
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VIBRATIONS OF COMPOSITE STRUCTURES 


2P bry + A; = 0 (1) 


There are as many equations as there are pairs P,, 
so that the equations will in general permit of a unique 
solution. 

The exceptional case will occur if the determinant of 
the coefficients is zero. 


18,,| = 0 (2) 
If this should be so, then the set of equations 
=P oi = 0 (3) 


would permit of a solution for Ps, Po .:-5 Pes Wh 
are not all zero. Then the internal deformation energy 
1/,2P,P 4; would be zero, although the interaction 
forces would not be zero. 

Thus, it can be seen that the characteristics of the 
composite structure are reducible to those of the 
simpler substructures by the use of the unit deflection 
elements 6; A similar situation exists for certain 
dynamic loadings. 


HARMONIC LOADINGS 


Suppose that the loading L to be applied consists 
of harmonic forces all of the same frequency w. The 
assumption of static equilibrium is meaningless. Each 
of the applied forces can be expressed in the form 
Qe, where i is the pure imaginary unit and Q is a 
complex number indicating the modulus and phase of 
the exciting force. Introduce again a series of cuts and 
pairs of forces P;. The forces P; and the corresponding 
displacements will also be harmonic functions of fre- 


quency w. Let 
«e = displacement at j due to unit harmonic 
, load P; = (1)(e) at 1 
Ae = displacement at j due to the external 


harmonic load LZ 


Of course, definitions and equations such as these 
which involve complex numbers are to be interpreted 
as equalities only between the real parts. However, 
if an equation is valid for all values of ¢, the imaginary 
parts of both sides will be equal and the factor e“ may 
be canceled out. 

Applying this to the equation of continuity, one 
obtains 


=Piey + Ay = 0 (4) 


Again there are as many equations as unknowns P). 
When, in particular, all quantities A, are zero, there 
will exist a nontrivial solution P, if and only if 


lex,| = 0 (4a) 


This equation determines the natural frequencies of 
the composite system provided that the elements 
€;, Which are functions of w*, are known. 
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For small values of w?, provided that the substructures 
affected can support the static loads P, the value of ¢;; 
is approximated by 


oo by (5) 


On the other hand, when the structure cannot support 
the static load P, the inertial forces must be considered 
instead. For instance, in the case in which one of the - 
substructures is a mass concentrated at a point, then 


¢€~ —(1/mw?) (6) 


A similar approximation for any free body can be 
made. 

In general, ¢€,; is a function of w*, which will be zero 
when an oscillating force of frequency w, applied at / 
will give a zero displacement at 7 and which will be 
infinite when w* corresponds to a natural frequency 
Q, of a substructure affected by P,;. This, together 
with the preceding statements, suggests! the following 
forms for e: 


[1 — (w?/w,*] [1 — (w?/w2?] 
"TL — (w*/, [1 — (w?/2,?)].... 
éy i a [1 — (w?/a?)] [1 — (w?/wr*)].... 
mw? [1 — (w?/Q,?)| [1 — (w?/M?)].... 

It must be understood that some of the natural fre- 
quencies w, or 2; may coincide so that several of the 
factors may be identical. In general, however, for 
simple continuous systems it will be assumed that 
apart from the zero frequencies the natural frequencies 
Q, will be distinct among themselves as will w,. 

The function €,; or one that is proportional to it is 
referred to in the mathematical literature as the “‘re- 
solvent kernel.” For a mechanical system of a finite 
number m of degrees of freedom, it can be shown that 
e is a rational function of w? of degree m — 1 in the 
numerator and of degree m in the denominator. From 
this fact, knowing the number of frequencies which 
such a system can have, it follows that e must have the 
form given in Eqs. (5a) or (6a). 

In the case of the continuous systems such as occur 
in practice, these may be approximated by finite sys- 
tems as closely as one desires. From this it follows 
that the functions e take the form above also for con- 
tinuous systems. 





(5a) 


€,, = 6 





(6a) | 


EXAMPLES 


As a first example of a simple system but one with a 
wide application, consider a point mass m attached at 
a point 0 to an elastic structure, such as a beam, which 
is itself fastened to a rigid support (Fig. 2). 

Let 


F displacement of the mass ypward due to unit 
harmonic load upward 

" = displacement of the beam downward due to 
unit harmonic load downward 


nm 
II 


a 
II 
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P 
Fic. 2. Mass suspended on a beam. 
6 = displacement of the beam per unit static force 
applied at 0 
Then 
e=e'+e" 
e’ = —(1/mw?*) 
» _ gll — (@?/a:?)] [1 — (w?/er)] .... 
[1 — (w?/M?)] [1 — (w?/M*)].... 
Let 


wo? = 1/ms 


The significance of w;, we, .... is readily established. 
These are the natural frequencies of the beam when 
pinned at the point 0. The-lowest of these is larger 
than the lowest natural frequencies 2, of the beam 
vibrating freely. Therefore, for frequencies w that 
are less than 2, an approximation to e” is 


e” = 6/[1 — (w?/2,’)] 
The equation of continuity, Eq. (4a), becomes 
e’ + e” = —(1/mw*) + 8/[1 — (w?/%’)] = 0 = (7) 
This gives up on simplification the following equa- 
tion: 
1/w? = (1/c?) + (1/27) (8) 
Eq. (8) yields the lowest natural frequency of the 
composite system. On the other hand, if it is desired 
to obtain higher frequencies, the approximation made 


above for e” is no longer valid. The solution of Eq. 
(7) can then be determined graphically (Fig. 3). 











Fic. 3. Graphic solution of frequency equation. 
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In this way, a rapid evaluation of the effect of con. 
centrated weights upon elastic structures can be made, 
For instance, the reduction of wing frequencies due to 
engine weights or gas loads may be readily determined, 
The effect of shock mounting of the power plant is 
easily ascertained. 

One particular case may be cited. Two vibrators of 
different mass (Fig. 4) were mounted on the trailing 
edge of an irreversible tab, and the following data were 
recorded in the vibration tests: 


Mass of Vibrator Frequency w 


Vibrator (Slugs) (Rad. per Sec.) 
#1 0.057 178 
#2 0.096 144 


The natural frequency 9, of the tab was then obtained 
by solving the following two equations (see Eq. (8)) and 
the definition of wo? above): 

1/178? = 0.0576 + (1/9,*) 

1/144? = 0.0966 + (1/9,?) 


ll 


The result was 
Q; = 396 rad. per sec. = 3,800 c.p.m. 
1/6 = 2,290 Ibs. per ft. = 191 Ibs. per in. 


The second result agreed well with the results of static 
deflection tests under low load. 





Vibration of aileron tab. 


Fic. 4. 


Another example of interest occurs in the analysis 
of the double boom and tail system shown schematically 
in Fig. 5a. Assume that the tail is pin-connected to 
the boom. Other cases can be treated in a similar 
fashion, although with increased complexity. It is 
required to calculate the lower frequencies of the 
system involving bending perpendicular to the plane of 
Fig. 5a. 

Write the relative displacement (Fig. 5b) of the boom 
relative to the tail in the form 


e’ +” 
where e’ = displacement of the boom and e” = dis- 
placement of the tail. In addition, let 


€ = 


k = stiffness of one boom at the tail attachment 
point 

m = mass of the tail group 

wo? = 2k/m 

p = radius of gyration of the tail group in rotation 


about its c.g. with reference to an axis in 
the fore-and-aft direction 
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Schematic diagram of double boom and 
tail system. 


lowest natural frequency of the boom in 
bending 

lowest natural frequency of the horizontal 
tail in bending 


~~ = 


Q 


II 


Then in the terminology introduced above 
1 = €22" rw! 1/k{1 —_ (w?/w?)] 


where only the first bending frequency of the boom is 
shown explicitly, the other terms being approximated 
by unity. 


2 = €)' = 0 
Assume first that the horizontal tail is rigid. Then 
—[1 + (h/p)?]/mo? 
€2” = ey” = —[1 — (4/p)*]/mo? 


The determinantal Eq. (4a) takes the form 
a= en 
ier2 €22 


v ” 
é1" = G2 


€2| 


= 17 — €)? 


This gives 
4 = ee = €22 = eq) 
Substitution into Eq. (4) gives for the minus sign 
P,; —P,=0 (symmetrical boom-bending) 
and for the plus sign 
P,}+ P2=0 


Finally, substituting the expressions for ¢,, and simpli- 
fying the resulting equations, 


(antisymmetrical boom-bending) 


1/w? = 1/w,? + 1/wo? (symmetrical bending) 
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1/w* = 1/w,? + 1/wo?(p/h)* (antisymmetrical bending) 


Now consider the modifications that are to be made 
for a nonrigid tail. 


_ L+ Blo)? [1 — ifn ..-- 


” a 








Pie his mo* [1 — (w?/Q,?)].... 
ct ete LT Mo)? [t= (w*/in)) 
rn <3 ma? [1 — (w?/Q,?)].... 
where 
w, = frequency of the tail when pinned only at one 
point of support 
@, = frequency at which the deflection of the tail at 


one point of support is zero when the tail is 
vibrated at the other point of support 


The restriction to small frequencies will now be made. 
The factors not shown explicitly can be replaced by 
unity. Proceeding as before, the equations 4; = +«, 
take the form upon simplification 
1 1 1 1 — (w?/Q,?) 


>= = + ont 1 = (w?/pn?) (symmetrical bending) 


Ww 

(9) 
a. 1 1 — (w?/Q,?) /p\? (unsymmetrical 
wo? we? wo? 1 — (w?/ns?) (i) bending) 


The quantities y;? and yp,” are defined by 
1 _ (fh) +1 _ (p/h)? - 1 





My? 2? 2a," 
A _ &/h)P +1, (o/h)? -1 
M2” 2," 2a? 


The frequencies w, and @ may be estimated according 
to the Rayleigh-Ritz method and w determined from 
Eq. (9) either by algebraic or graphic means. By 
reference to Eq. (4) as shown above, the forces of inter- 
action P for each w can be determined up to a factor of 
proportionality. Finally, the analysis of the substruc- 
tures, the tail and booms, under the loads P will furnish 
the mode corresponding to the natural frequency w 
selected. 


FORCED OSCILLATIONS 


The preceding discussion has been concerned 
primarily with the determination of the natural fre- 
quencies. It is clear that Eq. (4) may be used also for 
the calculation of forced oscillations. 


ADDENDUM 


The reader who is familiar with the mathematical 
theory of integral equations? will see that the quantity 
e is essentially the resolvent kernel.* To show this in 
some detail, as well as to obtain an interesting relation 
between the natural modes and frequencies, let us sup- 
pose that the basic equation governing the vibration 
of a structure can be put into the form 
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L{u] — \pu = 0 (10) 


Here u represents the deflection of the system at some 
point, p represents the local density (always positive), 
and X represents the square w? of the frequency. The 
letter L signifies a linear operation as, for instance, in 
the theory of transverse oscillations of a beam where 


L{u)] = (d*/ds?*) [EI (d*u/ds?)] (10a) 


in which s represents a point on the beam. 

Assume now that the structure is such that it can 
support any static load. Let s and ¢ represent points 
of the structure and let 


natural mode of vibration (assumed normal- 


<M 
ized) 
A; = square of the natural frequency w; correspond- 
ing to ¢; 
k = influence function corresponding to L[u] 
Then from the definition of yg; and }; 
Liyi] = dAxp¢; (11) 
and from the definition of k, the equation 
L{u] =f (12) 
can be solved for u according to 
u(s) = SR(s, t)f(t)dt (13) 


Applying Eq. (13) to the inversion of Eq. (11), 
ei(s) = USR(s, tei()o(t)dt 
Multiplying through by +/p(s) and rearranging the 
right side, 
Vols) ei(s) = 4S EV 0(s)oR(s, £)} V eld ei(fdt (14) 


From this, it follows that the symmetric kernel 
V/ (s)p(f)R(s, t) has the characteristic functions? 
vV/ p(s)¢;(s). Moreover, it is clear that all characteristic 
functions will be so obtained. Now, since the functions 
¢; have been normalized according to 


S ([V o(s)¢i(5)] "ds = J ;*(s)p(s)ds = 1 
it follows from Mercer’s theorem that 
V 0(s)pR(S, t) = ZIV p(s)peils)ei)] /rs 
Upon cancellation of the positive factor ~/p(s)p(é), 
R(s, t) = Zei(s)ei()/r. (16) 


Now apply the result to the equation defining a 
forced vibration 


(15) 


L{u] — Apu =f (17) 


The modes and characteristic numbers of the associated 
equation 


L{u] — dpu = d’pu (18) 


are given by u = gy; and \’ = i, — X, respectively. 
Hence the inversion of Eq. (17) is now, paralleling 
Eqs. (13) and (16), 


u(s) = Sf K(s, t; Af(éadt (19) 


where 


K(s, t; %) = & gils)es(t)/(r — 2) (20) 
In particular, if f is chosen to represent a unit forcing 
function at the point /, 


u(s) = K(s, t; i) 
so that 


és; = K(s, t; A) (21) 


Let ¢ and s coincide and substitute for e from Eq. 
(5a) and K from Eq. (20), letting \ = w?, A, = Q,? 
and replacing \,; in Eq. (20) by A, to make the notation 
consistent. 


IT({1 —II (A/An)] 


me 

= Pn (s) 2?) 
n An ~~ 

The right side is the partial-fraction decomposition of 

the left. Comparing the mth term, 


AnlI [1 oa (Am/An)] 
“Tl Celta 


nym 


(23) 





¢m*(S) _ 


The product in the denominator is to be extended over 
all m different from m. Of course, \, is a function of s. 
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Airfoil Theory for Flows of Variable Velocity 


RUFUS ISAACS* 
United Aircraft Corporation 


SUMMARY 


In many cases of aircraft practice—notably that of the rotating 
wing—the lift surfaces are in air streams of variable velocity. 
There are two resulting effects that are excluded from a direct 
application of the usual airfoil formulas. One arises from the 
continuous wake of vortexes which are shed from the trailing edge 
with each change of circulation; the other, from the impulsive 
pressure because the air masses are accelerating. The purpose of 
this paper is to study this aerodynamic problem, taking into ac- 
count these effects with a certain but sufficient degree of approxi- 
mation. 

The first section deals with the general problem of an airfoil 
at constant angle of attack but with a variable stream velocity. 
The main result is an integro-differential relation between the 
velocity and circulation which is true for general flows. It is 
given in two forms: the realistic, where the airfoil is assumed at 
some time to have started from rest; and the periodic, where the 
flow is periodic. 

The second section is a complete solution to the important 
practical case: veiocity = constant + sinusoidal variation. 

In the third section the lift is calculated. In particular, an 
explicit formula is given for the case of the second section in the 
form of a Fourier series. The moment is not evaluated since the 
technique is similar. 

Finally, the solution to a numerical example is given. 


GENERAL THEORY 


Shes CIRCUMSTANCE to be covered will be that of an 
airfoil in a stream whose velocity is of variable 
magnitude but the angle of attack is constant. The 
case where the angle of attack is also varying—which is 
undeniably of importance in rotary wing aircraft— 
requires certain additions to the calculations which are 
not undertaken in the present paper. The procedure, 
however, is entirely similar. 

In most of the existing treatments of this topic the 


objects of concern are first order effects that are useful . 


for such questions as criteria of aerodynamic stability. 
In rotary wing aircraft, however, the variations of the 
stream velocity are certainly not of small order com- 
pared with the mean velocity.f 

The two-dimensional approach for a helicopter prob- 
lem leads to deviations from reality with respect to the 
position of the wake. But as most of the wake effects 
arise from that part of it near the airfoil, the errors 
should not be serious. This is especially true if the 
present results are regarded as corrections to the ele- 


Presented at the Aerodynamics Session, Twelfth Annual 
Meeting, I.A.S., New York, January 25-27, 1944. 

* Senior Analytical Engineer, Hamilton Standard Propellers 
Division. 

+ For stations sufficiently near the hub the variations are 
greater than the mean. This case involves reversed flow over an 
airfoil and is not amenable to existing methods. 
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mentary two-dimensional theory or, better, a new the-— 
ory of this type on which three-dimensional theories 
may later be based. An attempt to maintain the pres- 
ent level of detail for the actual wake—a sort of dis- 
torted helix—would involve hopeless complications. 

The object of this section shall be to obtain the rela- 
tionship between the stream velocity w(#) and circula- 
tion I'(¢) of an airfoil in a stream approaching from the 
left at the small but constant angle of attack a. The 
usual assumptions are made: two-dimensional flat 
plate airfoil; the continuous wake of trailing vortexes 
travel downstream with velocity w but remain in the 
plane of the plate; the Kutta condition is always satis- 
fied. 





ra 7" 
/ Pn 
i’ 
-b |. oi? j\#> Wake 
S 


Instead of w it is convenient to work with W(t) taken 
so that W’ = w. In cartesian coordinates let the plate 
be: —b <x < b,y =0. Then the upward vertical air 
velocity on the plate is 

v = aw + v7(x, t) (1) 


where v, is the velocity induced by the continuous 
sheet of trailing vortexes in the wake. As at time 7 the 
plate shed a vortex of strength —I’(r)dr, 
: 1 £ I'’(r)dr 
v =_lUc —_ —_ —_—_—$—$——— 
"2a J-« (6 — x) + (WO) — Wir) 
It is advisable to erect a semicircle on the plate and 
use the angular coordinate @: x = bcos @. Then 


vp = —(1/2rb) f'.. T'’(r)dr/(a — cos 8) (3) 


(2) 


where, for brevity, 
a=1+4 (W(t) — W(r))/b 2 1 (4) 
To expand Eq. (3) in a Fourier series, put 
1/(a — cos 6) = (yo/2) + = ¥, cos nO (5) 
Then, from an integral evaluation in Appendix I, 


Ye = 26 — Va¥ — 1)*/Vat = 1 
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and so, if the validity of termwise integration is as- 
sumed, 
vr = 1/abo(t) + Td,(t) cos nb (6) 


with 








ee +f ee ee OU 


-@ vai —1 


If the plate is considered as a bound vortex system of 
strength (0, ¢), the downward velocity arising at the 
point of angular coordinate @ is, after integrating the 
vortex effect over the plate, 


Up = 1/2x/,* [r(¢, t) sin ¢/(cos 6 — cos ¢)]dd (8) 
Putting 
7(0, t) sin @ = c(t) + Zc,(t) cos nO 
and 
Vp = '/2d,(t) + Zd,(t) cos nO 


from Appendix I and a sequence of easy trigonometrical 
identities, it follows 


qg = dz = do 
a =d—-d (9) 
G@=a—d,... 
The condition that there be no flow through the plate 
is 
v= Up + aw = Ug 
or from Eqs. (6) and (9) 


, = bo — by — 2aw 
Cn bn+1 —5,-1 (nm = 2,3, 4,. 


> iad 


The Kutta condition implies a finite y at the trailing 
edge or 


(co + Ze, cos nO)/sin 0 
is finite for 9 = 0, which means 
o= —-(atat...) (11) 


From Eq. (10) and the fact that, as Fourier coefficients, 
b, — 0, 
ao = 2aw + bo + by (12) 

Also 

ri) = fo, y dx = bf," y(6, t) sin 6d0 = bre 
so that from Eqs. (12) and (7) 

' a Boe | 
T = 2braw — f r(r)+ 2 - Va a 
-© Va? — 1 


braw — ok ae _ 1 er 


a-—l1 








bo 


From the conservation of angular momentum 
T(t) = J.T’ (r)dr 
and so, using Eq. (4), 


(13) 
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t 2b 
hw? pi r’ ae 1d 
if®) Wo-Wat'* 


ae _ 2b 
if lili Vin — Wit — dr) laa 


(14) 


where h = 2bra = (26)'/2C,). Eq. (14) is the sought 
relationship between velocity and circulation. 

To bring Eq. (14) to a more manageable form, W 
can be used as independent variable instead of ¢. (W 
is steadily increasing because w > 0 by hypothesis.) 
Suppose T' expressed in terms of W: 


r= Q(W) 
In the integral of Eq. (14) the new variable of inte- 
gration X will be connected to \ by 
X = Wit —») 
whence I'(¢ — A) = Q(X) and Eq. (14) becomes 
hW'(t) = J Q'(X)V [(2)/(W — X)] + 14x 
= LOW — HV (26/s) + 1dr — (18) 


If Q is given, Eq. (15) is a differential equation for 
W. If W is given, elimination of ¢ from W’ and W gives 
W’ as a function of W, and Eq. (15) is an integral 
equation for the function Q. 

The integral in Eq. (15) is of the form that appears 
in nonsteady airfoil problems with a uniform stream 
velocity. 

If W is periodic, the integrals of both Eq. (14) and 
Eq. (15) diverge. The reason is the violation of Eq. 
(13). In this case we must use in place of Eq. (15) 


hW’ = Q(W) + foow - »| ¥ a fa 


(16) 











the integral now converging by Chartier’s test (refer- 
ence 3, page 78), and a similar replacement can be 
made for Eq. (14). The terms realistic and periodic 
forms will be used for these cases. 


THE CASE OF ROTARY WING AIRCRAFT 


Now will be studied the particular velocity 
w = w(1 + osin ot), | o | <7 
or 
W = wa — 7 cs wt) 
o] 


The solution I will then have period 27/w, and Q will be 
periodic. Thus, for some positive » and a series of 
complex a,, 


Q(2) = Daye (17 
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and as Q is to be real 
a_, = a, 
Inserting this in Eq. (16), 


W =hDaye™™ {1 + inn Se? e-™ [V(2b/r) + 1 


— 1]dy} 
= >A," (18) 
where 
A, = (a,/h)R, 
and 
Ro = 1 
R, = ¥(nb u) (n = 1,2, ) 
with 


W(x) = 1+ iff? eV (2x/A) +1 —1]dd (19) 


while from reality considerations 


R_,~=R, 


To make the right-hand side of Eq. (18), like the left, 
have period 27/w, uw is taken to be w/w. Then du = 
bw/wo = k, the reduced frequency. Eq. (18) becomes 


w(l + osinr) = A,e"™*-°@” (20) 


where for brevity 7 = wt. The problem is now to de- 
termine the A, so as to make Eq. (20) an identity. To 
do this, note for any integer m 


StL +o sin rem —7 de = f5-*e™d = 


O(m + 0) 
Nive = 0) 


Then multiplying both sides of Eq. (20) by (1 + 
« sin r)e~™*-*°*" and integrating from 0 to 27 
yields at once, 


An = wo/2rJf,'*(1 + o sin 1)%e~ "0-9 8) dr 


If m + 0, an integration by parts, gives 


2 2a 
10Wo ceili Miins 
A,=- Fé cos re~"—¢ ge 
9 


2Q7rn 





1" Wp 
2n 


-_ 


[Jn + (ne) — Jn 1(no)] (21) 


(see reference 1, page 149), while 
Ay = &/20 f,* (1 + o% sin? r)dr = wo[1 + (02/2)] (22) 


Thus A, is known, and, as the function y can be ex- 
pressed in terms of Hankel functions, the aerodynamic 
problem for this case is completely solved. 


CALCULATION OF THE LIFT 


From known aerodynamic theory, the lift Z consists 
of two parts: 


L=1L1,+1,; 


where L,, the “‘Joukowsky”’ lift, equals pwI’ and L,, 
the ‘‘impulsive pressure’ lift, equals 


of. I 160 ~ Bh 
dtJ—>» 


The latter integral J is 


I br — b2 f,* y(¢, t) sin ¢ cos ¢ do 
bT — b?(a/2)c, 


whence, from Eqs. (10) and (7), 


I = oF + rb°aw — bf! P'(r)[a — Va? — 1]dr* (23) 


Using Eq. (4) and the same type transformation as in 
passing from Eqs. (14) and (15) 
I = 6Q(W) + rb?aw — bf,° O'(W — ») X 
[1 + (4/6) — V[1 + (0/6)? = 1]da* (24) 
From Eg. (24) is obtained a general expression for 
the lift which is a companion to the general result of 


the first section. But the practical case of the second 
section will be considered, and in terms of Eq. (17) 


I = rb’aw + bd a,[1 — iS, ]Je""” (25) 





where k, as before, is bw/wy and where 


Sn = (nk) (n + 0) 

So = 0 ee ae en 
ex) = fr? e~® [1 + (A/x) — V[1 + (A/x)]? — 10d 
Then 

L = pw > a,[1 + nk(S, + ie" + pb?xaw’ (26) 


In Eq. (26), if a, is replaced by A,h/R,, the following 
function of nk is encountered: 


[1 + mk(Sp + 1)]/Ra = Lon in > 0 


where 
C(x) = {1 + xlé(x) + a]} Ve). 


In Appendix II it is shown that C(x) is the Theodor- 
sen function® for x > 0: 
Hi (x : 
A) __ = F(x) + iG(2) (27) 
Ay (x) + tH (x) 
whose values are known.{ From reality considerations 
C(— x) = C(x) 


For the flat plate airfoil 








C(x) = 


ra = '/.C, 


* This is in the periodic form. To bring Eq. (23) to the realistic 
form replace the first a in the bracket by its expression Eq. (4). 
The first summand of the bracket is now 1, and when integrated 
it leads, by Eq. (13), to a term —0dI, which cancels with the 
first term on the right in Eq. (23). 

+ Theodorsen’s tabulation is incorrect for x < 0.1. 
computed by the author is given in Appendix ITI. 


A table 
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Put 
Lo = 1/2Crpwo?(26) 


i.e., the lift arising from w) alone. Then Eq. (26) can 
be written, using Eq. (22): 


ok cos r 


a + osin 7) + a 


“ 


Nia 


ad A,C(nk) ein(r—¢ cos T) 
Wo dr n 
n +0 


(28) 


It remains to arrange this result as a Fourier series. 
Setting the last term of the bracket equal to 


o> (lm cos mr + Im’ sin mr) 
1 


there results 


Lm + tlm’ 


. 2 
Ley bie se A nC(nk) - ei” d ei” (rt —@ cos 7) dr 
TOW va n 0 dr 
n+0 


=~ J, ee mae 
= —m(— i)™ ) a (00) 7m = 4 


[C(nk)Jn + m(no) — C(nk)Jn — m(no)] 


The second line follows from Eq. (25) and the same 
integral value of the Bessel functions as previously 


used. 
Thus, finally, 


o k . o? 
Ez ie ae t+ oh +> cos wt + of h’+1+ > 4 


sin wt + o>> (lm cos mwt + 1m’ sin mat) | (29) 


II 





where 


b, =i A»! = —m(—i)">{ FalJn+ m(No) a J. —-m (no))}+ 


iGn(Jn+ m(no) + Jn — m(no))} (30) 

and 
rae = Jn+ilno) — Jn -1(no) J F(nk) (3) 
G, n? G(nk) 


In conclusion, the elementary lift is computed for 
comparison. This means the lift merely proportional 
to the square of the vélocity, where the wake and im- 
pulsive pressures are neglected. 

Calling it Lz, 


2 

Ly = Io (1 + oc sin wt)? = La (1 - ) + 2¢ sin wt — 
of 
. cos Dat (32) 


Note that the mean value is the same in the two 
cases. 
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APPENDIX I 


To evaluate certain Fourier coefficients, the integral 
evaluation is required: 


eS i ett 
* cos n0 sin 
et 0 “ 
o a@—cosé@ ees 





This can be proved by taking 
2S [2"/(2? — 2az + 1)]dz 


around the unit circle in the z-plane and then putting 
z = re®. If \a| < 1, the integrand will have two poles 
on the circle so that indentation is required. In fact, 
in this case the integral is improper and we obtain its 
Cauchy value. For |a| > 1 there will be one pole within 
and one without the contour, and an evaluation of the 
residue gives the result. 


APPENDIX II 


Here will be shown 


1 + x[&(x) + 4] _ 
(x) 


The expression on the left is 





(2) (a. 
_ _ ts) ae) 79 
H, (a) + iH, (x) 


L+ixtx° fel +1— VE + Ide 


@ lp } 
1+ ix f e al 7 +1- 1 fa 


Hankel’s integrals yield (reference 1, page 151) for 


R {k] > 0 


(2) 





2 t(z—3/en + ie ae. a 
H,® (x) = Re *F- VY) 9 f°? e—™ V —ikt? + 2tdt 
T 
(3) 
/s 2 —ijr—(xr —kitz / 
Hy (x) = kY*- ef — /9 [ —— ro. (4) 
7 0 V —ikt? + 21 


When & = 1, the integral of Eq. (4) converges. Further 
as k — 7 along, say, a horizontal line, it is easy to show 
that Eq. (4) is continuous, so that 


Hy(x) oie i(Z)e# f enue __ dt a (5) 
T Ff 2t 
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Here the radical has a nonnegative value, which com- 
putation of a particular point shows is correct. 
To treat Eq. (3): if R[k] > 0, 


Se? e "(1 + thdt = (1/kx) + (1/(R«)?) 
and so 


1 1 
—-+ 
kx (kx)? 





k*/*x¢2 
See" 1 +4 — WV —ikt + 2¢]dt 


1 ™ gilt @r/01 77,2) (x) = 


The integral on the right now converges for k = i, and 
it is possible to show that it is a continuous function of 
kon a closed horizontal segment emanating to the right 
from 7. 

Thus, after verifying sign values by a particular 
case, 


eh o & _ £% ettH,2)(x) =a 
x 5 a x2 
Kre "1 +t — V2 + 2tdt (6) 
Another form is obtained by partial integra- 
tion: 
{2 Jet) =< [ eel _ s+) Jat 1 (7) 
2 70 VP + ot 


Substituting the values of the H from Eqs. (5), (6), 
and (7) in the right side of Eq. (1) gives our re- 
sult. 
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APPENDIX III 


Values of C(x) = F + 7G are as follows: 


x F(x) — G(x) 
0 1 0 
0.02 0.963 0.0751 
0.04 0.928 0.1140 
0.06 0.892 0. 1422 
0.08 0. 860 0.1601 
0.1 0.831 0.1720 
0.15 0.773 0.1870 
0.2 0.728 0.1888 
0.25 0.693 0. 1857 
0.3 0.665 0.1793 
0.35 0.643 0.1722 
0.4 0.624 0.1650 


A Numerical Example 


The following is typical of current heliocopter prac- 
tice: k = 0.0424; o = 0.4. Then 


L/Lo = 1.08 — 0.0376 cos wt + 0.770 sin wt 
— 0.0790 cos 2wt — 0.00697 sin 2w 
— 0.00061 cos 3wt — 0.0050 sin 3wt 
— 0.00003 cos 4wt + 0.000042 sin 4wt + .... 


while 
Le/Lo = 1.08 + 0.8 sin wt — 0.08 cos 2wt 


so that for this case the effects herein considered are not 
large. 
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Calculated Gust Loads for Tailless Airplanes 


RAYMOND F. ANDERSON* 
Lockheed Aircraft Corporation 


SUMMARY 


Gust-load factors are calculated for tailless airplanes by a sim- 
plified method that includes directly the effect of the pitching 
motion. The calculations are made for a wide range of mass 
parameter (a quantity that includes both wing loading and chord), 
center of gravity position, and pitching radius of gyration. A 
linear gust with the maximum gust velocity at the critical dis- 
tance of eight chord lengths is used. Although certain assump- 
tions are made in order to simplify the calculations, it is shown 
that for a typical case the results agree with the results obtained 
by a rigorous solution. 

The application of the results to tailless airplane design is illus- 
trated by typical curves showing the variation of the limit load 
factor with wing loading for various values of center of gravity 
position and radius of gyration. It is found that the load factor 
is reduced by a forward movement of the center of gravity or by 
a reduction of the radius of gyration. For example, a representa- 
tive case shows that, for a range of mass parameter from 5 to 30 
(a variation of wing loading from 10 to 60 Ibs. per sq.ft. for a 12- 
ft. chord), a movement of the center of gravity of 5 per cent chord 
forward of the aerodynamic center causes reductions of the limit 
load factor of 26, 11, and 3 per cent, for values of the ratio of the 
radius of gyration to the chord of !/4, '/2, and 1, respectively. 


INTRODUCTION 


F pecan” CONSIDERABLE WORK has been done on 
the problem of the design gust loads for airplanes, 
little work has been done which applies specifically to 
tailless airplanes. Accordingly, it is the purpose of this 
paper to extend the work of representative previous 
papers’ ? by giving calculated gust-load factors for 
tailless airplanes with the effects of center of gravity 
position and pitching radius of gyration taken into ac- 
count. 

The paper differs from most previous ones in that the 
pitching motion (as affected by center of gravity posi- 
tion and radius of gyration) is taken into account, and, 
in addition, instead of assuming that the maximum 
load factor increment occurs at maximum gust velocity, 
one may calculate the distance to the maximum gust 
velocity and the corresponding load factor increment. 

In the determination of the load factor increment the 
most important airplane variables are the mass param- 
eter? (a factor dependent primarily upon wing loading 
and chord), center of gravity position, and radius of 
gyration. The calculations were accordingly made for 
the design range of these variables. In addition, a 
linear variation of gust velocity with distance is con- 
sidered, with the maximum velocity at eight chord 
lengths, since this distance has been found in flight tests 
to be the most critical. 


Received April 18, 1944. 
* Aerodynamics Research Engineer. 


NOTATIONS 


A, = growth of lift factor for an airfoil in a linear gust, at 
the distances, = f/'** Cr,(s2 — s)ds 

B, = lift factor for an airfoil having vertical motion = 
Si Cta(ss — s)sds 

C, = lift factor for an airfoil with a changing angle of pitch 
= r+. Cta(se — s)s*ds 

c = chord 

Cr, = a factor giving the fraction of the final lift developed 
by an airfoil that penetrates a sharp edge gust 

Cia = a factor giving the fraction of the final lift developed 
by an airfoil subjected to a sudden angle of attack 
change 4 

g = acceleration of gravity 

ky = radius of gyration in pitch 

l = longitudinal distance from the center of gravity to the 
aerodynamic center (positive for the a.c. ahead of 
the c.g.) 

m = lift curve slope, radian units 

rg = mass parameter = 2W/pmSgc 

5S = wing area 

s = distance measured in wing chord lengths 

$1 = distance from beginning of gust to the maximum gust 
velocity 

Se = distance at which a load factor increment is computed 

S3 = distance at which the load factor increment is a maxi- 
mum 

U = gust velocity 

U, = maximum gust velocity 


V = airplane velocity 

W = airplane weight 

Ang = load factor increment for a sharp edge gust with in- 
stantaneous lift increase assumed 

Ano = load factor increment for horizontal rectilinear trans- 
lation 

Anm = load factor increment for vertical motion 

Ang = load factor increment resulting from pitching angular 
velocity 

Ang = ioad factor increment resulting from pitch angle 
change 

Any = total load factor increment 

R = load factor increment ratio to Ang, subscripts same as 
above 


METHOD OF CALCULATION 


In the calculations the following usual assumptions 
are made: The structure is rigid, the airplane velocity 
is constant, and the airplane is in horizontal flight 
and meets a vertical gust. The linear two-dimensional 
gust used is represented in Fig. 1. Also shown is a cross 
section through the plane of symmetry of a wing of a 
tailless airplane. Three distances between the center 
of gravity and the aerodynamic center were used. Ex- 
pressed as a ratio to the chord they were 0, —0.05, and 
—0.10. With the aerodynamic center assumed to be 
at the quarter-chord point, the center of gravity posi- 
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tions would be 25, 20, and 15. A lift curve slope of 
4.30 (radian units) was used, corresponding to an aspect 
ratio of approximately 6. The wing was assumed to 
have no taper and no sweepback. These assumptions 
were made to simplify the calculations, since variations 
of aspect ratio, taper ratio, and sweep should have only 
secondary effects. The radius of gyration was used in 
the form of a ratio to the chord, k,/c, with values of 
approximately '/,, 1/2, and 1, which should cover the 
design range. 

When the load factor increment of an airplane enter- 
ing a gust is calculated, it is convenient to separate the 
motion into its parts and to calculate the increment cor- 
responding to each part. The total load factor incre- 
ment may then be found by summation. The load 
factor increments arising from the following divisions 
of the motion will then be considered: horizontal 
rectilinear translation, rising or vertical motion, pitch- 
ing angular velocity, and pitch angle change. 

In the case of horizontal rectilinear translation it may 
be best to give first the load factor increment for the 
well-known case of the sharp edge gust. In this case 
the load factor increment is given by 


An, = pmSVU,/2W (1) 


In this formula it is assumed that the lift coefficient 
reaches its full value at the instant the wing enters the 
gust. Actually, however, the full value is not reached 
until the wing has traveled several chord lengths, as 
shown by curves given in reference 3, Fig. 10. In that 
figure the lift coefficients are given as fractions of the 
final steady value and were based on reference 4. 
C,, represents the increase in lift coefficient for an air- 
foil with horizontal rectilinear translation entering a 
sharp edge gust, and C;,, represents the increase in lift 
coefficient for an airfoil subjected to a sudden change 
of angle of attack (as in combined vertical and hori- 
zontal motion). Values of C,, and C,, for aspect 
ratio 6 will be used, because the values do not change 


rapidly in the usual range of aspect ratio. In what 
follows no attempt will be made to give the detailed 
mathematical development because of its length; the 
principal equations will simply be presented. 

For horizontal rectilinear motion in a sharp edge gust 
Eq. (1) should be multiplied by C,, to take account of 
the noninstantaneous lift increase. For a linear gust, a 
factor A, found by integration of the C,, values should. 
be used. The term for the load factor increment re- 
sulting from horizontal motion is then 


Ano = (pmSVU,/2Ws)A; (2) 


where 


A,= i Cr, (S2 — s)ds (3) 


The parenthesis used here and in the following integrals 
indicates that C,;, is a function of (at the distance) 
S2 —S. 

In the case of the vertical motion the load factor in- 
crement will depend on the total load factor increment 
curve. It is convenient and a reasonably close approxi- 
mation to experimental results? to assume that the total 
load factor increment varies linearly with the distance 
in the gust and that it starts when the leading edge of 
the wing enters the gust. Accordingly, the total load 
factor increment is given by 


Any = (s/s3) ANrmaz. 


Then the load factor increment resulting from the ver- 
tical motion may be written 


Anm = —(pmSge Ang, /2Wss3) Bs (4) 


where 
B, = SJ,* Cra(se — s)s ds (5) 


The load factor increment arising from the pitching 
angular velocity may be expressed 


Ang = — (pmSgcl? Angmgr/2Wky*s3)Bs (6) 


and the increment arising from the angle of pitch change 
may be expressed 


Ang = (pmSgc2tAngmar,/4Wky?s3) Cy (7) 


where 
C, = S,* Cra(s2 — s)s* ds (8) 


Of the four load factor increments, the principal one, 
Ano, will be observed to contain the airplane and gust 
velocities V and U;. These values may be eliminated 
by expressing the load factor increments as a ratio to 
the value given by the sharp edge gust formula, Eq. 
(1). This ratio R will be given the proper subscript 
for each case—for example, the term for vertical motion 
will be An,,/An, = Rm. The last three increments— 
Eqs. (4), (6), and (7)—will be seen to contain, in addi- 
tion to the center of gravity position / and the radius 
of gyration k,, a quantity 2W/pmSgc. This is the mass 
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parameter P and will be observed to contain both the 
wing loading and chord. 

With the substitution of P and with the c.g. location 
and radius of gyration given in terms of //c and k,/c, 
respectively, Eqs. (2), (4), (6), and (7) may be written 


Ro = A,/s1 (9) 
Rx = — (B,/Ps3)Rrmar. = —RaRrmaz. (10) 


NEN) 
R, = ~(=)()(<)(=2 \Rrmas. = —PeRemaz. (11 
' Ole P/\ 83 . ii ' 
Ll\/ c? 1 (&) 
R = . — - R "mar. —k R "max 12 
‘ BR 53 7 7 oe 


The total load factor increment ratio Ry is given by 
the sum of the four preceding terms, and its maximum 
value, which is the one of interest for an airplane de- 
sign, may be expressed as 


Romar. = Ro/(1 + ke + ky + Re) (13) 


The maximum value of R; may be found by assuming 
that it may occur successively at several values of s 
near the distance to maximum gust velocity. If the 
values so calculated from Eq. (13) are plotted against 
s, the actual value of R,,,,,, and the corresponding 
value ss; may be found. The maximum load factor 
increment ratio and the distance ss were calculated 
for the values of the variables previously given and for 
a wide range of the mass parameter. 


RESULTS AND DISCUSSION 


Values of the maximum load factor increment ratio 
are plotted against mass parameter on Fig. 2. To re- 
late the results to a familiar quantity, scales of wing 
loading for various chords are also given. Sea-level 
density and a lift slope of 4.30 (radian units) were used. 
It will be observed that R7,,,,. is decreased as the 
radius of gyration is reduced and as the center of 
gravity is moved forward. This is because of the in- 
creasing effect of downward pitch. The load factor 
increment and, of course, the design load factor will 
also be reduced. It will also be observed that the effect 
of the center of gravity position increases as the radius 
of gyration is reduced. The same trends may be ob- 
served from Fig. 3, where R7,,,,. has been plotted 
against center of gravity position. 

In order to check the accuracy of the relatively easy 
method of calculation used here, some results calcu- 
lated by this method have been compared with results® 
that were obtained by a rigorous mathematical method 
using operational calculus. The comparison is given 
in Fig. 4, and it will be observed that agreement is good 
for most of the range of center of gravity position. 
Where results obtained by the present method depart 
appreciably, they are in a direction that would make 
the load factor conservative. 

The distance at which the maximum load factor in- 
crement occurred is plotted against mass parameter 
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Fic. 3. Variation of load factor increment ratio with center of 
gravity position. 


in Fig. 5. It will be observed that the distance tends to 
decrease as the radius of gyration decreases and as the 
center of gravity moves forward. This is an effect of 
the pitching motion. The calculations indicate that, 
if the radius of gyration were sufficiently small and the 
center of gravity sufficiently far forward, the maximum 
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load factor increment would actually be obtained be- 
fore the maximum gust velocity is reached. 

To show the relation of the results to data commonly 
used, the values of Fig. 2 were converted to an effective 
gust factor. The effective gust factor K, previously 
used in most design work,® was based on calculated 
values of load factor increment ratio and upon flight 
measurements of the Boeing 247 airplane. This air- 
plane had a wing loading of 16 Ibs. per sq.ft. and a 
chord of 11 ft. which corresponds to a value of P of 
8.8 (approximately). Therefore, K, of reference 6, 
should pass through 1.0 at this value of the mass parame- 
ter as shown on Fig. 6. This value of K was speci- 
fied for use with an effective gust velocity of 30 ft. 
per sec. The latest gust or alleviation factor cannot 
be given because it is contained in a confidential pub- 
lication. 
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Fic. 6. Influence of center of gravity position on effective gust 
factor. 
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Fic.7. Effect of radius of gyration and center of gravity position 
on limit load factor (m = 4.30, V = 300 m.p.h.). 


The factor given in reference 6 and plotted in 
Fig. 6 will, however, be just as suitable for compara- 
tive purposes. The remaining values in Fig. 6 were ob- 
tained from Fig. 2, using the representative value of 
k,/c = 1/2. An effective gust factor K was obtained by 
multiplying the values of Fig. 2 by a factor that would 
make the curve for the center of gravity at 25 per cent 
pass through 1.0 when P = 8.8. Fig. 6 illustrates the 
effect of center of gravity position on K for k,/c = 
1/5. The effect for other values of k,/c may be inferred 
from Fig. 2. Also, if desired, values of K may be ob- 
tained by multiplying Rr,,,,. by 1.54. 
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The values of effective gust factor derived as just de- 
scribed do not show directly the effects of center of 
gravity position and radius of gyration on the load 
factor required in design. To illustrate these effects, 
limit load factors have been calculated for specific con- 
ditions. They were an airplane velocity of 300 m.p.h., 
a gust velocity of 30 ft. per sec., and a lift curve slope of 
4.30. 

The resulting curves are shown in Fig. 7. It will be 
seen that center of gravity position and radius of gyra- 
tion show the same trends as on the previous curves. 
As an example of the effect of center of gravity position, 
for a range of P from 5 to 30 (a variation of wing load- 
ing from 10 to 60 Ibs. per sq.ft. for a 12-ft. chord), a 
movement of the center of gravity to 5 per cent of the 
chord forward of the aerodynamic center causes reduc- 
tions of the limit load factor of 26, 11, and 3 per cent 
for k,/c values of 1/4, 1/2, and 1, respectively. Similar 
results would have been obtained if the latest ‘‘alle- 
viation factor’’ and the corresponding gust velocity had 
been used. Further, it may be anticipated that the 
same kind of effects of center of gravity position and 
radius of gyration would be obtained for conventional 
airplanes. 
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The preceding discussion indicates the desirability of 
taking into account center of gravity position and 
radius of gyration in the determination of gust load 
factors. If this is done, the combination of center of 
gravity position and radius of gyration giving the high- 
est load factor should be used for design. Conversely, 
it is indicated that the optimum combination of for- 
ward center of gravity position and small radius of gy- 
ration should be sought in order to reduce the gust-load 
factor. 
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Letters to the Editor 


Dear Sir: 

A study of the paper “Bending Strength in the Plastic Range,” 
by F. P. Cozzone (JouRNAL OF THE AERONAUTICAL SCIENCES, 
Vol. 10, p. 187, May, 1943) shows that many experimental and 
theoretic conclusions of the author must be revised, as well as the 
practical methods of analysis indicated: 

(1) Rectangular stress distributions based on the use of a con- 
stant stress equal to the ultimate stress give predicted ultimate 
moments in much better agreement with the experimental re- 
sults of Tables 2, 3, and 4 than the elaborate method proposed by 
the author: the average difference with tests is reduced to 3 
per cent, instead of 9 per cent; the maximum difference is re- 
duced to 19 per cent, instead of 44 per cent. 

Moreover, the correlation (as defined in statistics) between K 
and the ultimate moment is negative; the ratio between results 
of experiments and those of the rectangular theory increases 
when K increases, while the trapezoidal theory predicts the 
opposite. Those conclusions have been found by the writer by 
calculating the ultimate moments: MM, (rectangular theory), 
M: (author’s trapezoidal theory) by the expressions (Cy cor- 
rection factor, Eq. (6)): 


My, = 20mFiu; Mi = (Mc/D)u(I/c):G 


and comparing them with the results of the 40 tests indicated by 
the author. Such results lead to a revision and simplification of 
all the methods of analysis proposed; the use of graphs is un- 
necessary, and, for simple bending, the margin of safety is: 
M.S. = 20mFiu’:M — 1. 

The fact that the trapezoidal theory does not represent experi- 
mental data is probably explained by the ‘‘necking”’ of the outer 
fibers of a bent piece, which allows the inner fibers to reach the 
ultimate stress, thus giving a nearly rectangular distribution. 


(2) The definition of the quantity 2Qm given by the author is 
valid only for sections symmetric with respect to the axis parallel 
to the axis of the couple. Actually, 20m is the sum of the static 
moments in respect to any axis parallel to the axis of the couple 
of two equal areas into which the total area must be divided in 
such a manner that the centroids of the half areas be on the per- 
pendicular to the axis of the applied couple. For that reason, for 
angles with a thin outstanding leg, or for tee sections, the author 
finds K > 2 (asymptotic value 3), while actually K Z 18 
(asymptotic value 1.5). Also, for J and channel sections’ in 
Table 4, several values of K are greater than 1.5, in contradiction 
with Table 1. The formula 20, = 0.85 ITA: is inadequate, 
even for an approximate analysis; the numerical coefficient may 
have any value between 0 and 1; generally it is greater than 0.6, as 
can be ascertained by considering an J section successively bent 
in the principal directions. The average value proposed may 
lead to errors up to 25 per cent. 


(3) The correct definition of 20m applies as well to complex 
bending and shows that the interaction formula Riz? + Rsy? = 
1, exact for an elliptic section, gives fairly good results for other 
sections: for a square section the error is smaller than 6 per cent. 
On the contrary, the straight-line interaction formula, proposed 
by the author gives, for those two cases, errors up to 29 and 


25 per cent, respectively, and must be rejected. 

For unsymmetric sections, there is no relationship between 
the principal directions conventionally defined and the ‘‘princi- 
pal directions” for rectangular distribution and the neutral axis 
for rectangular distribution does not necessarily pass through the 
centroid. 

When the material has different ultimate stresses in tension 
and in compression, the two areas in tension and compression are 
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not equal and their ratio is the reciprocal of the ratio of the 
ultimate stresses. 

(4) For combined bending and axial stress, the total area 
must be divided in two areas, such as: (a) the centroids of the 
two areas must be in line with the point of application of the 
load. (b) The static moments of the two areas (concentrated at 
their centroids) with respect to the point of application of the 
load must be equal. The ultimate load is equal to the difference 
of the areas multiplied by the ultimate stress. In order to sim- 
plify the designer’s work, charts can be made for various sec- 
tions, giving ultimate loads in function of the location of the re- 
sultant. 

For a rectangular section, and a load along a principal axis, 
the interaction formula is Ra? + R, = 1; that formula is true 
within 2 per cent for a circular section. For those conditions, the 
straight-line formula gives errors up to 25 per cent. 

When the ultimate stresses in tension and compression are 
different, the ratio of the static moments must be the reciprocal 
of the ratio of the corresponding ultimate stresses. The ultimate 
load is equal to the difference of the products of the areas by the 
corresponding ultimate stresses. 

(5) Relations derived for shear are incorrect, since it is 
assumed that the existence of shear has no influence on the 
stress-strain curve, although it is obvious that the values Fiu, 
Fy are decreased in presence of shear. Moreover, as shear 
distribution varies from section to section, there are axial stresses 
perpendicular to the principal stresses, which precludes any exact 
analysis. Also, shear is nonuniform through the width of thick 
sections for which the theory is specially adapted. Finally, as 
the rectangular distribution seems closer to actual results than 
the trapezoidal distribution, the latter cannot be used as a basis 
for shear distribution. For those reasons, only a fictitious aver- 
age shear stress can be defined, which can be combined with the 
bending stress by means of conventional interaction formulas. 

(6) The method proposed to take crippling into consideration 
is a return to methods of elasticity and defines the ultimate load 
on a structure by the strain corresponding to the ultimate load on 
the weakest part of the structure. For a web with stiffeners, the 
ultimate load on the system would thus be determined by the 
buckling strength of the web, which is unacceptable. 

(7) The value of the correction factor C; in the case of rec- 
tangular distribution is C; = Fiu: Fru’, replacing Eq. (6). 


LEON BESKIN 
Consolidated Vultee Aircraft Corporation 





Dear Sir: 

Reference is made to the article by Donald A. duPlantier, 
Chief of Structures, Consolidated Vultee Aircraft Corporation, 
which appeared in the April issue of the JouRNAL OF THE AERO- 
NAUTICAL SCIENCES, entitled ‘‘Analysis of Fuselage Rings by the 
Column Analogy.” 

Although there are many methods of applying the principles of 
continuity for the solution of redundant forces in closed frames or 
rings, the writer agrees with the author that the column analogy 
method appears to have certain advantages, especially if one axis 
of the ring is an axis of symmetry, as is usually encountered in 
aeronautical design. However, the writer believes that the use 
of the elastic center and its application, with reference to problem 
2, would have been more enlightening. 

On page 148 of the article, Table 3, the section properties of the 
analogous column (i.e., elastic area properties) with its elastic 
center location have been calculated. (See Fig. 1 herewith.) 

The ring section has been made statically determinate by cut- 
ting the ring just to the left of stringer No. 1, page 147, Fig. 7. 
With the cantilever static moment curve as the load on the analo- 
gous column, the redundant forces required to keep the section in 
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Fic. 1. Symmetrical fuselage ring loaded unsymmetrically 
showing location of centroid of elastic area. 


equilibrium, and acting at the elastic center (since the true con- 
tinuity of the ring has been altered), have been calculated on page 
149, Table 4. These have been determined by the use of the gen- 
eral flexure formula for an eccentrically loaded column. 

Relative to the elastic center, the sense of the indeterminate 
moment is known, since moments producing compression on the 
inner face of the ring (counterclockwise) have been assumed as 
positive (page 147, Sign Convention (3) ). Since the indetermi- 
nate moment as calculated has a plus sign before it (page 149, 
Table 4, column 6 divided by column 2), the moment is in a 
counterclockwise direction at the elastic center. The magnitudes 
of the H and V forces are also known but their direction unknown. 

Consider the cut ring with the known moment and forces acting 
at the elastic center. (See Fig. 2 herewith.) 





CENTROID OF ELASTIC AREA 





Fic.2. Cut ring showing indeterminates acting at elastic center. 


The indeterminate moment at any section has been determined 
by the equation 
M; 
Iz 
Therefore M;” = 2,050 — 138(Z) + 178.4(X). 

For station No. 1 

M;} = 2,058 — 138 (21) + 179.4 (0) 
2,058 — 2,898 
—840 ) clockwise 


W M: 
z + (Z) + 7 (X) (page 138, Eq. (2)) 
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Fic. 3. Showing indeterminates acting at station 1. 


From the above it is seen that to obtain a clockwise moment at 
station No. 1, the H force must act in a clockwise direction (<—-) at 
the elastic center. 

For station No. 2 


M; = 2,058 — 138 (19.5) + 178.4 (9.2) 
2,058 — 2,691 + 1,641 
1008 > counterclockwise 


Likewise from the above, it is seen that to obtain a counter- 
clockwise moment at station 2, the V force must act in a counter- 
clockwise direction ( | ) at the elastic center. 

With the sense of the forces determined, we have the following, 
acting at station 1, the cut section. (See Fig. 3 herewith.) 

Since these are the indeterminate forces necessary for equilib- 
rium, and acting on the ring at station 1, the true forces are of 
equal magnitude but of opposite sense because of the cantilever 
beam assumption for the determinate structure. (See Fig. 4 
herewith.) 

The author employs the use of a force polygon for determining 
the shears and end loads at the sections considered once the un- 
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Fic. 4. Showing true sense of indeterminates at station 1. 


known forces have been determined. The component of the re- 
sultant forces parallel to, and acting at, the section considered 
determines the end load on the section. The component of the 
resultant force perpendicular to, and acting at, the section con- 
sidered determines the shear at the section. It is believed that 
this method is much simpler, since the large scale drawing is 
already available for this purpose, having been required to obtain 
previous information for the analysis. 


REFERENCES 
1 Cross, H., and Morgan, N. D., Continuous Frames of Reinforced Concrete, 
p. 46; John Wiley & Sons, Inc., New York, 1932. 
2? Bruhn, E. F., Airplane Structural Design, page A9-1; John S. Swift Co., 
Cincinnati, Ohio, 1942. 


JosePH F. BarRBA 
Structures Engineer 
Installation Development Department 
Pratt & Whitney Aircraft Division 
United Aircraft Corporation 
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The services of the Aeronautical Archives are available 
to all members of the Institute, to Corporate Members, to 
advertisers in the Aeronautical Engineering Review and, 
under usual library limitations, to the public. Four 
specialized services are available. 


The Paul Kollsman Library 


This lending library service makes available, without 
charge, the latest and more important aeronautical books. 

As far as the facilities permit, any person in the United 
States over 18 years of age who can furnish references which 
certify to his or her responsibility may become a member of 
the library. 

Members may request the loan of any aeronautical or 
technical book they wish to borrow. Through an ex- 
change agreement with the Engineering Societies Library, 
any book on general engineering may be borrowed from its 
great collection of over 160,000 volumes. 

A photostating service is available at usual library 
rates. 

Applications for membership in the library and further 
information will be sent on request. 


The Burden Reference Library 


This reference library contains over 14,000 aeronautical 
books, magazines, pamphlets, photographs, reports, and 
clippings gathered from world-wide sources and is one of 
the most complete aeronautical libraries in the world. 
Material from this library is not available for loan but may 
be used for reference purposes at the Aeronautical Ar- 
chives. © 


The Pacific Aeronautical Library 
6715 Hollywood Boulevard 
Hollywood, California 
Established in cooperation with the aircraft companies 
the library serves. The leading aircraft companies in or 
near Los Angeles participate in its support and operation. 
This service library for aeronautical research is available 
to the public for reading privileges. Source material in- 


cludes aerodynamic and structural research reports, as well 
as books on drafting, production methods, history, and al- 
lied sciences. It furnishes books, periodicals, and pam- 
phlet material to the participating aircraft companies to 
supplement their engineering libraries. 


The Aeronautical Archives 
Technical Information Service 


This service has experienced personnel under the super- 
vision of trained aeronautical engineers to compile any in- 
formation desired. The services range from listing special- 
ized reference books to the preparation of exhaustive 
bibliographies, digesting of reports, and general surveys of 
any aeronautical subject. Some of the available services 


are: 


Bibliographies on any aeronautical subject. 

Reports on any aeronautical subject. 

Digests of aeronautical books, papers, periodicals, and 
references. 

Translations. 

Engineering investigations of special aeronautical subjects. 

Biographies of individuals engaged in aeronautics. 

Photostats of any aeronautical or general engineering ma- 
terial. 

Microfilms made on special order. 

Photographs made from the Institute’s photographic col- 
lection. 

Drawings and tracings made. 


In addition to the services mentioned any commission 
which comes within the scope of the Service will be ac- 
cepted. Special arrangements may be made for work re- 
quiring several weeks or months. 

Translators are available for accurate transcriptions of all 
foreign language data. Translations are carefully edited 
by trained engineers. 

Reproductions of any material in the Aeronautical Ar- 
chives of the Institute may be ordered at standard photo- 
stat rates. 
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